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Abstract. The study of fluid transients is essential when designing pipelines. Transients may be caused by sudden 

changes in boundary conditions such as the closure of a valve in a fluid hammer problem. The closure causes over 

pressure and wave propagations that can damage the pipeline causing accidents and leakage. Most works use water or 

Newtonian oils to study the problem. Nevertheless, non-Newtonian fluids, such as slurries, pastes, swages and 

suspensions, are also transported. Therefore, this work aims to study the non-Newtonian fluid hammer problem 

through the numerical simulation of two mathematical models. In these models the flow is considered laminar, weakly 

compressible, isothermal and the fluid is assumed to behave as a Power Law fluid. The mass and momentum balance 

equation are solved by the method of the characteristics (MOC). The first model is one-dimensional (1D) and the 

second is two-dimensional (2D). A comparison is realized in order to evaluate in which conditions the solution of both 

models converges or diverges. The results show that the 1D model is less dissipative and predicts a lower pressure 

overshoot when compared to the 2D model. When the fluid is more dissipative, the solution of these models is closer. 

The effect of the power law index is also studied. As the fluid becomes more pseudoplastic (lower values of the power 

law index) the dissipation increases and equilibrium is reached ealier. The Richardson annular effect (the presence of 

a local maximum for the axial velocity near the wall) is more pronounced for shear-thickening fluids. 
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1. NOMENCLATURE  

 

A: cross area [m
2
] 

c: wave speed [m.s
-1

] 

C: characteristics line 

d: diameter [m] 

f: friction factor [-] 

g: gravity [m.s
-2

] 

h: pressure head [m] 

k: consistency index [Pa.s
n
] 

l: length [m] 

Ma: Mach number [-] 

n: power-law index [-] 

NR: number of axial divisions [-] 

NZ: number of radial divisions [-] 

q: radius times radial local 

velocity [m
2
.s

-1
] 

r: radial coordinate [m] 

Re: Reynolds number [-] 

t: time [s] 

T: temperature [K] 

vr: radial local velocity [m.s
-1

] 

vz: axial local velocity [m.s
-1

] 

Vz: axial mean velocity [m.s
-1

] 

z: axial coordinate [m] 

Greeks 

: compressibility [Pa
-1

] 

: aspect ratio [-] 

 : shear rate [s
-1

] 

: apparent viscosity [Pa.s] 

: fluid density [kg.m
-3

] 

: shear stress [Pa] 

Subscripts 

c: center 

in: inlet 

out: outlet 

w: wall 

Subscripts 

*: dimensionless 

+: characteristics direction 

-: characteristics direction 

 

 

2. INTRODUCTION 

 

Fluid transients are normally caused by sudden changes in boundary conditions, such as the closure or opening of a 

valve and the shutdown or start of a pump. These abrupt variations can cause increase of the pressure and can damage 

the overall system. Thus when transporting fluids, it is important to predict these overpressures in order to assure 

reliance and security to the process.  

Some of the fluid transients currently studied in the open literature can be summarized as: the flow start-up 

(Cawkwell and Charles, 1987; Chang et al., 1999; Davidson et al., 2004; Oliveira and Negrão, 2015; Vinay et al., 2007, 

2006; Wachs et al., 2009), the pressure transmission (Oliveira et al., 2013, 2012) and the fluid hammer. Some extended 

works have been done in order to characterize and comprehend the behavior of non-Newtonian fluids for the flow start-

up and the pressure transmission. As reported in the reviews of Steeter and Wylie (1974), Ghidaoui et al. (2005) and 

Bergant et al. (2006), the water hammer phenomenon is vastly studied, but few works try to understand the non-

Newtonian fluid hammer. 

Wahba (2013) evaluated the influence of the power-law index over the fluid hammer phenomenon by the use of a 

two-dimensional model. Tazraei et al. (2015) and Razraei and Riasi (2015) studied this problem by modeling the fluid 

through the Cross model and the flow as two-dimensional, the set of equations was solved with the method of 
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characteristics. Oliveira et al. (2015) studied the effect of viscoplastic fluid hammer by using an one-dimensional model 

solved by the method of characteristics. 

Thus it can be concluded that few works that study the non-Newtonian hammer are found in the literature. They use 

different models to represent the behavior of the fluid and the flow is modeled as one and two-dimensional. It is known 

that the assumption of one or two-dimensional can influence over the results (Bergant et al., 2006; Ghidaoui et al., 

2005). Nevertheless, the authors of the present paper have not found any work in the literature that compares 1D and 2D 

models. Therefore, the objective of this paper is to compare one and two-dimensional models for the non-Newtonian 

fluid hammer by considering the fluid as a power-law. 

 

3. MATHEMATICAL MODELS 

 

The fluid hammer problem can be represented by the fully developed flow from a reservoir at the inlet of the 

pipeline to the outlet where a sudden closure valve is placed. Figure 1 presents a schematic representation of the 

problem, the reservoir is considered large enough so the inlet pressure is constant, the pipeline which is completely rigid 

has a length of l and an inner diameter d. A fast closure valve is mounted at the outlet of the pipeline. 

 

d

Valve

Pipe

Reservoir

h

l

 
Figure 1. Schematic of the fluid hammer problem. 

 

The non-Newtonian fluid hammer can be modeled by the mass and momentum balance equations. By considering 

the flow as axisymmetric, isothermal and weakly compressible, the Mach number as too small (Wahba, 2006) and that 

the isothermal compressibility, , represents the relation of pressure and fluid density, these equations can be simplified 

and written as a function of the head pressure, h, as: 

 
2 1

0zh c q v

t g r r z

   
  

    
 (1) 

 1 ru h
g

t z r r





 
  

  
 (2) 

 

where t is the time, c is the wave speed, g is the gravity, r and z the radial and axial coordinates, q = vrr and vz the radial 

and axial velocities,  is the fluid density and  is the shear stress. 

As the fluid is modeled as a power-law, the constitutive equation that represents its behavior is (Bird et al., 1987): 

 
1nk      (3) 

 

where   = vz/r is the shear rate,  = k(vz/r)
n
 is the apparent viscosity, k is the consistency index and n is the power-

law index. 

 

3.1 1D Model 

 

As the diameter is significantly lower than the length of the pipeline, the radius aspect,  = d/l, is small and then the 

flow can be considered one-dimensional. By integrating this equation in the cross section, considering that the mean 

velocity is 2z r
A

V v rdr A   and the velocity profile is fully developed in all instants (shear stress varies linearly with 

the radial coordinate), the mass and momentum balance equations can be rewritten in the dimensionless form as: 

 
* *

* * *

1
0zh V

t z

 
 

 
 (4) 

* *
* * *

,* *

z
w t

V h

t z
  

 
  

 
 (5) 
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where the superscript * represents dimensionless variables. These dimensionless variables are defined as: 

h
*
 = ghd/4lw, t

*
 = tc/l, Vz

*
 = Vz/c, z

*
 = z/l and w,t

*
=w,t/w. The parameter *

 represents the ratio of viscous and inertia 

forces and can be written as: 

 
2

*

2

4 32

Re
w L Ma

dc





   (6) 

 

The wall shear stress, w = fVz
2
/2, can be written as a function of the friction factor, f = 16/Re, so the momentum 

balance equation can be written in the final form: 

 
* *

* *

*

8z n
zn

V h
V

zt Ma




 
  


 (7) 

 

where Ma =Vz,in/c is the Mach number. 

Therefore, the dimensionless parameters that govern the one-dimensional model are the compressibility (*
), the 

Mach number (Ma) and the power-law index (n). 

The initial condition is of a fully developed fluid, so the initial velocity is the same in all axial position. As 

boundary conditions, the inlet pressure is constant, hin
*
 = 1, and the outlet velocity is null, Vz,out

*
 = 0. 

 

3.2 2D Model 

 

By considering that the flow occurs for both radial and axial directions, the mass and momentum balance equations 

can be written in the dimensionless form as: 

 
* * *

* * * * * *

1 1 1
0zh q v

t r r z  

  
  

  
 (8) 

* * * *
* *

* * 2 * * *
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1 32

nn

z z

n n
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nt z r Ma r r






      
              

 (9) 

 

where vz
*
 = vz/c, q

*
 = q/cd and r

*
 = r/d. 

Therefore, the dimensionless parameters that govern the one-dimensional model are the compressibility (*
), the 

radius aspect (), the Mach number (Ma) and the power-law index (n). 

The initial condition is of a fully developed flow. The boundary conditions are: symmetric at the center, c
*
 = 0 and 

qc
*
 = 0, no-slip at the wall, vz,w

*
 = 0 and qw

*
 = 0, constant inlet pressure, hin

*
 = 1, and null outlet velocity, vz,out

*
 = 0. 

 

4. SOLUTION METHODOLOGY 

 

4.1 1D Model 

 

The mass and momentum balance equations for the 1D model, Eqs. (4) and (7), form a set of hyperbolical partial 

differential equations that can be solved by the method of characteristics (Wylie et al., 1993). By making a linear 

combination of these equations, a set of ordinary differential equations is obtained. So the dependent variables (Vz
*
 and 

h
*
) can be written as a function of t

*
 and z

*
. These equations are valid over the characteristics lines dz

*
/dt

*
 = ±1: 

 
* * *

*

* *

*

*

8

1

z n
zn

dV dh
V

dt dt Ma
C

dz

dt


 




 


  
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 (8) 

* * *
*

* *

*

*

8

1

z n
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dV dh
V

dt dt Ma
C

dz

dt


 




 


  


 (8) 

 

Figure 2(a) illustrates the plot of these equations. The pipeline was divided in NZ parts with length z
*
 and the time 

step was computed as t
*
 = z

*
. If the variables Vz

*
 and h

*
 are known at the positions i-1 and i+1, so the equations can 

be integrated over the characteristics line in order to obtain the variables Vz
*
 and h

*
 at the position i. This procedure is 
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iterative as the wall shear stress is a function of the velocity at the postion i. The convergence is achieved when the 

relative difference between the velocities calculated is inferior to 0.1%. Then the simulation progress to the next time 

until the desired time is reached. 
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Figure 2. Grid for (a) axial mesh – time as a function of the axial position and (b) radial mesh – axial and radial 

velocities and shear stress as a function of the radial position. 

 

 

4.2 2D Model 

 

The same procedure is repeated for the 2D model, but as the problem is also dependent of the radial position, the 

mesh is two-dimensional. The characteristics lines for the 2D model are: 
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As for the 1D model, the plot of the characteristics lines is illustrated in Figure 2(a). Besides the axial mesh, a radial 

grid is also necessary to solve the set of ordinary equations. Then the pipeline is divided in NR parts of length r
*
. 

Figure 2(b) presents the radial mesh. One can note that the grid of radial velocity and shear stress is displaced from the 

grid for axial velocity. That is done to avoid numerical errors due to the great number of variables at the same point. If 

the dependent variables (vz
*
, q

*
 and h

*
) as a function of t

*
, r

*
 and z

*
 are known at the points i-1 and i+1, the 

characteristics lines can be integrated in order to obtain the dependent variables at the point i. In doing so, two matrices 

as a function of the radial position for each axial position are formed: one for radial velocity and pressure and other for 

axial velocity (Zhao and Ghidaoui, 2003). These matrices are tridiagonal and can be solved by TDMA (Versteeg and 

Malalasekera, 2007). The procedure is repeated from the inlet to the outlet of the pipeline and then for the next time step 

until the simulation reaches the desired time. 

 

5. VERIFICATION AND VALIDATION 

 

The mesh was investigated in order to assure grid-independent results. It was concluded that a mesh of 200×640 

(NZ×NR) was sufficient to provide the necessary independence. Then the models where compared to the experimental 

data of Holmboe and Rouleau (1967). In this work the water hammer phenomenon was studied via an experiment with 

a copper pipeline of inner diameter 25 mm and length of 36.09 m. The fluid used was a Newtonian oil ( = 876 kg.m
-3

, 

c = 1324 m.s
-1

 and  = 0.03484 Pa.s) which flowed with constant Reynolds number of 82. The experiment initiated with 

the sudden closure of the outlet vale. 

Figure 3 shows the comparison of the measured results and the computed for the one and two-dimensional models. 

One can note that the 2D model presents good agreement with experimental data. Although the initial behavior of 
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experimental data can be well represented by the 1D model, the subsequent viscous dissipation and damping are not as 

close as the 2D model. 
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Figure 3. Comparison of the pressure evolution at the outlet valve for the present models and the experimental data of 

Holmboe and Rouleau (1967). 

 

6. RESULTS AND DISCUSSION 

 

The dimensionless parameters for the experiment of Holmboe and Rouleau (1967) are *
 = 5.469×10

-6
, 

 = 6.927×10
-4

, Ma = 9.853×10
-5

 and n = 1.0. The comparison of the 1D and 2D models is going to be conducted by 

fixing the Mach number and the radius aspect, changing the power-law index in 0.6, 1.0 and 1.4 and varying the 

compressibility in 10*
 and 100*

. 

Values of compressibility lower than *
 are not going to be addressed as in the previous section a divergence of the 

results of the models was already observed. And by analyzing Eqs (7) and (9), it can be concluded that lower values of 

the dimensionless compressibility increase the importance of the viscous term. Therefore, the difference caused by the 

consideration of a fully developed velocity profile in the one-dimensional model is amplified and emphasized. So the 

divergence of the results of the models will only increase. 

Figure 4 presents the pressure head evolution at the valve for dimensionless compressibility of 10*
 and 100*

 and 

power-law indexes of 0.6, 1.0 and 1.4. For 10*
 it can be observed that as the power-law index increases so does the 

number of oscillations prior to equilibrium. Thus higher dissipation is associated with pseudoplastic fluids. As it was 

seen in Figure 3, the 1D and 2D models results are quite different. The increase in pressure after the valve is closed 

(t
*
 = 0) is identical as it represents the Joukowski pressure (Joukowski, 1904). The following pressure rise (until t

*
 = 2) 

is distinct and the maximum pressure is smaller for the 1D model, so the 2D model is more dissipative. Figure 4(c) and 

(e) show that there is a delay in the wave propagation for the 2D model.  
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Figure 4. Comparison of the pressure evolution at the outlet valve for 1D and 2D models for different compressibilities 

and power-law indexes. 

 

For 100*
 the compressibility of the fluid increases and so does the dissipation. It can be observed in Figure 4 that 

when the power-law index increased the equilibrium is reached earlier. That once again shows that a high dissipation is 

associated to shear thinning effects. By comparing the 1D and 2D models, it can be concluded that in this high 

compressibility case the results are almost identical. 

In order to understand better why there is less similarities in low compressibility cases, Figure 5 presents the 

velocity profile at the midpoint of the pipeline for the case 10*
. One can note that the fluid returns close to the wall at 

t = 1. At t = 2 the shear thickening fluid has a maximum value for the return velocity that is close to the wall. For the 

shear thinning case the fluid also returns, but no maximum is found close to the wall. This is evidence that the higher 

the power-law index, the lower is the viscous dissipation. But the most important conclusion that can be drawn from 

Figure 5 is that the profile is not the one of a fully developed fluid. Thus this assumption is not valid for cases of low 

compressibility (*
 < 5×10

-4
) and even though the results of the 1D model are close qualitatively and in equilibrium, the 

quantitative transient is not well represented. 
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Figure 5. Comparison of the velocity profile of the 2D model at the midpoint of the pipeline for compressibility 

10*
 = 5.5×10

-5
 at: (a) t

*
 = 0, (a) t

*
 = 1, (a) t

*
 = 2 and (a) t

*
 = 20. 

 

For a higher dissipation (100*
) the velocity profiles are presented in Figure 6. The parabolic curve shape is evident 

since the time t
*
 = 1. Then, differently from the case of 10*

, the assumption that the profile is fully developed at each 

time step is valid. Therefore the 1D model represents well both transient and equilibrium behavior. 
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Figure 6. Comparison of the velocity profile of the 2D model at the midpoint of the pipeline for compressibility 

100*
 = 5.5×10

-4
 at: (a) t

*
 = 0, (a) t

*
 = 1, (a) t

*
 = 2 and (a) t

*
 = 20. 
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7. CONCLUSION 

 

The present paper compared one and two-dimensional models to simulate the non-Newtonian fluid hammer. The 

models were validated with the experimental data of Holmboe and Rouleau (1967). Then the dimensionless models 

were evaluated in terms of viscous dissipation and power-law index. It was observed that a low power-law index is 

associated with a higher viscous dissipation. For low compressibility cases, the results of the 1D model are quite 

different from the 2D model. Less dissipation and distortion is associated to the 1D model and the return of the fluid 

close to the wall is not verified. As the compressibility increases, both models present the same results. 

Other parameters than influence over the compressibility are the Mach number and the aspect ratio. The Mach 

number is directly proportional and the aspect ratio is inversely proportional to the compressibility. So in medium and 

high speed flows and in long pipelines the results of the models are closer. 

Therefore, it is necessary to analyze the compressibility of the fluid because only for values higher than 5×10
-4

 (high 

dissipation) the problem can be modeled as one-dimensional. Otherwise, the assumption of fully developed fluid at each 

time step is not valid and the transient is not well represented. 
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