
COB-2019-1641
COMPARISON OF TWO SLIDING MODE CONTROL TECHNIQUES

APPLIED TO A ROV VERTICAL MOTION.
Reginaldo Cardoso
Éverton Lins de Oliveira
Décio Crisol Donha
Mechanical Engineering Department, University of São Paulo, Brazil
reginaldo.cardoso85@gmail.com; ev_lins@hotmail.com; dcdonha@usp.br

Abstract. This paper presents the comparison of two alternative sliding mode control techniques used to control the
motion of an ROV in the azimuthal plane. The first one is based in a classical method, where it is necessary to divide
the multivariable system into two SISO systems, and a sliding surface is designed for each input. The other technique is
based on zero allocation made by the generalization of the Ackermann’s formula. Both techniques demonstrated to be
capable of tracking the desired trajectory. The multivariable control law has shown a faster convergence to zero, and both
techniques presented similar control effort.
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1. INTRODUCTION

Remotely operated vehicles (ROV’s) have been used in several research areas, such as operation in depth water to
explore the seas and oceans (Khadhraoui et al., 2016).

In general, ROV’s are modeled by nonlinear coupled system, with parametric uncertainties and unmodeled dynamics.
For this reason, several robust control techniques have been applied to solve its control problems (Ramírez-rodríguez
et al., 2017).

Several works used sliding mode control (SMC) (Chen et al., 2016) due to the following advantages: insensitivity to
parameter variations and / or model uncertainties and external disturbance rejection (Eker and Akınal, 2008; Utkin and
Young, 1978). Furthermore, the performance of SMC is associate with a proper choice of the sliding surface (Utkin et al.,
1999). Therefore, it was decided to highlight two techniques that obtain sliding surfaces.

The first technique is a classical method, which was first presented by Yoerger and Slotine (1985). The surface exhibits
the dynamic characteristic of a low-pass filter, and the system has to be single-input single-output (SISO). For multi-input
multi-output (MIMO) systems are necessary to design one surface to each control input.

Another way to design a sliding surface is based on the generalized multivariable Ackermann’s formula. According
to Young et al. (1977), the eigenvalues of the system after the SMC application are equal to the transmission zeros of the
original system, thus, the sliding surface construction is solved with zero allocation system.

The purpose of this article is to compare these two techniques of sliding surface design in the vertical ROV model.
This paper is divided into: section 2., where the mathematical model (in the azimuthal plane) is presented. Section 3.

presents the sliding modes control. The section 4. presents the numerical simulation. Finally, section 5. presents the
conclusion and comments.

2. Mathematical Model

In this paper, it will be studied the vertical movement of the ROV with two degrees of freedom as shown in Fig. 1:
heave (downward in z axis) and pitch (rotation around the y axis). It will be ignored the influence of the horizontal motion,
only the constant velocity (U) along the x axis will be considered.

The vehicle was designed with a negative buoyancy force (34N ), so that if it suffers some failure, it can be easily
rescued (Ferreira et al., 2013, 2014). The vehicle can also be seen in Fig. 1.
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Figure 1. Coordinate system.

According to Chen et al. (2016) the equation which describes the ROV model is as follows:
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Zẇ −m
ρA,gzb sin(θ)

Iy −Mq̇

0

0



(1)

or, [
ν̇̇ν̇ν
η̇̇η̇η

]
=

[
−MMM−1(CCC(ννν) +DDD(ννν)) 0002×2

JJJ(ηηη) 0002×2

] [
ννν
ηηη

]
+

[
MMM−1

0002×2

] [
Z
M

]
+

[
−MMM−1ggg(ηηη)

0002×1

]
(2)

which can be rewritten as

ẇ = f1(w, q, θ,U) + b1Z
q̇ = f2(w, q, θ,U) + b2M
ż = f3(w, q, θ,U)

θ̇ = f4(w, q, θ,U)

(3)

where ννν =
[
w q

]T
; ηηη =

[
z θ

]T
; matrixMMM represents the sum of the rigid-body mass and the inertia matrix;CCC(ννν) the

sum of rigid-body Coriolis and the centripetal matrix with the mass; DDD(ννν) the hydrodynamic damping; ggg(ηηη) force vector
and gravitational moment and buoyancy;

[
Z M

]T
the control force and the moment vector.

The vehicle mass is 142kg. The distance between the center of mass and the buoyancy center is 0.111mm, which
provides intrinsic stability in roll and pitch to the vehicle. It was used constant drag coefficients in the range of velocities
from 0 to 1m/s (Ferreira et al., 2014).

Pitch angle (approximately −2◦) appears when the surge velocity is consider constant and the thrusters are out of
symmetry.
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3. Sliding Mode Control

The main idea of this paper is the comparison of two strategies for the design of the sliding surface in the sliding mode
control.

3.1 SISO Sliding Mode Control (SISO SMC)

The surfaces were chosen according to (Slotine and Li, 1991), which are described as a constant gain multiplied by an
error vector.

For this particular application, it has been decided to use the desired velocity equal to zero, because of that, the input
control will force the ROV velocity to be as small as possible. The surfaces can be seen in Eq. (4) and Eq. (5),

s1 = −λ1w + λ2zd − λ2z (4)

s2 = −λ3q + λ4θd − λ4θ (5)

where λ1,2,3,4 are the control bandwidths and zd, θd are the desired trajectories.
The next step is to design an equivalent control, which is responsible to keep the system under the switch surface. The

equivalent control is obtained by the derivation of the surface and then the Eq. (3) is applied,

ṡ1 = λ2żd − λ1 (f1 + b1Z)− λ2f3 = 0 (6)

ṡ2 = λ4θ̇d − λ3 (f2 + b2M)− λ4f4 = 0 (7)

the control variables (Z and M ) are isolated to obtain the equivalent control (Zeq and Meq)

Zeq =
λ2żd − λ2f3 − λ1f1

λ1b1
(8)

Meq =
λ4θ̇d − λ4f4 − λ3f2

λ3b2
. (9)

In order to present certain robustness to the control input, it is necessary to add to the equivalent control a discontinuous
control, which is responsible to converge the system from the initial instant to the sliding surface.

The discontinuous term depends on the sliding surface and because of that, the control signal can present high-
frequency chattering. According to Slotine and Li (1991), it is possible to avoid this chattering by designing a region
around the sliding surface, where the discontinuous control does not change. This region is named as boundary layer
(φ1,2). Thus, the control law can be described,

Z = − K1

λ1b1
sat

(
s1
φ1

)
− Zeq (10)

M = − K2

λ3b2
sat

(
s2
φ2

)
−Meq (11)

where K1,2 are the control gains.
In the SISO SMC project - Eq. (10) and Eq. (11) - some parameters, such as λ1,2,3,4, K1,2 and φ1,2, which need to be

defined and adjusted.

The λ parameter have to obey the following relation λ <
1

5
SR, where SR is the sampling rate (Slotine and Li, 1991).

In the simulation, the sampling rate was used equal 100Hz, therefore λ1,2,3,4 = 20.
To adjust the boundary layer is necessary to specify an acceptable error. In this case, it was defined 10cm (Ez = 0.1m)

in the linear position and 1◦ (Eθ = 1◦) in the angular position, thus

φ1 = λEz → φ1 = 20 0.1 = 2 (12)

φ2 = λEθ → φ2 = 20
π

180
1 = 0.349. (13)

The controller gains (K1,2), were obtained with the sliding condition (Slotine and Li, 1991). This condition is respon-
sible to make all trajectories outside from the sliding surface to converge to the surface.

The following function, VVV (s) = 1
2s

2, can be chosen as Lyapunov function. The derivative of the Lyapunov function
must be negative-defined to ensure surface stability,

V̇ = ṡs ≤ −γ|s| (14)
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where γ is a positive constant and it can be defined,

treach ≤
|s(0)|
γ

→ γ ≤ |s(0)|
treach

(15)

where treach is the desired time for the system to reach the sliding surface.
The initial conditions are [w(0) = 0, q(0) = 0, z(0) = 5, θ(0) = 2◦] and treach = 10s. Therefore, |s1(0)| = 100,

|s2(0)| = 100◦, γ1 = 10 and γ2 = 10◦ = 0.175rad.
Applying the Eq. (10) into Eq. (6) and the Eq. (11) into Eq. (7),

ṡ1 = K1sat

(
s1
φ1

)
(16)

ṡ2 = K2sat

(
s2
φ2

)
. (17)

The next step is to replace Eq. (16) and Eq. (17) in the derivative of the Lyapunov function Eq. (14)

K1sat

(
s1
φ1

)
s1 ≤ −γ1|s1|

K1 ≤ γ1 =
100

10
= 10

(18)

K2sat

(
s2
φ2

)
s2 ≤ −γ2|s2|

K2 ≤ γ2 =
1.745

10
= 0.175.

(19)

3.2 MIMO Sliding Mode Control (MIMO SMC)

To simplify the design of the controller is necessary to rewrite the Eq. (2). This new representation is divided into
nonlinear and linear parameters, such as the Eq. (20)

ẋ̇ẋx = (AAA+ ∆A∆A∆A)xxx+BBBτττ + (GGG+ ∆G∆G∆G), (20)

where xxx = [ν ην ην η]T and the nonlinearities are represented by ∆A∆A∆A and ∆G∆G∆G.
According to Cardoso et al. (2017), the sliding surface can be obtained by the zeros allocations. This technique is

based on the generalization of the Ackermann’s formula, which shows that the poles of the sliding mode surface are
equals to the zeros of the open-loop system (Utkin and Young, 1978) (Utkin et al., 1999).

According to Meza and Bhaya (2001), it is possible to allocate the zeros by changing the original system representation
to the canonical form of Luenberger, thus the zeros allocation can be solved by inspection.

The first step is to transform the original system into the Hessenberger form, and obtain the controllability indices
of the linearized system. After some algebraic manipulations, the Luenberger form is obtained. Therefore, the system
transformation matrices (TTT and UUU ) are obtained.

The matrix (CCC) is the zeros allocation, which can be named as switching matrix. The system transformation process
and the zeros allocation can be viewed in the flow chart in Fig. 2. More details can be seen at Meza and Bhaya (2001) and
Meza (1999).

The sliding surface (sss) can be written as,

sss = CCC(xxx− xxxd) (21)

where xxxd is the desired position of the vehicle.
The equivalent control can be designed by deriving the Eq. (21),

ṡss = CCCėee = CCC(ẋ̇ẋx− ẋ̇ẋxd) = 000. (22)

Before proceeding with the control development, it is necessary to treat the nonlinearities. Therefore, it is assumed
that the nonlinearities are limited, such as Eq. (23) (Cardoso et al., 2017),

∆A∆A∆A = BBBHHH, ‖HHH‖ ≤ β1
∆G∆G∆G = BBBFFF, ‖FFF‖ ≤ β2.

(23)
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Pair of controllable matrices (AAA, BBB)
and µµµ are the controllability indices.

Hessenberg transformation. Unitary
matrix UUU AAA1=UUUTAUAUAU and BBB1=UUUTBBB.

The new pair of matrix (AAA1,
BBB1) into a non-singular matrix.[

bbb1 . . . AAAµi−1
1 bbb1 . . . AAAµr−1

1 bbbr
]−1

=[
SSS1 . . . SSSr

]T
.

Considering eeei is the last row of SSSr,
then, TTT i = [eeei, eeeiAAA, . . . , eee1AAA

µi−1]T

and TTT = [TTT 1, . . . ,TTT r]
T

where TTT is the Luenberger
transformation matrix.

AAAL = TTTUUUTAUAUAUTTT−1

BBBL = TTTUUUTBBB.

Thus, the matrix CCCt is obtained:
CCCt = CCC(TTTUUUT )−1

and CCCt is designed
with the desired zeros.

Figure 2. Flow chart of Luenberger transformation and the zeros allocations (Meza and Bhaya, 2001).

Applying Eq. (20) and Eq. (23) into Eq. (22), and isolating the variable τ = τeq

τeq = −‖(CBCBCB)−1CACACA‖‖xxx‖ − ‖(CBCBCB)−1CGCGCG‖+ ‖(CBCBCB)−1CCC‖‖ẋ̇ẋxd‖ − β1‖xxx‖ − β2. (24)

The control law was chosen according to (Hsu, 1998) and (Cardoso et al., 2017). It was based on the following
Lyapunov function, V = 1/2‖sss‖2. The system will be asymptotically stable if the following condition Eq. (25) is obeyed

V̇̇V̇V = sssT ṡ̇ṡs < 0. (25)

To satisfy this condition Eq. (25), the following control law is obtained

τττ =
β

h
τeqααα

ααα = − BBBTCCCTsss

φ3 + ‖BBBTCCCTsss‖
.

(26)

where h is a positive constant, β > 0 and φ3 is the boundary layer, which was used to avoid a chattering action in the
input control. The control input (τττ ) is a vector with size <2×1.

Applying Eq. (26) and Eq. (24) into Eq. (25)

V̇ = ‖sTBCsTBCsTBC‖τeq(−1 +
β

(h)2
) < 0. (27)

the (27) will always be true if the following two conditions are obeyed: h2 > β and β > 0.
Comparing Eq. (10) and Eq. (11) with Eq. (26), these equations have the same structure thus, these can be rewritten

as Eq. (28)

Z = K1τeqααα(1)

M = K2τeqααα(2)
(28)
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with K1 = 110/11 = 10 and K2 = 1.75/10 = 0.175. However, it is possible to use the same controller gain of Eq. (10)
and Eq. (11) to satisfy the condition Eq. (27).

The matrices values (CCCt andCCC) are shown in Eq. (29),

CCCt =

[
1 2 0 0
0 0 1 1

]
, CCC =

[
2.681 0 5.362 0

0 6.105 0 6.105

]
, (29)

the values inCCCt represents the zeros allocation, (s+ 2) → zero = −2 and (s+ 1) → zero = −1, these were obtained
after an exhaustive search. The same procedure was used to obtained the boundary layer value (φ3 = 0.02).

3.3 Merge control

After some simulations, it was noticed the existence of a steady-state error in θ with the MIMO SMC, which can be
seen at Fig. 4 (the black curve). This happened because of the equivalent control, calculated in Eq. (24). As the same error
did not happen in the SISO SMC, it was decided to merge the two techniques (MIMO discontinuous control was applied
to SISO control law).

Comparing the λ and matrixCCC values, it can be inferred that λ3 = 6.105 and λ4 = 6.105, thus

Z = K1τeqααα(1)

M = K2ααα(2) +

[
λ4θ̇d − λ4f4 − λ3f2

λ3b2

]
.

(30)

4. Simulation

The ROV constant velocity was chosen as U = 0.9m/s. The parameters used to simulate can be found in table 1.

Table 1. Vehicle and controls parameters.

Parameter Value Parameter Value SISO SMC MIMO SMC Merge Control
m 142 Kg Iy 19.79 Kgm2 K1 = 10 K1 = 10 K1 = 10
mg 1391.6 N Zw 311.64Kg/s K2 = 0.175 K2 = 0.175 K2 = 550
ρA,g 1424.92 N Mq -5Kgm2/(srad) λ1,2,3,4 = 20 zero = −2 λ3,4 = 6.105
Xu̇ -450.5 Kg Zw|w| -1706.55Kg/m φ1 = 2 zero = −1 φ3 = 0.02
Zẇ -550 Kg Mq|q| -200Kgm2/rad2 φ2 = 0.349 φ3 = 0.02 -
Mq̇ -200 Kgm2 zb -0.11m - - -
Z -562.890/881.588 N M -230.394/230.394 Nm - - -

The desired trajectory in z was defined by a sinusoidal function with low frequency (f = 0.01Hz) and an amplitude
(Amp = 5m), in consequence of that, the actuators did not reach saturation during the simulation.

zdesired(t) = Amp sin (2πft) + b
θdesired(t) = 0

(31)

where b = 10, which was chosen to be different from the initial condition.
Figure 3 present the linear position errors, it is possible to observe that MIMO SMC error (z) converge to zero faster

than the SISO SMC (approximately 10s). The zoom box exhibits that MIMO has not oscillation in the steady-state. The
merge control (curve in magenta) has the same response of the MIMO SMC because Z input on both controls is the same.

According to Fig. 4, the merge control converges to zero (in approximately 3s), which is faster than the others tech-
niques. On the other hand, MIMO SMC presents a steady-state error, approximately 0.05◦. This error may has occurred
due to the equivalent control design since it was assumed that nonlinearities were limited (23).

Figure 5 (Z force) and Fig. 6 (M moment) present the control efforts. After the first 10s of simulation, the differences
between all techniques are indistinguishable. Besides that, in the first 10s, the Z force reached the actuator saturation.

The MIMO sliding surface needed to be split into two surfaces in order to be compared to SISO Fig. 7 and Fig. 8
present comparison between MIMO and SISO sliding surfaces.

According to Fig. 8, MIMO surface converges to zero 1 second before SISO.

5. Conclusion

The synthesized sliding mode controllers were able to make the vehicle tracks the desired trajectory. The MIMO SMC
has advantages over SISO SMC because with the same control effort presented a faster response without steady-state error
in z.
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Figure 3. The error between the desired and real trajectory, for each control techniques.

Figure 4. The error between the desired and real angular position, for each control techniques.

In spite of that, MIMO SMC presented an oscillatory response in θ (between 0.05◦ and −0.05◦), which was caused
by the equivalent control design. This oscillation is not irrelevant when compared to the vehicle dimensions (length=
1076mm, width= 852mm, and height= 705mm).

The oscillatory response did not happen in the merge control because it was decided to combine the SISO equivalent
control with the MIMO control law.
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