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Abstract. In this work, an adaptative version of the Markov Chain Monte Carlo method (MCMC) known as 

Hamiltonian Monte Carlo (HMC) is proposed to estimate the thermophysical properties of a thin plate made of a 

homogeneous material. The direct problem is based on the experimental setup for temperature nonintrusive 

measurements, in which the plate stands vertically whilst one surface is partially heated by an electric resistance and 

the other surface loses energy to the vicinity by radiation and natural convection. With regard to parameter space 

exploration, HMC stands in front of conventional random walk MCMC, such as Metropolis-Hastings algorithm, due to 

its deterministic explorative nature based on the gradient of the posterior distribution probability density, being more 

consistent and efficient. In order to enhance the Markov chains convergency for the inverse problem solution, an 

Adaptative Hamiltonian Monte Carlo (AHMC) version was implemented. On account of this adaptation, it is possible 

to control the acceptance rate to a desirable level and achieve more stable solutions. 

 

Keywords: Heat conduction, Lumped formulation, Thermophysical properties estimation, Adaptative Hamiltonian 

Monte Carlo 

 

1. INTRODUCTION 

 

Heat conduction problems are commonly applied in the determination of thermal properties of materials (Knupp et 

al., 2013) and (Wang et al., 2019). For instance, the non-homogeneous materials development industry, such as 

nanocomposites, deals with the problem of having to characterize the physical properties of its products on a case-by-

case basis in order to guarantee its efficiency in use. This is due to the innumerable possibilities of composition and 

arrangement, inherent to the productive process (Danes et al., 2003) and (Kumlutas and Tavman, 2006). 

Having a probabilistic model for the observed data, through Bayesian inference it is possible to adequately quantify 

the uncertainties and obtain the global structure of the parameter space (Kaipio and Somersalo, 2004). In most 

engineering problems, Bayes' theorem cannot be solved analytically, necessitating efficient integration techniques.  

The Metropolis-Hastings algorithm (MH) (Metropolis et al., 1953) is considered the simplest and one of the most 

used among the Markov chain Monte Carlo methods (MCMC). However, successive states may have high correlation 

due to the random nature of the movement in the space of the parameters. As a result, the effective size of the sample 

tends to be small. In order to overcome the inefficiency of random walking MCMC methods, Duane et al. (1987) 

proposed in their work the Hamiltonian Monte Carlo method (HMC), which contains a deterministic mechanism 

inspired by the Hamiltonian dynamics to propose samples for the target probability distribution (Neal, 2011). 

This work is based in the application of an adaptative version of the HMC, known as Adaptative Hamiltonian Monte 

Carlo (AHMC) (Boulkaibet et al., 2016). Despite the advantages of the HMC compared to random walk MCMC 

methods (Kumar et al., 2017), (Torres et al., 2018a,b), the AHMC allows one to perform a more efficient and consistent 

search in the parameters space whilst guarantee the simulation stability following a reference acceptance rate stablished 

previously. Another advantage registered through the simulations with the AHMC is the possibility the system has to 

automatically update the parameters of the numerical integration (leapfrog method), allowing a faster convergency in 

the Markov chains. It was checked by performing a modification in the adaptation proposed in the work of Boulkaibet 

et al., (2016), where the parameters updating variates at different levels, interfering towards in the inverse problem 

convergence.  
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2. DIRECT PROBLEM FORMULATION AND SOLUTION 

 

Consider a heat transfer problem based on a plate subjected to a prescribed heat flux at one face and convective and 

radiative heat losses at the opposite face (see Fig. 1). As the heating element has the same width as the sample plate (40 

x 40 mm) neglecting the temperature gradients on the width direction y  is plausible and then is possible to construct 

the potential ),,( tzxT  in the region  xLx ,0  and  zLz ,0 . This problem can be formulated by Eqs. (1a-f), 

which consists of the homogeneous version of the bi-dimensional transient heat conduction formulation presented in 

(Knupp et al., 2012) 
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The equation coefficients w  and k  are, respectively, the volumetric heat capacity [J/m³K] and the thermal 

conductivity [W/mK], that forms the concerned thermophysical properties to be estimated in the inverse problem.  

 

 
Figure 1. Configuration of the thermally thin plate with the schematic representation of the heat transfer process. 

 

Assuming that the plate is thermally thin, a straightforward lumped formulation can be considered across the sample 

thickness, as proposed in (Neveira-Cotta et al., 2011) with the definition of the average temperature across the z  

direction for the transversally averaged temperature field in the x  and z  directions 
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The new formulation includes the transient term, the diffusion operator, a linear dissipation term, and an 

independent source term, ( )xP . The heat conduction equation with the corresponding initial and boundary conditions 

are given by 
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where 
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Equations (3a-f) models a typical one-dimensional transient thermal conduction problem in a homogeneous 

thermally thin plate, including prescribed heat flux at one face, and convective and radiative heat losses at the opposite 

face. The resistance has the dimensions 0,04 x 0,04 m in the x  and y  directions, and is attached to its superior half, 

whereas the inferior portion of this surface is thermally insulated. In this configuration, the heat flux, )(" xq , along the 

x  direction, is modeled as 
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where 
"

aqq = 440,5 W/m² is the power directed from the electrical resistance into the plate.  

The effective heat transfer coefficient, ( )xhef , takes into consideration the heat losses from the plate to the 

environment, at temperature T = 24 °C, considering natural convection over vertical plates and linearization of the 

radiative heat flux to the vicinity at the same temperature T . Taking into account the different temperatures at the 

heated and unheated plate portions, the effective heat transfer coefficient can also be described by the step function 
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where 0xh  is 17,0 W/m²K and xLh  is 4,0 W/m²K.  

After all mathematical model coefficients have been defined, the formal solution for problem (3) is obtained via an 

explicit Finite Difference Method (FDM). A convergency study was carried out and the temperature distributions were 

determined through the appropriate chosen computational grid. 
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3. INVERSE PROBLEM FORMULATION AND SOLUTION 

 

In the Bayesian approach, all possible information is incorporated to the model in order to reduce the degree of 

uncertainty present in the experimental data. Assuming that some prior information with respect to the parameters 

vector  kwZ T ,=  is available, the information can be modeled as a probability density ( )Z , and the Bayes’ 

theorem for inverse problems can be expressed by 
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where ( )YZ |  is the posterior probability density, ( )Z  is the prior probability density, ( )ZY |  is the likelihood 

function, and ( )Y  is the marginal probability density, which is a normalization constant. 

Assuming the synthetic experimental errors are random variables with Gaussian distribution, with zero mean and 

known covariance matrix W , besides being additive and independent of the parameters Z , the likelihood function can 

be written as 
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where ( )ZT  is the solution of the direct model, and dN  is the number of experimental measurements. 

 

3.2 Hamiltonian Monte Carlo method (HMC) 

 

The first step to construct the MCMC method with the Hamiltonian dynamics is to define a Hamiltonian function in 

terms of the target probability distribution to be sampled of. In addition to the variables of interest w  and k  (seen now 

as position variables), it is necessary to introduce momentum variables, which often have independent Gaussian 

distributions. For each parameter iZ , an associated momentum variable, ip , is introduced. The Hamiltonian H  is 

then constructed by considering the sum of a potential energy term, ( )ZU , with a kinetic energy term, ( )pK , in the 

form 

 

( ) ( ) ( )pKZUpZH +=,                                                                                                                                         (8) 

  

where ( )ZU  is the negative of the posterior probability distribution logarithm, given by ( ) ( )( )YZZU |ln −= , and 

( )pK  is the kinetic energy, defined as 
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where M  is the mass matrix, symmetric and positive-definite, which is typically diagonal. This form for ( )pK  

corresponds to the negative of the probability density logarithm (plus a constant) of a Gaussian distribution with zero 

mean and covariance matrix M . 

The partial derivatives of the Hamiltonian determine the way Z  and p change over time, t , according to the 

following equations 
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Each iteration of the algorithm begins with a sampling to generate new momentum variables from the Gaussian 

distribution given by the kinetic energy. Consequently, the trajectory in the state space ),( pZ , which must keep H  
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constant, is traced by the leapfrog numerical integration technique, which depends on the number of steps, L , and the 

step size,  . For L  = 1, we have the following steps for the integration of the movement equations (10a,b) 
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where the potential energy gradient is obtained, in this work, with a finite difference approximation. 

Momentum variables have the signals exchanged at the end of the trajectory in order to make the Metropolis 

proposal symmetrical. Considering the Hastings ratio, 

 

 

( ) ( )( ) **** ,,exp,1min pZHpZHHMC +−=                                                                                               (12) 

 

and a random value   , generated from a uniform distribution in the interval )1,0( , the proposed state ( )**, pZ  is 

accepted, if  HMC  ,  as a new state in the Markov chain with probability HMC . Otherwise it is rejected. 

 

3.3 Adaptative Hamiltonian Monte Carlo method (HMC) 

 

The Adaptative Hamiltonian Monte Carlo method was proposed in the work Boulkaibet et al (2016). The method 

consists of an adaptative version of the HMC and allows a more efficient sampling in the posterior probability 

distribution (the parameters space). This is possible due the trajectory length adaptation to obtain sufficient large time 

steps whilst preserving the acceptance rate (calculate in the Hastings ratio) in a desirable level.   

In this formulation, the number of steps for the time integration changes along the Markov chains states. Its value is 

sampled from a uniform distribution in the interval   max,1 L , where maxL  = 5. In addition, initial value for the time 

step,  , is also chosen from a uniform distribution, within the range  maxmin , . In the current work, min  = 10-4 e 

max  = 10-3, and the time step is updated at each 5 states. 

In this way, the samples generated along the Markov chains evolution are employed to calculate the acceptance rate 
b

 , and depending on its result, the time step might increase or decrease, according to the following condition 
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where 
i  is a random variable selected in the interval [0.01; 0.05] and   is the desirable acceptance rate.  

 

4. RESULTS AND DISCUSSION 

 

The thermally thin plate chosen for the inverse analysis performed in this work is made of a polyester resign. 

According to the literature, the exact values for the volumetric heat capacity and thermal conductivity may vary in the 

ranges [1.22-1.76] x 106 J/m³K and [0.15-0.17] W/mK, respectively (Mark, 2007). In this work, the exact values 

considered for the parameters w  and k  are 1.49 x 106 J/m³K and 0.16 W/mK, respectively. 

Assuming the only prior information available for the material is that it belongs to the polymers class, it is found 

that their thermal conductivity is between 0.06 and 0.5 W/mK and the volumetric heat capacity may assume any value 

between 0.7x106 and 5.0x106 J/m³K. Thus, the prior information can be modeled as a bivariate uniform distribution 

whose bounds correspond to the upper and lower of the possible values for the parameters w  and k .  

It is not used real experimental data in this work and thereby synthetic data are generated by the addition of a noisy 

signal, with a controlled level, in the numerical solution of the direct problem, according to 
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where ( )exacti ZT  corresponds to the calculated values for the temperature using the exact values for the unknown 

parameters, exactZ . ie  is a random number generated from a normal distribution with zero mean and unit standard 

deviation, and   represents the standard deviation of the experimental data. The noise level is conveniently calculated 

by the expression  
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Although HMC demands a higher computational effort than Metropolis-Hastings algorithm to do the calculations, it 

still shows to be advantageous. The following results were generated considering 1000 states for the Markov chains, 

whose steady distribution allows one to perform the statistical inference to obtain the estimates (mean values) and their 

corresponding standard deviations (to account the uncertainty present in the experimental data). In Fig. 2 are presented 

the results depicted by a simulation performed via HMC, which is considered the first case (case 1). For these results it 

was adopted 5 time steps ( L  = 5) for the leapfrog integration scheme with 10-3 step length ( = 10-3). In light of 

convergency and numerical accuracy, a too high time step might imply to errors related to the discretization and, in this 

case, the higher are the number of steps, the faster these errors would propagate. On the other hand, too small time steps 

would decrease the solution convergency.  Figure 2(a) shows the pathway covered in the parameters space during HMC 

simulation. One may note the fast convergency in the beginning, with a progressive slowdown until the target 

distribution be reached. It is acceptable, as the potential energy depends directly of the likelihood function, that 

decreases as the simulation advances. Figure 2(b) depicts the parameters dispersion and histograms. Although some 

systematic error is noticed, the dispersion presents small random errors, though the measurements uncertainties.  

 

         
                                                (a)                                                                                     (b) 

 

Figure 2. (a) Pathway covered in the parameters space by simulation performed via HMC. (b) Parameters dispersion 

discarding 150 states for heating the Markov chains (1000 states in total).  

 

The Markov chains autocorrelations are presented in Fig. 3. By definition, in a Markov chain, a given state depends 

exclusively on the previous one. For this reason, we adopted a state delay (lag) of one state. Both Figs. 3(a-b) presents 

low autocorrelation levels for w  and k  chains, respectively. One may notice just a light autocorrelation for w  chains, 

that may be caused due sensibility issues in the direct model formulation. 

In order to carry out simulations with the AHMC, it was adopted   = 80% and different values for the constants a 

and b, to investigate its effect on the HMC convergence. In the second case studied (case 2), it is considered the base 

case, carried out in the Boukaibet work (Boukaibet et al., 2016), where a = b = 1. Case 3 consider the least conservative 

scenario, forcing the convergency adopting a = 5 and b = 1. Finally, in the fourth case (case 4), it is presented the most 

conservative case. For this purpose, it is adopted a = 1 and b = 5, forcing the walk to slowdown for the system recover 

its stability. 
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                                                 (a)                                                                                 (b) 

 

Figure 3. Markov chains autocorrelation functions considering one state delay (lag) and 1000 states for (a)  and (b) . 

 

Figure 4 presents the results for case 2. Figs. 4(a,b) shows the Markov chains for w  and k , respectively. 500 states 

were necessary to achieve the stationary distribution. The variation of the step size   is presented in Fig. 4(c). It is 

possible to observe a fairly balance of   along the states. The highest value, 1.6x10-3, is reached when the chains reach 

the convergency. From this state on, this value tends to decrease, what helps to obtain posterior distributions with 

smaller random errors and smaller autocorrelation. 

 

         
                                                   (a)                                                                                   (b) 

 
(c) 

 

Figure 4. Markov chain for the parameters (a) w , (b) k and evolution of the time step (c)  . It is considered 1000 

states and surrogate temperature with 3% noise level for the base case (a=b=1). 

 

Case 3 results are presented in Fig. 5. Through Figs. 5(a,b), one can figure it out the Markov chains convergency 

were faster than occurred in the previous case, being necessary just 180 states to reach the steady distribution. It was 

expected, since we have now the least conservative case in which the convergency is forced. Another advantage in this 

case is the high value achieved for   (3.4x10-3 in the 180th estate). However, it is possible to observe, in Fig. 5(c), 

certain degree of instability in the step size evolution.  
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                                                  (a)                                                                                    (b) 

 
(c) 

 

Figure 5. Markov chain for the parameters (a) w , (b) k and evolution of the time step (c)  . It is considered 1000 

states and surrogate temperature with 3% noise level for the least conservative case (a = 5 and b = 1). 

 

In the final case (case 4), that represents the most conservative case, it was expected a slow convergency for the 

Markov chains, as shown in Figs. 6(a,b). As for the case 2, it was necessary about 500 states to reach the steady 

distribution. From the point of convergency, it is possible to conclude that there is no significant difference between 

cases 2 and 4. One may observe, in Fig. 6(c), that after achieve the convergency, there is an accentuate slope for 

decreasing the time step   and the maximum value achieved was 1.2x10-3 at the 405th state.  

All cases presented previously are summed up in Tab. 1. In this table are depicted the estimates (means), standard 

deviations and acceptance rates for each case. It is clear that good estimates were achieved for all regarded cases. 

Special attention must be given for the standard deviations and acceptance rates. The posterior distributions that shown 

the smallest standard deviations were generated in cases 2 and 4. After reaching the steady distribution, the step sizes 

were considerably decreased, contributing for the system stability and, as consequence, smaller uncertainty is attributed. 

In addition, cases 2 and 4 presented the highest values for the acceptance rates, 84.2% and 95.9%, respectively. 

Although the slow Markov chains convergency, the posterior distributions contain more effective samples, as fewer 

samples are repeated. Case 3, the least conservative, presented the highest standard deviations. As seen in Fig. 5(c), the 

time step evolution presented certain degree of instability during the Markov chain steady portion, assuming high values 

during the simulation. This interfered directly in the results uncertainty. However, its convergency was the fast among 

all cases, despite the low acceptance rate, 65,9%. Finally, it is important to highlight the similarities in the results 

presented by the cases 1 and 3. Their posterior distributions have close standard deviations and acceptance rates, though 

case 3 presented smaller computational effort due to the variable number of steps. 
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                                                  (a)                                                                                    (b) 

 
(c) 

 

Figure 6. Markov chain for the parameters (a) w , (b) k and evolution of the time step (c)  . It is considered 1000 

states and surrogate temperature with 3% noise level for the most conservative case (a = 1 and b = 5). 

 

Table 1. Estimated values, standard deviations and acceptance rates for the regarded cases. It was considered Markov 

chains with 1000 states and surrogate temperatures with 3% of noise level. 

 

Case MCMC Property Estimated 
Standard 

deviation 

Acceptance rate 

(%) 

1 
HMC 

L = 5;   = 0.001  

w  [J/m³K] 1.4911x106 1.27x103 

72.4 
k  [W/mK] 0,1674 0.35x10-3 

2 
AHMC w  [J/m³K] 1.4908x106 1.10x103 

84.2 
a = 1; b = 1 k  [W/mK] 0.1675 0.27x10-3 

3 
AHMC w  [J/m³K] 1.4910x106 3.32x103 

65.9 
a = 5; b = 1 k  [W/mK] 0.1674 0.32x10-3 

4 
AHMC w  [J/m³K] 1.4890x106 1.17x103 

95.9 
a = 1; b = 5 k  [W/mK] 0.1684 0.23x10-3 

 

 

5. CONCLUSIONS 

 

The present work considered the Adaptative Hamiltonian Monte Carlo for the thermophysical properties estimation 

of a thermally thin plate. A simple modification of the AHMC allowed to perform a convergency study of the Markov 

chains and to check its influence on the acceptance rate. It was shown that forcing the convergency may have some 

disadvantages, such as low acceptance rates and posterior probabilities distributions with high standard deviations, i.e., 

high random errors. In the most conservative case, it was possible to observe a decrease in the posterior distribution 

spreadness (low standard deviation) and keep the acceptance rates above the desirable value. In addition, the most 

conservative AHMC case might be advantageous in comparison to the conventional HMC, when computational effort is 
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the matter. With a mean value calculated of 3 times steps per state, AHMC was able to achieve a similar convergency to 

the HMC with a fixed value of 5 time steps per state. 
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