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Abstract. The objective of this work is to present the oscillating motions of a pulsating heat pipe equilavelente to a mass
- spring - damper system with a single element. To do so, we proceed from the analysis of works of Ma et al. (2006),
Chiang et al. al (2012) and Rao et al. (2014). Thus, it was observed in the three studies that the oscillatory movement
was well characterized as a function of the filling fraction, the hydraulic diameter and the temperature difference between
the evaporator and the condenser.
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1. INTRODUCTION

The pulsating heat pipes or oscilating heat pipe was propesed by Akachi(1990), its heat transfer mechanism is based
on the oscillatory or pulsating movement of the vapor plugs and the liquid slugs along the tube. The pulsating heat pipe
presents three basic regions: the evaporator, the condenser and the adiabatic region. Fig. 1 shows the typical structure of
a pulsating heat pipe.

Figure 1. Schematic of a pulsating heat pipe and its design variations, Charoensawan et al. (p.2011, 2003)

According to Groll and Khandekar (2004) the mathematical modeling of pulsating heat pipe you can display models
that use the a mass - spring system - damper composed of a single element, the work of Ma et al. (2006), Chiang et al.
(2012) and Rao et al. (2014) fall into this case, models mass - spring system - damper consisting of multiple elements are
found in the works of Gursel et al. (2015) and Cilleta (2016) . Application of mass, momentum and energy conservation
equations to a given control volume of the pulsating heat pipe in Shafii et al. (2001) and Zhang and Faghri(2002).
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Mathematical analysis using chaos theory was developed in the work of Maezawa et al.(1996) and Maezawa et al.(2000).
Adjustment of semi - empirical correlations based on non dimensional number presented in the work of Khandekar et
al.(2003). Use of the concept of artificial neural networks in Khandekar et al. (2002).

The objective of this work is to analyze the mathematical models for a mass - spring - damper system composed of a
single element from the works of Ma et al. (2006), Chiang et al. (2012) e Rao et al. (2014).

2. OSCILLATING MOTIONS IN PULSATING HEAT PIPE

The figure 2 shows the forces acting on a liquid slug in the evaporator in pulsating heat pipe.

Figure 2. Forces acting on a liquid slug in pulsating heat pipe

Fonte: Chiang et. al (2012, pp. 925)

In evaporating region heat is added that is transferred to the working fluid, so the saturated liquid evaporates the tem-
perature of the evaporator Tevap with saturation pressure psat.The saturation temperature and pressure are described by
the Clapeyron - Clausius equation (equation 1).
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According to equation 1 the evaporator pressures pevap and the condenser pcond are equation 2 and equation 3, respec-
tively.
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The pressure difference ∆p between the evaporator and condenser is given by equation 4.
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)]
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Utilizing a Taylor series introducing gas equation of state and neglecting high order terms the pressure difference can
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be written as equation 5.

∆p = pevap − pcond =

[
hlvρvap,cond(Tevap − Tcond)

Tevap

]
(5)

The expansion process occurring in the evaporator due to heat input and the contraction process occurring in the condenser
due to heat rejection causes oscillatory movement of the pulsating heat pipe. The difference between the evaporator tem-
perature Tevap and temperature the condenser Tcond have maximum values ∆Tmax and minimum ∆Tmin with oscillation
frequency equal to ωd. This temperature difference ∆T is expressed from equation 6.

∆T = Tevap − Tcond =
∆Tmax −∆Tmin

2
[1 + cos(ωdt)] (6)

The driving force of the oscillatory motion of the pulsating heat pipe is given by equation 7.

Fmotriz =
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Ahl,vρv,c

Te

)(
∆Tmax −∆Tmin

2

)
[1 + cos(ωdt)] (7)

Due to the interaction of the liquid pistons and the vapor bubbles with the walls of the tube along the flow the vis-
cous frictional force arises, so the pressure gradient along the tube is given by equation 8.

dpvisc
dx

= −4τs
D

(8)

where τs is the frictional shear stress at the solid - liquid interfacegiven by equation 9.
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1
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Substituting equation 9 in equation 8 we have equation 10.
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The viscous friction force Fvisc is given by equation 11.

Fvisc = A

[
(fl.Rel)

(
µlLl
2D2

h

)
+ (fv.Rev)

(
µlLv
2D2

h

)]
dx

dt
(11)

According Incropera e Dewitt (2016) the friction factor f can be calculated by equation12.

f =
64

Re
para Re < 2.103

f = 0.316Re−1/4 para 2.103 < Re < 2.104

f = (0.79 ln(Re)− 1.64)−2 para 2.104 < Re < 5.106 (12)
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Where Re is number of the Reynolds equation 13.

Re =
GD

σ
(13)

The pressure of the vapor bubbles acting on the liquid piston consists of pressures acting at the liquid - vapor inter-
face delimited by the cross section of the tube. At the instant of time t the vapor pressure is given by equation 14.

pvap,t =
mvapRT

LvapAtrans
(14)

For the time interval t+ ∆t assuming that heat has been added in the evaporator an increase in pressure occurs so there is
a decrease in the volume of the vapor given by−xAtrans. The pressure in the time interval t+∆t is given by equation 15.

pvap,t+∆t =
mvapRT

(Lvap − x)Atrans
(15)

Assuming x << Lvap the pressure variation ∆pvap can be approximated by the equation 16.

(16)

∆pvap =
ρvapRT

Lvap
x (17)

The force due to vapor pressure Fpres is given by equation 18.

Fpres =
AρvRT

Lv
x (18)

According to Cilleta (2016) the capillary force arises as the effect of the pressure difference at the ends of the liquid
piston because of the different angles of contact that change as the liquid piston moves. The capillary force Fcap in a
liquid piston is given by equation19.

Fcap =
2σ

D
(cos(θa)− cos(θr)) (19)

Where θa e θr are dynamic contact angle of advancing and receding. The force of gravity Fgrav for a liquid piston
is described by equation 20.

Fgrav = mliqg sin(α) (20)

Where α is the inclination angle of the pulsating heat pipe.

2.1 MATHEMATICAL MODELING FOR SINGLE SPRING - MASS - DAMPER SYSTEM.

In the work of Ma et al. (2006) the oscillatory motion of the working fluid in the pulsating heat pipe is governed by
equation 21 similar to the equation of the forced damped harmonic oscillator.

m
d2x

dt2
+ c

dx

dt
+ kx = f(t) (21)
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Where

m = A(Llρl + Lvρv)
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2

)
f(t) = B [1 + cos(ωdt)] (22)

The natural frequency of oscillation ωn, o damping factor ζ and the damping frequency ωd are given by equation
23, 24, 25.

ωn =

√
k

m
(23)

ζ =
c

2mω0
(24)

ωd = ωn
√

(1− ζ2) (25)

The initial conditions for the equation 21 are equation 26.

x(0) = 0

x
′
(0) = 0 (26)

The equation 21 is non-homogeneous second order EDO with exact solution obtained from the Laplace transform
( equation 27).
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In the work of Chiang et al. (2012) the performance of a horizontally closed pulsating heat tube with asymmetry
including the capillary effects in the oscillatory movement was analyzed. A governing equation of the oscilatory motion
is equation 28.

d2x

dt2
+ 2ζωn

dx

dt
+ ω2

nx =
G

m
(1 + cos(ωdt)) +

S

m
(28)

Where

m = Vt[φρliq − (1− φ)ρvap] (29)
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e ωn, ζ e ωd are equations (23, 24 e 25).

The initial conditions for the equation 28 are equation 26. The exact solution of equation 28 is the equation 30.

x(t) = exp−ζωnt
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In Rao et al. (2014) capillary effects were also included. From Newton’s law the governing equation for fluid flow in
pulsating heat pipe is equation 35.

A(Llρl + Lvρv)
d2x

dt2
+ 32

[(
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+
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The initial conditions for the equation 35 are equation 26.

3. RESULTS

For the comparison of the results of the works Ma et al. (2006), Chiang et al. (2012) and Rao et al. (2014) the data
that were used are found in the table 3..

Table 1. Parameters for the analysis of positions and velocity as a function of time

Ltube Working fluid FR ∆Tmax ∆Tmin ∆T Tope Di Tcond Tevap θa θr
0.3048 m Water 70% 50◦C 55◦C 5◦C 60◦C 1.65 mm 40◦C 80◦C 84◦ 33◦
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Figure 3. Displacement response

Figure 4. Velocity response
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As we can see in figure 4 a) the works of Chiang et al. (2012) and Rao, Gupta; Ramanarasimha (2014) present
very close results when compared to work Ma; Hanlon; Chen(2006) present higher oscillation amplitude but the same
oscillation frequency. This difference occurs due to the inclusion of capillary forces in the results. A Velocity response
figure 4 b) is very similar in the works Ma; Hanlon; Chen(2006) and Chiang et al. (2012).

4. CONCLUSIONS

Based on the analysis of the works can be concluded that the different approaches of the works present results well
results for the displacement and the velocity of a liquid piston along the pulsating heat pipe.
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