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Abstract. The region of flow development in bifurcation was studied in previous works presented by the author in the 

events CONEM 2018 and ENCIT 2018. The objective was to find an expression that could predict the length, as a 

function of flow parameters, channel dimensions and fork angles. At this point, the aim is to advance in the state of the 

art by checking the influence of the Reynolds number on the extension of that region, varying the viscosity and the 

density of the fluid, keeping the flow rate constant. The equations proposed in the aforementioned manuscripts were 

tested by comparing the calculated values with those raised employing a CFD technique, which used the finite 

difference method as well as a commercial package. The results obtained allow to conclude that the proposed equation 

for prediction of lengths as a function of the flow rate was better suited to the majority of the simulation results than 

the wide aspect equation, except for low-viscosity hydraulic oils where the broad-spectrum equation behaved a little 

better. The present work concludes a study cycle of the developing flow region in bifurcations and the results achieved 

shall be used in future models for predicting the extension of the thermal developing region.  
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1. INTRODUCTION  

 
Classically, it is known that the length of the flow-developing region in straight stretches of piping of circular 

section is given by Eq. (1) (Fox and Mc Donalds, 1985, Bejan. A., 1993, Geankoplis, 1993, Incropera and Dewitt, 1998, 
Welty et al, 2001). In this case, Re is the Reynolds number, which in itself brings the influence of the density, velocity 
and viscosity of the flowing fluid, and D is the diameter of the tube. For the case of non-circular sectioned pipe, the 
diameter shall be replaced by the hydraulic diameter, Dh. 

 
L=0.05ReD                                                                                                                                                                   (1) 
 
For curved tubes, Austing and Seader, 1974, proposed Eq. (2), which expresses the length in the form of the angle φ, 

which varies as a function of the Dean number, De, the radius of curvature of the tube, R, and the internal radius of it, a. 
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Springer et al., 2009, proposed Eq. (3), to predict the region of flow development of thin tubes in toroidal and helical 

formats, within the constraints 0 ≤ Re ≤ 400; 0.25 x 10-3 m ≤ 2a ≤ 2 x 10-3 m and 4 x 10-3 m≤ R ≤ 32 x 10-3 m. 
 
L=0.322 (2R)

0.31
Re

0.59
(2a)

0.76                                                                                                                                       (3) 
 
This equation was adapted and tested by Amado et al., 2018a, in the form of Eq. (4), and presented reasonable 

suitability for symmetric bifurcations of rectangular sectioned microchannels, with angulation of 30 to 60 degrees, flow 
rates ranging from 1.39 x 10-10 m3/s to 5.56 x 10-10 m3/s and channel width of 80 to 200 µm, with water flowing under 
NTP conditions. 

 
L=0.161 (2R)

0.31
Re

0.59
(Dh)

0.76                                                                                                                                      (4) 
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As bifurcations are not curved tubes and therefore have no radius of curvature, the radius of an arc containing the 
bifurcation feeder channel and one of the outlets has been postulated in that paper, whose value is determined in Eq. (5). 
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In Amado et al., 2018b, the same authors proposed Eq. (6) to describe flow phenomena in asymmetric bifurcations 

with constant half-angles as 45º and 30º, with circular-sectioned channels, with a diameter of 20 mm and a length of 0.9 
m, varying flow rates from 5.56 x 10-10 m3/s to 2.78 x 10-9 m3/s of water in the NTP conditions. In this reference, they 
also propose Eq. (7), in the same bifurcations, but maintaining the constant flow rate in 1.39 x 10-9 m3/s, with variation 
of combinations of pairs of half-angles between 15o and 90o. 

 
L=0.23(2R)

-0.1
Re

-0.24
D

1.1                                                                                                                                               (6) 
 
L=0.006111(2R)

-0.1
Re

-1.44
D

1.1                                                                                                                                       (7) 
 
In Amado et al., 2018c, the authors supplemented the previous work with the variation of the canal diameter. They 

performed simulations via CFD, with widths between 10 mm and 35 mm, maintaining the same test conditions in which 
they arrived at the proposals of Eq. (6) and Eq. (7). Eq. (8) is the result of this investigation. 

 
L=2.25(2R)

-0.1
Re

0.59
D

1.1                                                                                                                                                (8) 
 
In the same paper, an equation was raised in which all the results presented in these last two works were taken into 

account. The result was Eq. (9).  
 
L=2.69(2R)

-0.1
Re

0.59
D

1.1                                                                                                                                                (9) 
 
In this sense, the proposal of this manuscript is to test Eq. (6) and Eq. (9) for flows that will vary the Reynolds 

number, not in the flow velocity, but in the properties "density and viscosity". The choice of Eq. (6) lies in the fact that 
it is an approach that ultimately varies Re and Eq (9) because it is a broad-ranging proposal that found good coincidence 
between simulated and calculated values, with the variation of all the parameters influencing the length L, within the 
same ranges of parameters used herein.  

 
2. MATERIAL AND METHODS 

 
If symmetric and asymmetric bifurcations are compared, according to the results presented in Amado et al., 2018a, b 

and c, the flow behavior and the consequent mode of calculating the length of the not developed flow region, are 
basically the same. It can be said that symmetrical bifurcations are just specific cases of asymmetric bifurcations. Thus, 
in order to generate two results in a single simulation, a standard asymmetric bifurcation of half angles θ1 = 30º and θ2 = 
45º, with channels of 20 mm in diameter and outlets with length of 0.9 m was employed, as shown in Fig. 1. 

 

 
 

Figure 1. Sketch of asymmetric bifurcation, showing the half-angles θ1 and θ2 of each outlet. 
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Other researchers may question the legitimacy of testing Re again, since the flow variation is already a variation of 
this quantity. However, the authors' conclusions in their previous works are restricted to water flowing inside the 
bifurcations. The authors believe that the flow of more viscous and less dense fluids should be tested for those 
equations, because intuitively it is to be assumed that such quantities influence the flow development at the entrance of 
the branches.   

Another important observation is that the low values of Re employed in this manuscript are due to the fact that this 
research was initiated in Amado et al 2018a with bifurcations made of microchannels, which demanded low values of 
flow rate. To keep comparison basis, the authors continued in this paper with Re values on the same level as those. 

 
2.1 Simulation strategy 

 
Similar to what was done by Amado et al, 2018a, equations that govern the phenomenon, represented here between 

(10) and (12), were discretized in finite differences for two dimensions. This numerical method was chosen due to the 
simplicity of the geometry where the fluid flows, which does not demand a robust numerical tool. The two sides of the 
fork were separated and treated as single conduits, with initial velocity condition determined by Eq. (13). A non-
uniform structured mesh was used in the axial direction (z) and uniform in the transverse direction (x). Axially, 260 
divisions were made, with 60 lines in the initial 5% of the conduit and 200 lines in the remaining 95%. For the case of 
oils with high viscosity or low density, more refinement of the axial mesh was required at the entrance of each side of 
the bifurcations and 120 divisions were made in the initial 2%, remaining the 200 lines for the remainder. Transversally, 
1200 divisions were made, equally distributed. Fig. 2a shows a sketch of the generated mesh. This structuring allowed 
to concentrate the mesh at the beginning of the bifurcation and to gain time of computational processing, in such a way 
that for each simulation were spent about 15 hours. Exception to oils of high viscosity, such as hydraulic ones, or low 
density, such as lubricants, where eventually the simulations took up to 28 hours. Homogeneous distributions, with 
uniform structured meshes in both directions were attempted, but took 3 days to complete and were discarded. The 
simulated time periods ranged from 1 to 1000 seconds, with varying steps, where there was no relevant difference 
between the results and 1 second with time step of 2 x 10-5 s was taken as sufficient and representative of the real 
phenomenon. The convergence criterion adopted was 10-9, compared to the relative error between two adjacent nodes. 

In order to certify if the constructed images were coherent, the same simulation was performed in a commercial 
package. Considering this certification, the simulation of the processes was taken as a parameter of comparison for the 
values calculated by Eq. (6) and (9). Fig. 2b shows the mesh generated by the commercial code. 

 
 
Equation for mass conservation:  

����� + ���� � 0 

 

(10) 

x Momentum: 
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z Momentum: 
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(13) 

The shape of the region of flow development in view of  the velocity field as a “topographical relief” was shown by 
Amado et al., 2018a, represented here as Fig. 3. In vector terms, Gongnan et al., 2014, studying zero-angled 
bifurcations, established Fig 4. In the present work, based on the simulation model developed in Amado et al, 2018a, it 
is important to show the velocity field in vector terms, which is measured to reach the value of the length L, and in relief 
represented by colors, according to Fig. 5, which demonstrate the flow in one of the outlets of a bifurcation in a tube 
with diameter 0,01 m. 
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(a) 

 
(b) 

Figura 2. (a) Sketch of the non-uniform structured mesh in the axial direction (z) and uniform in the transverse 
direction (x), for the simulation in finite differences, at one of the bifurcation outlets and (b) The mesh in the 
commercial package was due to its internal methods. In this example, 21041 nodes and 19408 elements were 
generated. 

 
Figure 3. Scheme according to Amado et al, 2018a, showing the length of the turbulence region, in terms of the 
velocity field as a “topographical relief”. 
 

 
Figure 4. Symmetric zero-angled bifurcation, in a study developed by Gongnan et al, 2014, showing the vector field of 
velocities caused by the obstacle. 
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Figure 5. Velocity field shown in vector terms and color distribution. Colors show the relief highlighted in Fig. 2. 

 

2.2 Physical properties 

 
To verify the behavior of the flow developing region for low Reynolds numbers, four types of oil were selected from 

public data available in commercial catalogs and on the internet. Respectively, Tab. 1 to 4 set forth the viscosity, 
density and Reynolds number values for biodiesel oils, edible oils, hydraulic oils and lubricating oils, with flow rate of 
1,39x10-10 m3/s, in NTP conditions.  
 
Important assumptions for the use of physical properties and development of the work were: 
 
a) Viscosity was that provided in catalogs, usually measured at 40 oC; 
b) Density reported in the catalogs was considered compatible for viscosity temperature and Reynolds number 

calculation; 
c) When the catalog provided only the values of kinematic viscosity (case of  hydraulic oils), the average density of 

878  kg/m3 was adopted as the standard; 
d) The variation of the values of Re were the focus and therefore more important than the absolute values of viscosity 

and density. It means that, for purposes of this study the verification of the length of the region of flow development 
is more important than the fidelity to the real values of these physical properties; 

 
Each of the rows in the following tables relate to a simulation performed. Images were generated, where the length of 
the region of interest was measured, similar to the methodology developed in Amado et al, 2018a, b and c. 
 

Table 1. Physical properties of biodiesel oils 
 
Outlet Oil type Viscosity 40 oC (kg/ms) Density Reynolds Number 
Left 1 Conventional  Diesel 0.00550208 859.7 0.006913293 
Right1 Conventional Diesel 0.00550208 859.7 0.006913293 
Left 2 Castor Biodiesel 0.00525000 875.0 0.007374179 
Right 2 Castor Biodiesel 0.00525000 875.0 0.007374179 
Left 3 Babassu Biodiesel 0.00449800 865.0 0.008508668 
Right 3 Babassu Biodiesel 0.00449800 865.0 0.008508668 
Left 4 Piqui Biodiesel 0.00345735 886.5 0.011344891 
Right 4 Piqui Biodiesel 0.00345735 886.5 0.011344891 
Left 5 Cotton Biodiesel 0.00296870 960.0 0.014307701 
Right 5 Cotton Biodiesel 0.00296870 960.0 0.014307701 
Left 6 Palm Biodiesel 0.00258309 849.7 0.014554301 
Right 6 Palm Biodiesel 0.00258309 849.7 0.014554301 
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Table 2. Physical properties of edible oils 
 
Outlet Oil type Viscosity 40 oC (kg/ms) Density (kg/m3) Reynolds Number 
Left 7 Avocado 0.00442042 873.6 0.008744086 
Right 7 Avocado 0.00442042 873.6 0.008744086 
Left 8 Sunflower 0.00390320 873.2 0.009898227 
Right 8 Sunflower 0.00390320 873.2 0.009898227 
Left 9 Soy 0.00382539 879.4 0.010171281 
Right 9 Soy 0.00382539 879.4 0.010171281 
Left 10 Cotton 0.00369643 871.8 0.010435159 
Right 10 Cotton 0.00369643 871.8 0.010435159 
Left 11 Canola 0.00357979 877.4 0.010844381 
Right 11 Canola 0.00357979 877.4 0.010844381 
 

Table 3. Physical properties of hydraulic oils 
 
Outlet Oil type Viscosity 40 oC (kg/ms) Density (kg/m3) Reynolds Number 
Left 20 ISO VG 10 0.00878000 

Average value of 878.0 

0.004424507 
Right 20 ISO VG 10 0.00878000 0.004424507 
Left 21 ISO VG 7 0.00597040 0.006506629 
Right 21 ISO VG 7 0.00597040 0.006506629 
Left 22 ISO VG 5 0.00403880 0.009618494 
Right 22 ISO VG 5 0.00403880 0.009618494 
Left 23 ISO VG 3 0.00289740 0.013407598 
Right 23 ISO VG 3 0.00289740 0.013407598 
Left 24 ISO VG 2 0.00193160 0.020111397 
Right 24 ISO VG 2 0.00193160 0.020111397 
Left 25 ISO VG S 0.00131700 0.029496716 
Right 25 ISO VG S 0.00131700 0.029496716 

 
Table 4. Physical properties of lubricating oils 

 
Outlet Oil type Viscosity 40 oC (kg/ms) Density (kg/m3) Reynolds Number 
Left 12 SAE 60 0.0037000 154.17 0.001229056 
Right12 SAE 60 0.0037000 154.17 0.001843585 
Left 13 SAE 50 0.0037000 193.71 0.002316409 
Right 13 SAE 50 0.0037000 193.71 0.002316409 
Left 14 SAE 40' 0.0037000 256.94 0.003072521 
Right 14 SAE 40' 0.0037000 256.94 0.003072521 
Left 15 SAE 40 0.0029000 201.39 0.003072592 
Right 15 SAE 40 0.0029000 201.39 0.003072592 
Left 16 SAE 30 0.0029000 266.06 0.004059257 
Right 16 SAE 30 0.0029000 266.06 0.004059257 
Left 17 SAE 20 0.0026000 348.99 0.005938880 
Right 17 SAE 20 0.0026000 348.99 0.005938880 
 
3. RESULTS AND DISCUSSION 

 
Figure 6 shows a flow simulation performed through the commercial code. Fig. 7 shows the same phenomenon, 

however, simulated by the finite difference method. In this last figure, it can be seen how the length in the generated 
image was measured. As said before, the commercial package simulation was done to compare only the aspect and so, 
to ensure the effectiveness of non-commercial simulation.  

Figures 8 to 11 show graphs with the comparisons between the amounts relative to values measured and predicted 
by Eq. (6) and (9), for each type of oil tested. 

 



25
th
 ABCM International Congress of Mechanical Engineering 

October 20-25, 2019, Uberlândia, MG, Brazil 

 

 
 

Figure 6. Simulation of the soybean oil flow, according to the data shown in Table 
2, bifurcation 9. 
 

  
 
Figure 7. Images generated from simulation in finite differences method, according to the data shown in Tab. 2, 
bifurcation 9. Measurement of the undeveloped flow region was performed on the image as shown.  

 

 
 

Figure 8. Comparison between measured values for biodiesel oils and values calculated by equations (6) and (9) 
 

-0,002

0

0,002

0,004

0,006

0,008

0,01

0,012

0,014

0,016

1 2 3 4 5 6 7 8 9 10 11 12

Length measured Length according Eq. (6) Length according Eq. (9)



F.P. Amado, V.H.M. Corradi, P.F.H. Vergara, N.G.S. Mazzarela, W.A. Silva 
Influence of Reynolds Number in the Region of Flow Development in Bifurcations 

 

 
 

Figure 9. Comparison between measured values for edible oils and values calculated by equations (6) and (9) 
 

 
 

Figure 10. Comparison between measured values for hydraulic oils and values calculated by equations (6) and (9) 
 

 
 

Figure 11. Comparison between measured values for lubricant oils and values calculated by equations (6) and (9) 
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The observation of the figures that represent the comparison between measured values and values calculated by Eq. 
(6) and (9), shows that Eq. (6) was much better for biodiesel oils, edible oils, higher density lubricating oils (266.06 
m3/kg to 348.99 m3/kg) and higher viscosity hydraulic oils (0.00289740 kg/ms to 0.0087800 kg/ms). Measured values 
presented some scattering, but, as a rule, were reasonably well predicted by this expression. Eq. (6) was developed to 
represent the values of variation of water flow rate in the NTP conditions, but this, in the last analysis, represents a 
variation in the Reynolds Number, which is exactly the case in the current paper.  

In the case of low-viscosity hydraulic oils (ranging from 0.001317 kg/ms to 0.0019316 kg/ms), Eq. (9) behaved a 
little better, i.e., when compared to its own behavior in relation to other conditions. This expression was postulated by 
Amado et al, 2018c, to represent wide variation relative to water flowing under NTP conditions, but in their manuscript, 
showed excessive spreading and moderate congruence. In the present case, it was also less adequate, but in case where 
there was good match, it showed better coincidence than the results presented in that paper. 

In all cases, the higher values of Re presented better coincidences between measured and calculated.  
The influence of Re on ramified structures was also observed by Almeida et al, 1999, who studied widely branched 

trees. They showed that the larger the number of branches, the more the flow distribution depends on the larger 
Reynolds numbers. In the same way, it finds support in Mauroy et al, 2003, who affirm that the flow distribution at the 
outlets depends very much on the Reynolds number and on the geometry of the ramified structure. Similarly, Poole et 
al., 2014, studying cross-slot flow phenomena, stated that the intensity of the Reynolds number influences the flow 
aspect at the outlets.  

The present work closes a cycle of construction of equations that try to predict the size of the region of flow 
development in bifurcations. The next step proposed by the author will be the prediction of the extension of the region 
of thermal development, evinced by Ghobadi and Muzychka, 2016, as a subject of still little research. 

An important and final observation to be made is that a more accurate survey would require an experimental 
apparatus in which the region of interest could be measured visually. For example, a bifurcation made with a glass tube, 
feed with water from a raised box, having a fluid circulation pump, could compose a laboratory scheme for actual 
surveys and thus corroborate the mathematical results proposed herein. It is suggested that future investments take this 
infrastructure into account. 
  
4. CONCLUSIONS 

 
Equations presented in previous works, designed to predict the length of the region of flow development in 

bifurcations, were tested by CFD, under conditions of variation of low Reynolds number, specifically in the properties 
viscosity and density. Four sets of oils (biodiesel, edible, hydraulic and lubricating) were selected, with absolute 
viscosities ranging from 0.00193160 kg/ms to 0.0597040 kg/ms, as well as density ranging from 154.17 kg/m3 to 960 
kg/m3, which resulted in Re strictly laminate, varying between 0.006506629 and 0.010171281.  

The equation in the format L = 2.69 (2R) 
-0.1

Re
0.59

D
1.1, considered broad-spectrum, developed by Amado et al 2018c, 

found reasonable match only for low viscosity hydraulic oils. On the other hand, the equation in the format L = 

0.23(2R) 
-0.1

Re
-0.24

D
1.1, specific for flow rate variation, developed by Amado et al 2018b, for water flowing in the NTP 

conditions, which ultimately also represents a variation of Reynolds number, showed good coincidence of values for 
most of the cases and proved to be applicable to the boundary conditions and physical properties used in the present 
work. In all cases, the higher values of Reynolds number, Re, presented better coincidences between measured and 
calculated. 
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