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Abstract. The study of robotic mechanisms with parallel architecture has been increasing in recent years due to their lower
inertia, higher accuracy, precision and greater rigidity in comparison to serial ones. However, the inherent complexity in
obtaining a dynamic model restricts the feasibility of implementing model-based control methods such as the computed-
torque control (CTC). In this paper, a systematic method for dynamic modeling of closed-chain robots is applied to a
2-DOF parallel mechanism. Essentially, the method couples the dynamic model of each serial subsystem that composes
the parallel mechanism through mechanical constraints obtained from the robot kinematics. In addition, a construction
approach focused on reducing movement direction clearances is performed by placing all joints in the direction the
mechanism is not expected to move. For testing and validation, simulation and experimental results are obtained and
compared by applying a model-based control law, such as CTC, and a non-model-based law, such as a simple PD with
feed-forward. As expected, the model-based control showed lower regime errors than the PD at the cost of a small increase
in energy expenditure.
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1. INTRODUCTION

Parallel mechanisms have been increasingly used in tasks such as pick-and-place operations, machining, flight sim-
ulators, positioning telescopes, among others. The main features that can be attractive for the accomplishment of these
tasks are the high load capacity, positioning accuracy, structural rigidity and low inertia, which allows high speeds and
accelerations to be achieved (Cheng et al., 2003; Khalil and Dombre, 2004; Merlet, 2002; Pashkevich et al., 2006; Tsai,
1999). However, these promising features come at the cost of a smaller workspace and a much more coupled and nonlinear
dynamics when compared to equivalent serial mechanisms (Almeida, 2013; Merlet, 2002).

Several formulations for the dynamic modeling of parallel mechanisms are found in the literature. The formalism of
Newton-Euler (Arian et al., 2017; Dasgupta and Mruthyunjaya, 1998; Li et al., 2003; Shiau et al., 2008; Zhang et al., 2014)
and Lagrange (Li and Xu, 2005; Singh and Santhakumar, 2015; Singh et al., 2015, 2014; Yao et al., 2017) can be pointed
out as ones of the most used. However, there are inherent difficulties in such methods that make them inefficient: for
example, the need for calculations of reactive efforts and the usage of multipliers, respectively. Other popular choices for
the dynamic modeling of parallel robots are the Virtual Work Principle (VWP) and the Virtual Power Principle (Codourey,
1996; Codourey and Burdet, 1997; Gallardo-Alvarado et al., 2018; Geike and McPhee, 2003; Li and Staicu, 2012; Li and
Xu, 2009; Staicu, 2009a,c,b; Carp-Ciocardia et al., 2003; Staicu et al., 2007; Staicu and Zhang, 2008; Staicu et al., 2006;
Wu et al., 2009; Zhao and Gao, 2009b,a; Zhu et al., 2005). Although they avoid the calculation of reactive efforts, many of
these methodologies rely on complex mathematical manipulations or simplifying hypotheses. Also, it is worth mentioning
the works that use the Boltzmann-Hamel formalism (Abdellatif and Heimann, 2009; Altuzarra et al., 2015) and the natural
orthogonal complement formulation (NOC) (Akbarzadeh et al., 2013; Khan et al., 2005; Xi and Sinatra, 2002), which
can be very promising, either by enabling reuse of preconceived models or by avoiding the calculation of reactive efforts.

In this work, a generic formulation inspired by the work of Orsino (Orsino, 2016; Orsino and Hess-Coelho, 2015;
Orsino et al., 2015) is proposed based on the Virtual Work Principle and the subsystem coupling principle, allowing the
reuse of preconceived models. The formulation is used to compute the dynamic modeling of a 2-DOF parallel mechanism
of articulated pentagon type. Direct dynamic simulation of this mechanism is performed using the CTC law (Craig, 2005).
In order to show that the obtained model is indeed suitable for the implementation of model based control techniques,
experimental essays are performed comparing the performance of the model based CTC law, using the deduced model,
and the non-model based Proportional Derivative control law (PD).
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2. MODELING

The systematic methodology proposed here to compute closed-chain mechanisms’ kinematic and dynamic models
was developed based on Orsino et al. (2015); Orsino (2016); Orsino and Hess-Coelho (2015). It can be divided into
two main steps: the fragmentation of the parallel system into serial subsystems and the assembly of these subsystems
through mechanical constraints obtained from the parallel robot kinematics. In the specific case of the pentagon parallel
mechanism (Figure 1a), the system is fragmented into two RR serial mechanisms combined through four constraint
equations, leading to a 2-DOF mechanism.

(a) Schematics. (b) Construction.
Figure 1: 2-DOF parallel mechanism.

2.1 Forward Kinematics

In order to obtain the end-effector’s coordinates in terms of the joint angles, there are two possible paths in the parallel
architecture described in Figure 1a: one beginning at the right link and the other at the left one. Since the end-effector’s
coordinates must satisfy both paths, they could be combined into:

q̄(q) =


x− (l0 + l1cθ1,1 + l2cθ1,1+2)
y − (l1sθ1,1 + l2sθ1,1+2)

x− (−l0 − l1cθ2,1 − l2cθ2,1+2)
y − (l1sθ2,1 + l2sθ2,1+2)

 = 0 with q =


x
y
θ1,1

θ1,2

θ2,1

θ2,2

 , (1)

where q stands for the generalized coordinates vector, lj [m] is the jth link length, (x, y) [m] are the end-effector’s
coordinates and θi,j [rad] is the jth link joint angle with respect to the ith kinematic chain. Also, s(x) and c(x) states for
sin(x) and cos(x), respectively, and θa,b+c states for θa,b + θa,c.

Through Eq. (1), its first variation can be computed, resulting in the system’s direct kinematics:

δq̄(q) = A(q)δq = 0 (2)

withA(q) =
∂q̄

∂q
=


1 0 l1sθ1,1 + l2sθ1,1+2 l2sθ1,1+2 0 0
0 1 −l1cθ1,1 − l2c1,1+2 0 0 0
1 0 0 0 −l1sθ2,1 − l2sθ2,1+2 −l2sθ2,1+2

0 1 0 0 −l1cθ2,1 − l2cθ2,1+2 −l2cθ2,1+2

 (3)
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The generalized coordinates vector q could be split into actuated and passive coordinates:

q = Qaqa +Qpqp withQa =


0 0
0 0
1 0
0 0
0 1
0 0

 , Qp =


1 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 1

 , qa =

[
θ1,1

θ2,1

]
, qp =


x
y
θ1,2

θ2,2

 . (4)

Splitting its first variation as well and substituting it in (2) results, after some manipulation, in:

δq = C(q)δqa with C = Qa −Qp(AQp)−1AQa, (5)

which will be used together withA(q) to compute the system dynamics.

2.2 Singular loci

In order to obtain the singular loci of the mechanism’s workspace, the generalized coordinates vector q is also splited
into 2 other vector, the task coordinates qx and the non-task coordinates qx̄:

q = Qxqx +Qx̄qx̄ withQx =


1 0
0 1
0 0
0 0
0 0
0 0

 , Qx̄ =


0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , qx =

[
x
y

]
, qx̄ =


θ1,1

θ1,2

θ2,1

θ2,2

 . (6)

Substituing (4) in (2) and also (6) in (2), the variations δqp and δqx̄ can be obteined in funcion of δqa and δqx,
respectively:

δqp = −(AQp)−1QaAδqa (7)

δqx̄ = −(AQx̄)−1QxAδqx (8)

The singularities occur when the matrix AQp or the matrix AQx̄ is singular. In figure 2, the singular loci was obtained
numerically, being the points of the workspace with |detAQp| ≤ εa or |detAQx̄| ≤ εx, whith εa = 10−11 and
εx = 1.6 · 10−6.

Figure 2: Mechanism workspace.

2.3 Forward Dynamics

According to Orsino et al. (2016), it is possible to obtain the dynamic model of a mechanical system from the models
of its subsystems and the links between them.
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As can be seen in Tarcisio A.H. Coelho (2004), the dynamic model of the ith RR serial mechanism is given by:

Mi(qi)q̈i + vi(qi, q̇i) + gi(qi) = ui with (9)

Mi =

[
D

(i)
11 D

(i)
12

D
(i)
12 D

(i)
22

]
,vi =

[
D

(i)
111θ̇

2
i,1 +D

(i)
122θ̇

2
i,2 +D

(i)
112θ̇i,1θ̇i,2 +D

(i)
121θ̇i,1θ̇i,2

D
(i)
211θ̇

2
i,1 +D

(i)
222θ̇

2
i,2 +D

(i)
212θ̇i,1θ̇i,2 +D

(i)
221θ̇i,1θ̇i,2

]
, gi =

[
D

(i)
1

D
(i)
2

]
, qi =

[
θi,1
θi,2

]
, ui =

[
ui,1
ui,2

]
(10)

D
(i)
11 = m

(i)
1 l

2 (i)
g1 + I

(i)
1 +m

(i)
2 (l

2 (i)
1 + l

2 (i)
g2 ) + I

(i)
2 + 2m

(i)
2 l

(i)
1 l

(i)
g2 cθi,2 (11)

D
(i)
21 = D

(i)
12 = m

(i)
2 l

2 (i)
g2 + I

(i)
2 +m

(i)
2 l

(i)
1 l

(i)
g2 cθi,2 (12)

D
(i)
111 = D

(i)
222 = D

(i)
212 = D

(i)
221 = 0 (13)

D
(i)
112 = D

(i)
121 = D

(i)
122 = −m(i)

2 l
(i)
1 l

(i)
g2 sθi,2 (14)

D
(i)
22 = m

(i)
2 l

2 (i)
g2 + I

(i)
2 (15)

D
(i)
211 = m

(i)
2 l

(i)
1 l

(i)
g2 sθi,2 (16)

D
(i)
1 = (m

(i)
1 l

(i)
g1 +m

(i)
2 l

(i)
1 )g cθi,1 +m

(i)
2 l

(i)
g2 g cθi,1+2 (17)

D
(i)
2 = m

(i)
2 l

(i)
g2 g cθi,1+2 (18)

where Mi(qi) is the inertia matrix, vi(qi, q̇i) is the vector of centrifugal and Coriolis terms, gi(qi) is the vector of
gravitational forces and ui is the vector of generalized actuators’ efforts (see (Craig, 2005)). Also, lgj [m] is the distance
from the beginning of the jth link to its center of mass, mj [kg] is the jth link mass, the principal moments of inertia Ij
[kg.m2] of the jth link in relation of its center of mass and g it the gravitational constant 1. The coefficients of Mi(qi),
vi(qi, q̇i) and gi(qi) can be easily obtained through the Lagrangian formalism. More details can be found in Lanczos
(2012).

Each vector ui can be decomposed into two parts, the active forces generated by the actuators (τi), and the frictional
forces generated by the actuators bearings. Considering that friction has a viscous friction portion and another Coulomb
friction portion, the decomposition becomes:

ui = τi − bi q̇i − µi
sign(q̇i),with bi =

[
b
(i)
1 0

0 b
(i)
2

]
, µ

i
=

[
µ

(i)
1 0

0 µ
(i)
2

]
(19)

In order to guarantee that the kinematic constraints are satisfied during simulation, an asymptotically stable second
order dynamics is imposed to q̄ and can be solved as described by Baumgarte (1972):

¨̄q(q) + 2λ̄ ˙̄q(q) + λ̄2q̄(q) = 0 =⇒ A(q)q̈ + b(q, q̇) = 0 (20)

with b(q, q̇) = Ȧ(q, q̇)q̇ + 2λ̄A(q)q̇ + λ̄2q̄(q) (21)

and λ̄ faster than the robot dynamics.
Now, concatenating the two serial models from Eq. (9) with the end-effector results in:

f(q, q̇, q̈, τ ) = τ −H(q)q̈ − h(q, q̇), where (22)

H(q) =

 0 0 0
0 M1(q1) 0
0 0 M2(q2)

 , h(q, q̇) =

 0
v1(q1, q̇1) + g1(q1) + b1 q̇1 + µ

1
sign(q̇1)

v2(q2, q̇2) + g2(q2) + b2 q̇2 + µ
2
sign(q̇2)

 , τ =

 0
τ1

τ2

 .
(23)

Applying the VWP to f(q, q̇, q̈, τ ), one gets:

fT (q, q̇, q̈, τ )δq = 0, (24)

but it can’t be concluded from equation (24) that f(q) = 0 because the coordinates in the vector δq are not indepen-
dent. To overcome this issue, matrix C(q) can be used. Substituting equation (5) in (24) and doing some mathematical
manipulation, one gets:

δqa
TCT (q)f(q, q̇, q̈, τ ) = 0 =⇒ CT (q)f(q) = 0, (25)

which is the forward dynamics equation.
1The superscript (i) denotes the ith kinematic chain.
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2.4 Inverse Dynamics

Equation (5) shows a relation between the generalized and the actuated coordinates vectors. This same relation can be
found for the vectors’ derivatives:

q̇ = C(q)q̇a. (26)

Differentiating the above equation and substituting it in (25) leads to the inverse dynamics equation:

Ha(q)q̈a + ha(q, q̇) = τa, (27)

with

Ha(q) = C(q)TH(q)C(q), (28)

ha(q, q̇) = CT (q)(H(q)Ċ(q)q̇a + h(q, q̇)), (29)

τa = CT (q)τ . (30)

3. CONSTRUCTION

As this robot is idealized for teaching and research purposes, the project focus on reducing the clearances since this is
one of the main problems found in the literature that limits the performance of the control methods.

Aiming at this reduction, the motors shouldn’t have gearboxes, avoiding backlash and minimizing frictions. As the
robot performs only planar movements, all the assembles can be done allowing clearances in directions where the mech-
anism is not expected to move, or using interference fit if the assemble is in some direction the robot is expected to
move.

The main parts of the robot were built using aluminum due to its suitable young module, high resistance, low cost and
good machinability. However, it was used a thinner plate of acrylic, this one with lower young modules and resistance to
act as a mechanical fuse, avoiding ruptures and enlargement of the holes in the robot’s aluminum parts.

As can be seen in Figure 3, the pins were attached to the first link using bolts. The bearings were attached to the
second link by interference. The inner rings of the bearings were between nuts and the face of the recessed pin part. The
mechanical fuse was also attached by interference generated by tightening the bolts. Thus, once all the attachments were
made on the z-axis and everything on x- and y-axis was fixed by interference, the possible clearances are mainly due to
plastic deformations of the bearing balls or of the aluminum sheet since they are the most malleable elements.

Figure 3: Joints and links construction.

The dimensional synthesis was carried out to avoid the singularity in which both links with length l2 are aligned while
also maximizing the workspace in order to perform tasks with a maximum diameter of 0.10m. Other singularities are
mechanically restricted. The construction and the workspace are shown in Figures 1(b) and 2, respectively.

4. RESULTS

In order to test and validate the proposed model, a computed-torque control law, deduced as shown in Slotine and Li
(1991) given by:

τa = Ĥa(q)(r̈ + 2λėa + λ2ea) + ĥa(q, q̇) (31)

was implemented, being Ĥa and ĥa the estimators ofHa and ha, respectively. Assuming there are no modeling errors,
the resultant closed-loop error dynamics is:

ëa + 2λėa + λ2ea = 0 (32)
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where r is the reference signal given in terms of the actuated coordinates and ea is the actuated coordinates errors defined
as ea = r − qa. λ is a control parameter defined in terms of performance specifications for the linearized system.

Note that for ĥa = 0 and Ĥa = m∗I , the control law is equivalent to a PD with feed-forward acceleration.

4.1 Simulation Results

The estimated values for the parameters of the serial subsystems that compose the parallel mechanism are presented
in Tables 1 and 2. The end-effector mass is considered null. Measurements of the link lengths and the distance between
the actuators validated the proposed design values. The parameters concerning inertial data such as mass and its center of
gravity and moment of inertia were obtained through the mechanism CAD model.

Table 1: Parameters of the first serial chain.
Parameters Values Units
l0 0.050 m
l1 0.120 m
l2 0.160 m
lg1 0.060 m
lg2 0.078 m
m1 0.062 kg
m2 0.124 kg
Jz1 1.073 · 10−4 kg.m2

Jz2 4.380 · 10−4 kg.m2

b1 1.226 · 10−4 N.m.s/rad
µ1 4.357 · 10−2 N.m

Table 2: Parameters of the second serial chain.
Parameters Values Units
l0 0.050 m
l1 0.120 m
l2 0.160 m
lg1 0.060 m
lg2 0.058 m
m1 0.062 kg
m2 0.097 kg
Jz1 2.960 · 10−4 kg.m2

Jz2 9.800 · 10−4 kg.m2

b1 2.039 · 10−4 N.m.s/rad
µ1 4.992 · 10−2 N.m

As the friction coefficients were not measured in the passive joints, b2 and µ2 are considered null for both serial chains.
The reference trajectory is a circular path with 1 second period simulated for a total of 8 cycles followed by a sudden

stop. Its expression is given by (33). The mechanism always starts from the rest, and its initial position is (x, y) =
(−0.002, 0.108)m.{

xd(t) = −0.05 cos(2πt)

yd(t) = 0.158− 0.05 sin(2πt)
(33)

Using the CTC law (31) with λ = 60 rad/s and supposing no error on the estimated parameters but the estimated Coulomb
frictions – which are set to zero – the following results are obtained through direct dynamic simulation (Figure 4):

(a) Control error ex. (b) Control error ey .

(c) Control effort τ1. (d) Control effort τ2.
Figure 4: Simulated results.
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4.2 Experimental Results

The parameters of the position controllers used in the experimental tests are shown in Table 3.

Table 3: Parameters of the position controllers in the joint space.
Strategy λ[rad/s] m∗[kg.m2]
PD 35 3.58 · 10−3

CTC 60 -

Figures 5 and 6 present the trajectory follow-up graphs and the time history of both control errors and efforts for the
PD controller with feed-forward acceleration and the computed-torque control, respectively. Performance comparisons
are presented in Table 4.

(a) Performed trajectory. (b) Control error ex. (c) Control error ey .

(d) Control effort τ1. (e) Control effort τ2.
Figure 5: Experimental results – PD controller.

Figure 5 shows that the resultant output (in red) tracks the reference trajectory (in blue) with a maximum error of
approximately 3 mm in x and up to 5 mm in y, presenting larger values at the beginning and at the end of the trajectory
due to the sudden entry of the control signal, leading to more than 6 mm of error in x. The control efforts remain between
±0.2 N.m in both axes, except for the beginning and the end of the trajectory where they reach peaks of more than ±0.4
N.m in both axes.

Figure 6 shows that the CTC present a trajectory tracking with a maximum error of approximately 2 mm in x and up
to 1.3 mm in y, also presenting larger values at the beginning and at the end of the trajectory due to the same reasons as
the PD controller, leading to more than 8 mm of error in x and 3.5 mm in y. The control efforts remain between±0.4 N.m
in both axes, except for the beginning and the end of the trajectory where they reach peaks of more than ±0.5 N.m in x
and ±0.6 N.m in y.

Table 4 presents the RMS values of position errors and control efforts in the circular trajectory for each control strategy,
which are calculated as follows:

eRMS =

√√√√ 1

N

N∑
k=1

e2
x[k] + e2

y[k] (34)

τRMS =

√√√√ 1

N

N∑
k=1

τ2
1 [k] + τ2

2 [k] (35)



A. G. Coutinho, V. P. Bartholomeu, I. Stevani, J. M. de Oliveira-Fuess, T. A. Hess-Coelho, D. Colón
Design And Control Of A 2-DOF Parallel Mechanism

(a) Performed trajectory. (b) Control error ex. (c) Control error ey .

(d) Control effort τ1. (e) Control effort τ2.
Figure 6: Experimental results – CTC controller.

Table 4: RMS error and control effort values (steady state) and Position stationary error
Strategy eRMS [mm] τRMS [kg.m2] ex[mm] ey[mm] e[mm]
PD 3.15 0.132 0.444 −0.195 0.484
CTC 1.14 0.143 0.903 0.289 0.949

and also presents the positional error values, which means the position error value after the manipulator completes the
trajectory and stabilizes at a fixed point. The error value e of the fifth column is obtained by making e =

√
e2
x + e2

y . In
other words, the distance between the desired and actual positions of the end-effector.

Gathering the information presented in all trajectory follow-up and time history graphs with the ones accounted in the
comparative tables exhibited earlier, some conclusions can be drawn about the implemented control techniques.

Analyzing Table 4, it can be observed that the CTC presents an RMS error 76% lower than the PD at a cost of an
energy expenditure only 8% higher. This substantiates that, as expected, the model-based control is far superior than the
non model-based control in performance, which also indicates that the deduced model is representative.

Comparing now Figures 5(a-c) with Figures 6(a-c), a much smoother behavior can be perceived in the trajectory path
using the PD controller. In addition, Table 4 shows that the position stationary error (after the trajectory was finished) is
higher with the CTC. This happens due to the proximity of the trajectory starting point, which is the same at the end, to
a region of kinematic singularities. In these regions, the components of the matrix Ĥa for the CTC reach high values,
which means there is a high control gain that slightly compromises the stability of the system while that same matrix
remains constant for the PD controller.

5. CONCLUSION

In this paper, a generic methodology for modeling parallel mechanisms based on the concept of subsystem coupling
is proposed. From a previously deduced model of its serial chains and the kinematic links between them and the end-
effector, the dynamic model of a 5R type parallel mechanism is obtained. Considering the deduced model, direct dynamic
simulation and an experimental position control tests are performed with a model-based control technique. The results
obtained validate the fidelity of the deduced model for position tracking through model-based control design, which
proved to be superior than the non model-based controller in the subject of control error effective value at a cost of a small
increase in the energy consumption.

It can be concluded that the computed-torque control technique is quite adequate and effective in performing position
control of parallel mechanisms when using reliable models of the system. In addition, the modeling method used proved
to be effective since it can reuse previously designed models, which simplifies and streamlines the modeling task.
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