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Abstract. The aim of this paper is to present a numerical procedure that accelerates the second-order velocity 
structure function model calculation incorporated into the Lagrangian Vortex Method with turbulence modeling. In the 
present study, the local turbulence effects are considered during the vorticity diffusion process; as consequence a 
connection between the larger scales and the smaller ones is made by eddy viscosity. The eddy viscosity computation is 
necessary for each Lamb vortex element that constructs the Kármán vortex street; it is also the key to take into account 
the roughness effects. A boxes structure is used to identify clusters of vortex elements confined in different regions of 
the fluid domain. The boxes structure establishes interaction lists between vortex elements in a lower computational 
cost. The CPU time, necessary to compute the eddy viscosity is considerably reduced. 
 
Keywords: two-dimensional roughness model; panel methods, reduction of the computational cost; aerodynamics of 
bluff body. 

 
1. INTRODUCTION 
 

Unsteady vorticity-dominated flows are of great interest in many fluid mechanics problems. In this context, the 
Lagrangian Vortex Methods can be used to approximate time-dependent incompressible flows. In this kind of flow most 
of the vorticity is confined to a relatively small portion of the flow, and then a purely Lagrangian Vortex Method based 
on following the vorticity by using vortex elements does not depend on the construction of a good-quality mesh on the 
domain of computation (the Eulerian and grid-dependent methods suffer inevitably from numerical diffusion). The main 
advantages of a Lagrangian Vortex Method are that vortex elements are placed only where vorticity is non-zero and the 
boundary conditions in the far field are automatically satisfied. Lagrangian vortex methods are especially useful to solve 
flows which are dominated by localized vorticity distributions, e.g., shear flows, wakes, and jets (Kamemoto, 2004). 

The present paper attempts to control the flow around a circular cylinder of diameter d through the implementation 
of surface roughness model around the exterior of the body. The mechanism of vortex shedding of rough stationary 
cylinder in the subcritical flow regime (Re=105) is simulated using a two-dimensional Lagrangian Vortex Method. The 
local turbulence effects are taking into account through a second order velocity structure function model adapted to a 
Lagrangian Vortex Method (Alcântara Pereira et al., 2002). The intensity of newly generated Lamb vortex elements 
(Kundu, 1990) from the body surface is in a physical sense affected for the local effects of size of uniformly distributed 
roughness elements, ε/d. Therefore, the mass and the global circulation are simultaneously conserved using a source 
panel method and generation of vortex elements along the body surface. The aerodynamic loads are calculated using an 
integral formulation derived from the pressure Poisson equation (Shintani & Akamatsu, 1994). The contribution of this 
paper is to accelerate the eddy viscosity computation through a new algorithm for the boxes structure construction 
aiming to divide the vortex elements into the groups across the fluid domain.  

According to Bimbato (2012) a two-dimensional surface roughness model is more effective than a single two-
dimensional turbulence model. His research indicated the potentialities of a two-dimensional Lagrangian vortex method 
with physical roughness model to predict the aerodynamics of bluff bodies with rough surface providing a good data 
base for further research using different Reynolds numbers associated with roughness size and distributions. Previous 
results from Guven et al. (1980) showed in a drag coefficient versus Reynolds diagram comparisons of different results, 
and they presented differences up to 60% for a given Reynolds number. These differences were attributed to some 
influencing factors, such as: aspect ratio, blockage ratio, turbulence level and the surface texture. The greater 
differences were observed in the supercritical flow regime which indicated the importance of the roughness models 
developing. The flow regimes cannot be characterized only by the Reynolds number based on the size of the roughness. 
 
2. PROBLEM FORMULATION 
 

Figure 1 illustrates the incompressible and two-dimensional flow around a circular cylinder, being the fluid 
Newtonian with constant kinematic viscosity,ν . The uniform flow is represented by U and assumed from left to right. 
The fluid domain Ω is identified by the boundary S=S1∪S2, being S1 the body surface and S2 the far away boundary. 
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Figure 1. Unsteady viscous flow around a stationary circular cylinder. 
 

The flow depicted above is governed by the continuity and the Navier-Stokes equations, which can be respectively 
written in the following forms: 
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where iu  is the velocity filtered field, p  is the pressure filtered field, ρ  is the density, ν  is the molecular viscosity 

coefficient, tυ  is the eddy viscosity coefficient and ijS  is the deformation tensor of the filtered field (Smagorinsky, 

1963). 
The present methodology calculates the local spectrum at Kc with a second-order velocity structure function,2F , of 

the filtered field ( velocities difference), such as (Alcântara Pereira et al., 2002): 
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From the Kolmogorov spectrum, the eddy viscosity can be written as a function of2F : 
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where 1.4=kC  is the Kolmogorov constant. In Eq. (3) is important to note that in three-dimensions the “average 

operator” is applied in the velocities ( )t,rxu +  calculated under the surface of a sphere with center in x  and radiusr . 

The present formulation analyses the vorticity dynamics in two-dimensions by taking the curl of the Navier-Stokes and, 
therefore, simulates numerically the phenomena that occur in the macro-scales by using a Lagrangian Vortex Method. 
Therefore, the phenomena that occur in the micro-scales should be taken into account through the eddy viscosity 
coefficient computation, see Eq. (4); the coefficient tν  is modeled with the second-order velocity structure function, 2F , 

of the filtered field, see Eq. (3), and must be computed to each vortex element during all steps of a typical numerical 
simulation. In two-dimensions r  is the distance between each vortex element under analysis and other vortex elements 
strategically placed inside a circular crown. The center of each circular crown always coincides with the center of each 
vortex element, which is used to compute Eq. (4) (Alcântara Pereira et al. (2002) and Bimbato et al. (2013)). 

. 
3. NUMERICAL METHOD 

 
The essence of the Lagrangian Vortex Method is to discretize the vorticity field using Lamb vortex elements in a 

manner that (Kundu, 1990): 
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where ω  ( uω ×∇= ) is the vorticity filtered field, NV  is the total number of vortex elements in the fluid domain, kΓ  

is the strength of the k th vortex element  necessary to satisfy the no-slip condition on body surface and 0σ  is the Lamb 

vortex core given by (Bimbato, 2012): 
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beingχ  a factor obtained through numerical experiences and crucial to determine the appropriate value of the Lamb 

vortex core. This approach considers the influence of source flat panels used to simulate the body surface through the 
impermeability condition (Katz and Plotkin, 1991). It is important to observe that each flat panel has a pivotal point 
necessary to simultaneously impose the no-slip and the impermeability conditions. 

Presently, each nascent vortex element must be positioned at a shedding point near its respective pivotal point. 
Figure 2(a) shows one of the source flat panels used to represent the body surface; it is illustrated how the vorticity is 
generated on a smooth surface (note that co is the pivotal point, dpshe ′  is the shedding point, sep ′  is the distance 

between the pivotal point and the center of the vortex element and 0σ  is the Lamb vortex core). 

In order to determine the turbulent activity around the shedding point of a i th panel are defined in the Fig. 2(b) 

the idpshe ′  point and the semicircle with radius sep2ε ′−=b   ( ∗∗= dεε ) centered on shedding pointi . A point set, 

called rough points, are distributed on the semicircle. The average speed differences necessary to determine the second-
order velocity structure function of the filtered field (see Eq. (3)) are computed between the center of the semicircle 
( idpshe ′  point) and the rough points according to: 
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being tu  is the velocity on the points (due to uniform flow, source panels and vortex cloud), NR the number of rough 

points and ( )ε1+  the kinetic energy gain due to the roughness effects. Bimbato (2012) used 21 rough points on each 

semicircle defined around each shedding point; this number is enough to obtain a reasonable value for the speeds 
difference. Equation (6) indicates the relation between the Lamb vortex core and the Reynolds number. If the roughness 
effects are important ( ( ) 0tυ

it
≠ ), the k th Lamb vortex core must be modified for: 
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where 

k0cσ  is the core of the k th vortex element positioned at i th shedding point and modified by the roughness model. 

According the importance of the local roughness effects, each nascent vortex element can be placed at different 
positions (from the same pivotal point reference) during each time step of a numerical simulation. The physical sense is 
that an additional inertial effect is imposed on each nascent vortex element due to the roughness model. This effect 
changes the strength of the k th vortex element necessary to ensure the no-slip condition. 
 

 

rough pointrough point

 
(a) smooth surface (b) rough surface 

 
Figure 2. Vorticity generation process on the Lagrangian Vortex Method (retired of Bimbato et al., 2013). 
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 The present Lagrangian Vortex Method represents the vorticity field by Lamb vortex elements. As was discussed 
in the final of Section 2 the eddy viscosity is computed to each vortex element during all steps of a typical numerical 
simulation. In this context, the numerical procedure is conducted over a series of small discrete time steps ∆t for each of 
which a vortex element kΓ  is shed from the smooth or rough body surface. The velocity field is calculated at the 

location of each vortex element (due to the uniform flow, the source panels and the vortex-vortex interaction) in a 
typical Lagrangian description using an algorithm that splits the advective-diffusive operator of the vorticity transport 
equation (Chorin, 1973). The vortex-vortex interaction is obtained from the vorticity field by means of the Biot-Savart 
law. The advective motion of each vortex element generated from the body surface is determined by integration of each 
vortex path equation using a first order Euler scheme. The viscous diffusion is simulated for each kth vortex element by 
using a fractional random walk method introduced by Lewis (1999) and modified by Alcântara Pereira et al. (2002) 
such as: 
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and P e Q random numbers between 0.0 and 1.0. For more details see Bimbato (2012).  

The vorticity diffusion takes into account the turbulence modeling. As consequence, the second-order velocity 
structure function of the filtered field is evaluated for each vortex element through: 
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where tu  represents the total velocity at each the vortex element, N  indicates the number of vortex elements inside the 

circular crown and kr  is the distance between the vortex element under analysis (j th Lamb vortex) and the vortex 

elements inside the circular crown (each of kth Lamb vortex). 
The idea of compute the eddy viscosity no using all vortex elements is to divide the domain in manner that 

neighborhood of one vortex under analysis is directly taken into account in the Eq. (10). Figure (3) schematically shows 

the basic idea where, during each time step of simulation, l4  boxes are constructed to delimit the fluid domain 
containing vorticity. In this approachl defines the box levels. For instance, when 1=l the two-dimensional fluid 

domain is divided in 12 boxes in the x direction and 12 boxes in the y direction. 
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 2,1 2,2  4,1 4,2 4,3 4,4 
3,1 3,2 3,3 3,4 

1,1 1,2 2,1 2,2 2,3 2,4 
1,1 1,2 1,3 1,4 

 
 level 0             level 1                                                             level 2 

 
Figure 3. Examples of boxes structure construction using three levels to compute the eddy viscosity.  

 

The length of each box is given by l2Lx x=∆ and l2Ly y=∆ , where xL and yL  are the lengths of each side 

corresponding to the level 0, see Fig. (3). Note that when the level is zero ( )1j1i ==  and  is adopted all vortex 

elements present in the vortex cloud must be considered to compute the eddy viscosity associated to the each vortex 
element. The level 0 implies a higher computational cost. The localization of each kth vortex element in the fluid domain 
associated to the corresponding box can be calculated by (being( ) ( )0,0y,x 00 = ): 
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The present computational strategy only considers the interaction between neighboring boxes, because they would 
be influencing vortex elements within a distance comparable to that inside the circular crown. Suppose one wishes to 
calculate the viscosity eddy for all vortex elements located at box 2,3 when level 2 is used (please, see in the Fig. (3)). 
For this purpose, the eddy viscosity computations are strongly accelerated because only the influence of all vortex 
elements in the dark grey boxes is computed. 

 
4. RESULTS AND CONCLUSIONS 

 
The first providence was to validate the vortex code by simulating the flow around a stationary circular cylinder 

without turbulence modeling (case I from Tab. 1). The following numerical parameters used here were successfully 
investigated by Bimbato (2012): number of source flat panels used to represent the cylinder surface ( 300NP = ), time 
increment ( 05.0t =∆ ) and the Lamb vortex core ( d001.00 =σ ). All the aerodynamic loads computations were 

evaluated between 45t5.8 ≤≤ . As can be seen in the Table 1, the numerical results for smooth cylinder (case I and case 
II) agree very well with the experimental ones obtained by Blevins (1984), which have an uncertainty of about ±10%. 
All numerical results presented in the Tab. (1) used level 0. 

 

Table 1. Time-averaged values of drag and lift coefficients and Strouhal number for circular cylinder ( 510Re= ) 

Authors Turbulence Modeling dε  
DC  LC  St sepθ  

Blevins (1984) - 0.0000 1.20 - 0.19 82° 
Present result (case I) No 0.0000 1.25 0.00 0.200 84° 
Present result (case II) Yes 0.0000 1.19 0.02 0.21 83° 
Present result (case III) Yes 0.0010 1.20 -0.05 0.21 86° 

 
It can be seen from Table 1 that the time-averaged lift coefficient, although very small, is not zero which is due to 

numerical approximations, and also for a small roughness ( 001.0d =ε ) there is just a small perturbation in the 

boundary layer formed on body surface. Therefore, there is no significant change on aerodynamic forces behavior as 
reported by Bimbato (2012). 

The time-averaged pressure coefficient calculated for the smooth cylinder without turbulence modeling (case I) is 
shown in the Fig. 4(a). This one is compared with the potential flow pressure distribution and the experimental value 
presented by Blevins (1984). In the Fig. 4(b) are plotted the aerodynamic forces time history for the same case. One can 
be observed that the vortex shedding period can be seen in oscillations of the lift and drag coefficients, and also the drag 
coefficient oscillates two times more than the lift coefficient, which is a characteristic of an isolated circular cylinder. 
This mechanism of vortex shedding is in agreement to the one proposed by Gerrard (1966); it is repeated periodically 
causing the oscillating von Kármán street. The frequency of this detachment of vortices is measured by the Strouhal 

number defined as UfdSt = , being f the detachment frequency of vortical structures (see Tab. 1). 

The separation point obtained by the present simulation with turbulence modeling (case II) is about °≅ 83θ  while 
Blevins (1984) experimentally measured °= 82θ . Another experimental investigation made by Son and Hanratty (1969) 
determined a value of °= 78θ  for the separation angle, which agree with experimental results presented by Achenbach 

(1968). Just before transition into the critical region at 5102.6×=Re , the boundary layer is still laminar and separates at 
an angle °= 94θ . Hence, separation takes place in the laminar mode as experimentally expected for a subcritical 
Reynolds number forming free shear layers. 

Figure 5 presents the computed values for the drag and lift coefficients of smooth cylinder (case II) and of rough 
cylinder (case III) with turbulence modeling. 

The goal of this work is to show that the algorithm created to compute the eddy viscosity uses less computational 
effort. For this purpose it was measured the time to compute the coefficient tν  (Eq. 4) for different levels of 25 in 25 

time steps using the vortex structures of the case I. Figure 6 shows the comparison of the time spend between each level 
above referred and the level 0. It is important to emphasize that the mentioned time was computed inside of each time 
step (such as 1, 26, 51, 76, 101,... 976). According to the Fig. 6(a), the time spend with level 2 is more onerous (for time 
steps higher than 301), but for the other levels (3, 4, 5 and 6) one can observe larger decrease of time to compute the 
coefficient tν . This happen because for higher levels the computational domain with vorticity is divided in more box, 

therefore, to calculate the eddy viscosity a smaller proportion of this one is verified in order to determinate the influent 
vortex clusters in the local eddy viscosity computation. Figure 7 shows the position of the vortex wake structure of an 
isolated circular cylinder at t=48.8 (case I from Tab. 1), when the box structure for level 5 was investigated. 

The results from Fig. 6 are summarized in the Tab. 2; it is shown the percent of time spend of each level in relation 
to the level 0. 
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(a) time-averaged pressure coefficient  (b) temporal series of drag and lift coefficients 

Figure 4. Aerodynamic loads acting on a smooth circular cylinder, case I ( 510Re= ). 
 
 

 

 
(a) smooth circular cylinder (case II) 

 
(b) rough circular cylinder (case III) 

Figure 5. Aerodynamic loads acting on a circular cylinder with 510Re= . 
 

      Table 2. CPU times summary necessary to compute tν  using the other levels for comparison with level 0 (case I) 

 
Computed time only for 

step=976 (t=48.8) 
Computed accumulated time 

of 25 in 25 time steps      
Comparison of column 2 with 

time of the level 0 (%) 

level 0 8.04 min. 1 hour and 48.71 min. 100.00 

level 2 15.21 min. 3 hours and 4.36 min. 169.60 

level 3 5.37 min. 1 hour and 5.87 min. 60.59 

level 4 1.79 min. 25.33 min. 23.30 

level 5 0.73 min. 10.81 min. 9.94 

level 6 0.55 min. 7.51 min. 6.91 

           



Proceedings of ENCIT 2016           16th Brazilian Congress of Thermal Sciences and Engineering 
Copyright © 2012 by ABCM                   November 07-10th, 2016, Vitória, ES, Brazil 
  

                  

(a) level 0 compared with 2               (b) level 0 compared with 3 
 

               

(c) level 0 compared with4                (d) level 0 compared with 5 
 

 

(e) level 0 compared with level 6 
 

Figure 6. CPU times spend to compute the eddy viscosity in different levels (computed of 25 in 25 time steps; case I).    
 

       The present results show that the vortex code developed using a Lagrangian Vortex Method with LES modeling is 
able to solve an unsteady separated flow around a bluff body in a good sense. The time optimization purpose to 
compute the eddy viscosity is justified since the time spend to simulate the typical flow around an isolated circular 
cylinder between t=0 and t=48.8 represented 31.14% of time spend in the total simulation (case III as reference). 
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       The first hard computational calculate that spends more CPU time is the Biot-Savart law (exactly 50% of the total 
time of simulation). Future work will use parallel computation (FORTRAN/LINUX compiler using OpenMP) aiming to 
reduce the CPU time necessary for this one. It is important to point out that the turbulence computation, how it was 
calculated initially (level=0), spend over than 30% of the time of all run time. The simulation of case III spent 136 hours 
in a computer with the follow configuration: INTEL CORE I7 - 2.8GHZ (BOX) 8MB CACHE (i7-860), MB INTEL 
DH55TC, 8GB RAM DDR3 1333 MHZ. Therefore, the purpose of this paper was succesly achieved. 

 

 
Figure 7. Position of the discrete vortices at 48.00=t  for an isolated circular cylinder by using level 5 ( 510Re= ). 
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