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Abstract. Dynamical systems synchronization study has been prompted in the last decades, due to the growing interest 

in understanding the regulatory mechanisms that rule this kind of behavior, which arises in natural systems, as well as 

in mechanical systems. This work deals with dynamical modeling and numerical simulation of a mechanical system 

comprising two platforms connected in series by linear restoring and damping elements. Each platform supports two 

pendula, such that each pair of pendula is connected by a shape memory alloy restoring element. The system 

encompasses six degrees of freedom and the differential equations of motion are solved by a fourth-order Runge-Kutta 

method. The system natural behavior is investigated by means of maps involving different sets of initial conditions for 

the pendula, varying the platforms damping parameter and the shape memory restoring elements temperature. 

Numerical results include situations where the system loses/embodies synchronization, characterizing different types of 

behavior for the system elements - platforms and pendula fully synchronized, partially synchronized (in-phase/anti-

phase), desynchronized and rest. 
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1. INTRODUCTION 

 

Intuitively, synchronization may be understood as a process in which different oscillators fit their behavior 
reciprocally, exhibiting a collective performance. Synchronization phenomena are present either in 
natural/biological/chemical systems or in mechanical archetypes and its occurrence is usually driven by some kind of 
coupling among the oscillators. The motivation to study this subject lies upon the possibility of controlling the system 
response to achieve a specific desired behavior. For instance, in mechanical systems, a feasible possibility is to 
synchronize a cluster of rotating oscillators for energy harvesting purpose. 

The study of synchronizing systems may be considered somewhat recent. A milestone in this subject is the work 
conducted by Kuramoto (1975) that proposed a nonlinear equation to represent the behavior of a cluster with a large 
(but finite) number of coupled oscillators. Some other authors have been using Kuramoto’s equation to model different 
phenomena (Martens et al. 2009; O’Keeffe et al. 2017; Loffler & Strogatz, 2018). Some other authors focus on different 
formulations for particular mechanical systems. Pantaleone (2002) studied a system composed by a platform supported 
by two idlers, holding two metronomes. He inferred that no matter the initial conditions, after a transient, the 
metronomes synchronize, preferentially in phase. Koluda et al. (2014) dealt with the numerical simulation of a mass-
spring-damper system supporting two double pendula, which may be externally excited. They investigated the possible 
shape modes after synchronization. 

More recently, the same precursor researcher on the subject – Yoshiki Kuramoto – identified a very particular 
behavior presented by identical oscillators symmetrically arranged, in which one cluster of oscillators behave 
synchronized, while others remain asynchronous, under specific input conditions. Later, this behavior pattern was 
named as “chimera state” (Abrams & Strogatz, 2004). Panaggio & Abrams (2015) present a review work, dealing with 
both topology and synchronization features of different oscillatory systems. Wojewoda et al. (2016) investigate the 
simplest arrangement to achieve the chimera state. He conducts an experimental/numerical analysis, concerning three 
metronomes with their pivoting points forming an equilateral triangle, with their rods coupled by linear 
restoring/damping elements. There are other relevant works on the subject, including recent experimental works. 

This paper deals with the mathematical modeling and numerical simulation, focusing on a synchronization analysis 
of a specific mechanical system that will be better explained in the following section. 
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2. PHYSICAL MODEL AND EQUATIONS OF MOTION 

 

This section presents both the physical model and the summarized dimensionless equations of motion for the 

mechanical system. Figure 1 illustrates the physical model, where both bases (namely: bases B1 and B2) translate along 

y direction without friction. Base B1 supports two pendula (namely: pendula P1 and P2) that constitute the first cluster 

of oscillators; analogously, base B2 supports pendula P3 and P4 related to the second cluster. Pendula P1 and P2 are 

interconnected by an SMA restoring element (namely, SMA1 element), while pendula P3 and P4 are linked by the 

SMA2 element. 
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Figure 1.  Physical model. 

 

The system presents six degrees of freedom, being two of them associated with the bases’ translation – )(1 tu  and 

)(2 tu  for bases B1 and B2, respectively; and  θ 1 ( t ), θ 2 ( t ), θ 3 ( t ) and  θ 4 ( t ) for pendula P1, P2, P3 and P4, while t 

is the independent variable time. Concerning the constant system parameters, M and m are the masses of each base and 

of each pendulum, respectively; k and c are the stiffness and damping coefficients for the linear springs and dashpots 

attached to the bases, respectively; the distances L, r and d refer to: the pendula rod length (assumed rigid and 

massless), the distance between each pendula pivoting point and the SMA element attaching point and the distance 

between the pivoting points of both pendula belonging to the same cluster. It is worthwhile to notice the system 

symmetry concerning the spatial distribution of its several elements. 

The SMA elements are considered equal bars undergoing tension/compression; thus, the total strain energy potential 

U i  ( i = 1, 2) for each of the SMA elements is given by:  

 

SMASMASMA ALVU iii ψψ ==  (1) 

 

where: ψ i  is the free energy potential per unit volume for each element, while VSMA , L SMA and A SMA are the volume, 

the length and the cross-sectional area of both elements, respectively. 

In order to describe the SMA thermomechanical behavior, the polynomial constitutive model proposed by Falk 

(1980) is incorporated into the dynamical model, whose Helmholtz free energy potential is stated below in Eq. (2), 

where: ε i and T i are the state variables related to axial strain and absolute temperature, while α, β and γ are material 

parameters; TM  is the trigger temperature for martensite formation; while TA  is analogous for austenite formation. 
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Figure 2 presents a disturbed condition of pendula P1and P2, in order to evaluate the SMA1 bar elongation that 

enables its strain determination that, finally, results in the associated total strain energy potential expression. 

Considering the SMA1 bar axial strain as: SMA1 LLΔ=ε , where LΔ  is its axial elongation given by: 

dhbL −+= 22Δ ,  while  L SMA = d.  The distances b and h may be identified from Fig. (2) as follows: 

 

12 sinsin θθ rrdb −+=                
and

            21 coscos θθ rrh −=  (3) 
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Figure 2.  Disturbed condition of  pendula P1 and P2. 

 

Regarding these quantities (b and h), it is possible to set: 

 

( ) ( )12
2

12
22222 cos2sinsin22 θθθθλ −−−++=+= rrdrdhb  (4) 

 

Therefore, for the SMA1 element, the bar elongation and the according strain are, respectively, obtained as: 

 

dL −= λΔ                               and                            
d

d−
=

λ
ε 1

 (5) 

 

Analogously, elongation and axial strain for the SMA2 element are, respectively: 

 

dL −=
**

λΔ                           and                            
d

d−
= *

2

λ
ε  (6) 

 

where, now, 
*

λ  is defined as: 
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Finally, the total strain energy potential for SMA1 and  SMA2 elements, respectively, provides: 
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The total strain energy potential expressions are derived here, since they are of special interest, while exploring the 

numerical results. For the sake of conciseness, other energy/work terms are omitted here. For further details about the 

complete Lagrangian formulation to obtain the equations of motion, please refer to Cardoso (2019). 

At this point, new dimensionless variables are defined as follows: tωτ =  is the new independent variable 

(dimensionless time), while ω is a reference frequency set as ( )mMk 2+=ω ;  X i = u i / L  (for i = 1, 2) are the new 

dimensionless bases’ displacements; the pendula angular displacements (θ j for j = 1, 2, 3, 4) are already dimensionless. 

The derivative ( ) ( ) τdd       
,

=  represents the ordinary differentiation of the new dependent variables (X i and θ j ) 

with respect to τ . 
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Equation (9) presents the new dimensionless system parameters, M  represents the ratio between the mass of one 

pendulum and the total mass of a cluster (including the base mass); ξ  is the new dimensionless damping parameter;     

η  is related to a  (linear)  natural  frequency of  one  pendulum alone;  r   is  the  ratio  between  the  distances  r and  d ; 

α , β  and γ  are the new dimensionless SMA material parameters and  
iT   (for i = 1, 2)  provides  the  SMA  elements 

dimensionless temperatures. 
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Chart 1 displays the six dimensionless equations of motion for the proposed physical model, as follows. Concerning 

the numerical procedure, these equations of motion are numerically integrated by the fourth-order Runge-Kutta method.  
In parallel, a brute force handmade algorithm is developed, in order to classify the type of synchronism of the pendula 
behavior, by real time monitoring and comparison of the time evolution of the pendula displacements. 

 

Chart 1. Equations of motion. 
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The dimensionless parameters λ  and 
*λ  have to do with the axial elongation of the SMA bars SMA1 and SMA2,  

respectively, whose expressions are given below by Eq. (10). 
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The dimensionless total strain energy potential for SMA1 and  SMA2 elements provides, respectively: 
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while the dimensionless elongation for SMA1 and  SMA2 elements are, respectively, given by: 

 

1−= λLΔ                 and                1
**

−= λLΔ  (12) 

 

 

3. NUMERICAL RESULTS 

 

This section presents numerical results for the natural behavior of the proposed system. Firstly, an equilibrium point 

analysis is performed for different SMA elements temperature ranges. Equal temperatures are adopted for both SMA1 

and SMA2 elements, during all simulations; thus: TTT == 21
. Then, attempting to analyze both synchronization 

patterns – within and between clusters, colormaps scanning initial conditions are evaluated, considering variation of two 

parameters: the bases damping coefficient and the SMA elements temperature. Table 1 exhibits the dimensionless 

parameters values used along the simulations, except for those that are varied. 

 

Table 1.  Dimensionless parameters values for numerical simulations. 
 

M  r  η α  β  γ  

0.150 0.200 0.300 x 10³ 2.060 x 10³ 15.800 x 10³ 0.010 x 10³ 

 

Figure 3 presents an equilibrium point analysis for a conservative condition (ξ = 0), classifying their nature, for the 

three typical temperature ranges of the SMA elements, namely: low temperature (
MTT <= 99.0 ); intermediate 

temperature (
AM TTT <=< 12.1 ) and high temperature (

ATT >= 27.1 ), where: 1=MT  and  22.1≅AT . The results 

show phase portraits and SMA strain energy potentials for each temperature. 

From literature, it is well known that, in a mechnical system, the concept of equilibrium point implies null       

(linear and angular) velocities and accelerations. By neglecting all terms present in the six equations of motion, 

displayed in Chart 1, involving 
,

iX  and 
,,

iX  (for i = 1, 2), as well as 
,

jθ  and 
,,

jθ  (for j = 1, 2, 3, 4), it is possible to 

infer that the bases should remain at rest, during the equilibrium point analysis. Therefore, the system behaves such that 

the two clusters are decoupled. Moreover, for each pendulum, the equilibrium condition takes place when there is a 

balance between the moments generated by the SMA element restoring force and the weight force. 

Figures 3(a), 3(c) and 3(e) show phase portraits for the three temperatures range cited above; accordingly, Figs. 3(b), 

3(d) and 3(f ) illustrate the respective SMA strain energy potentials. For this equilibrium point analysis, since the bases 

should not move, only symmetric displacement initial conditions (same amplitude with opposite signs) are adopted for 

each  pendulum  of  both  clusters.  The  velocity  initial  conditions  are  all  null.  Due to the  symmetry  of  the pendula  

behavior, only the P1 pendulum response is presented in the phase portraits (state subspace 
11 θθ &× ) and only the 

SMA1 restoring element strain energy potential is evaluated. 

Regarding the phase portraits, it is possible to identify some mixed similarities with both the simple pendulum phase 

portarait and the spring-mass oscilator using Falk’s model. From the dynamical point of view, a curious fact concerns 

the dynamical complexity increase for low and high temperatures, while compared with the spring-mass oscilator using 

Falk’s model, which provides the richest dynamical response for the intermediate temperature. The homoclinic orbits 

are assigned in bold lines in the phase portraits. 

Now, observing SMA1 restoring element strain energy potentials, it is clearly possible to identify not only an 

increase in the number of equilibrium points but also some shift in their positions, compared to the typical equilibrium 

points present in the Falk model strain energy potentials. This feature is related to the gravitational effect combined 

with the nonlinear effects of the SMA element behavior, enabling non-intuitive equilibrium points. 
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Figure 3.  Equilibrium point analysis for three different SMA elements temperature ranges. 
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Figure 4 shows synchronization maps involving four values of the damping coefficients: ξ = 0 (without dmping);    

ξ  = 0.01; ξ  = 0.1 and  ξ  = 1; and three different temperatures, as set for the previous results. Regarding the applied 

initial conditions, only the pendula displacements are non-null and equal initial conditions amongst the clusters         

(i.e.: θ 1 = θ 3  and θ 2 = θ 4 ) are adopted. 

Collectively observing the synchronization maps, it is possible to verify that both parameters (bases damping 

coefficient and SMA elements temperature), while increased, are responsible for the basins erosion. The 

synchronization classification migrates from a former condition (without damping) – asynchronous within the clusters 

and in-phase between clusters; passing by a condition – anti-phase within the clusters and asynchronous between 

clusters – for intermediate damping values; tending to a condition anti-phase within the clusters and in-phase between 

clusters – for high damping values. 

 

 
 

    
                          (a)                                          (b)                                          (c)                                          (d) 

    
                           (e)                                          ( f )                                          (g)                                          (h) 

    
                           ( i )                                          ( j )                                          (k)                                         ( l ) 

Figure 4.  Synchronization maps for equal initial conditions amongst the clusters 
varying the bases damping coefficient and the SMA elements temperature. 
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Low temperature (a) (b) (c) (d) 

Intermediate temperature (e) ( f ) (g) (h) 

High temperature ( i ) ( j ) (k) ( l ) 

 

 

 

 

 

 First cluster Second cluster Between clusters 

•  in-phase in-phase in-phase 
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4. CONCLUDING REMARKS 

 

This paper deals with the numerical simulation of a mechanical system comprising two clusters of oscillators 

connected by shape memory alloy restoring elements, with the purpose of scrutinizing synchronization patterns. 

Initially, an equilibrium point analysis varying the SMA temperature helps understanding the system dynamics, in order 

to better interpret the synchronization results. The results reveal an increase in the typical number of equilibrium points, 

some of them out of their intuitive positions, due to the gravitational effect combined with the nonlinear effects of the 

SMA elements behavior. Besides that, lower and higher temperatures present the richest dynamical response, instead of 

the intermediate temperature (usually, the most complex, for Falk’s model). Concerning the synchronization analysis, 

the natural behavior is investigated, by means of displacement state subspaces, considering equal initial conditions 

among the two clusters. During the simulations, two parameters are varied: the bases damping coefficient and the SMA 

elements temperature. For the system without damping, asynchronous behavior prevails, regardless of the SMA 

temperature. After the damping inclusion, both parameters, while increased, favor pendula synchronization in anti-

phase (180º lagged) within the clusters and in phase between clusters. 
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