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Abstract: Current design constraints have encouraged the studies of aeroacoustic fields around compressible jet flows.
The present work addresses the numerical study of turbulence modeling of unsteady turbulent jet flows for aeroacoustic
analyses of main engine rocket plumes. A novel large eddy simulation (LES) tool has been developed in order to reproduce
high fidelity results of compressible jet flows which could be used for aeroacoustic studies with the Ffowcs Williams
and Hawkings approach. The large eddy simulation formulation is written using the finite difference approach. The
energy equation is carefully discretized in order to model the energy equation of the filtered Navier-Stokes formulation.
The classical Smagorinsky model is the subgrid scale closure selected for the present work. Numerical simulations of
perfectly expanded jets are performed and the results are compared with the literature in order to validate the present
implementation. Morever, dynamic mode decomposition (DMD) is applied to identify the contribution of the structures
associated to a single frequency on the acoustic directivity. Finally, the jet flow dynamics is described using the most
relevant DMD modes, and compared with the unsteady flow results obtained previously.
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1. INTRODUCTION

One of the main design issues related to launch vehicles lies on noise emission originated by the complex interaction
between the high-temperature/high-velocity exhaustion gases and the atmospheric air. These emissions, which have high
noise levels, can damage the launching structure or even be reflected upon the vehicle structure itself and the equipment
onboard at the top of the vehicles. Moreover, the resulting pressure fluctuations can damage the solid structure of different
parts of the launcher or the onboard scientific equipment by vibrational acoustic stress. Therefore, it is strongly recom-
mended to consider the load resulted from acoustic sources over large launching vehicles during take-off and also during
the transonic flight. Moreover, one cannot neglect the energy dissipation effect generated by the acoustic waves even if
the vehicle is far from the ground. Theoretically, all chemical energy should be converted to kinetic energy. However, in
reality, the noise generation consumes part of the chemical energy.

The acoustics design constraints have encouraged the studies of aeroacoustic fields around compressible jet flows.
Instituto de Aeronautica e Espaço (IAE), in Brazil, is interested in this flow configuration for rocket design applications.
Unsteady property fields of the flow are necessary for the aerocoustic study. Therefore, the present work addresses the
numerical study of unsteady turbulent compressible jet flows for such aeroacoustic applications. A new computational
tool is developed regarding the study of unsteady turbulent compressible flow. The novel large eddy simulation (LES) tool
is developed in order to reproduce high fidelity results of compressible jet flows which are used for aeroacoustic studies
using the Ffowcs Williams and Hawkings approach (Wolf and Lele, 2011).

Finally, with the objective of simplifying a complex flow into a low-dimensional representation containing the domi-
nant dynamic structures, different techniques have been proposed. Among them, the Proper Orthogonal Decomposition
(POD) (Lumley, 1970; Sirovich, 1987; Berkooz et al., 1993), and the Dynamic mode Decomposition (DMD) (Schmid,
2010) are the more commonly used in the fluid community. The POD selects the modes depending on their energy
contents. However, this criterion is not necessarily correct since the energy is not always the key parameter to identify
the flow structures (Schmid, 2010). In contrast with the POD, the modes computed from the DMD define characteristic
frequencies of the flow. This is the chosen method in the present work. DMD has already been applied to various flow
configurations such as cavity flows (Schmid, 2010; Seena and Sung, 2011), shockwave-turbulent boundary layer interac-
tion (Grilli et al., 2012), boundary layer flows (Sayadi et al., 2013; Tang and Jiang, 2012), cylinder flows (Bagheri, 2013;
Tissot et al., 2013), combustion chamber flow (Jourdain et al., 2013; Abou-Taouk et al., 2015), wake behind a flexible
membrane (Schmid, 2010) or jet flows (Lárusson et al., 2014; Schmid, 2011; Schmid et al., 2011, 2012; Stegeman et al.,
2014; Wan et al., 2015). And several variations of the DMD algorithm have also been proposed. One can cite the opti-
mal mode decomposition (Wynn et al., 2013), the sparsity-promoting DMD (Jovanović et al., 2014), the extended DMD
(Williams et al., 2014, 2015), or the streaming DMD (Hemati et al., 2014). Lately, an unbiased noise-robust method has
been proposed by Hemati and Rowley (2015) to overcome the adverse influence of measurment errors. This method can
be combined with all the DMD algorithm listed above.



The objective of the present work is to apply the DMD algorithm to the numerical data extracted from a large eddy
simulation of a perfectly-expanded supersonic jet flow atM = 1.4. Due to the large dimension of this problem, the author
will use the streaming version (Hemati et al., 2014) of the total-least square DMD formulation proposed by Hemati and
Rowley (2015). Finally, preliminary DMD results will be displayed and compared with the unsteady LES results.

2. NAVIER-STOKES EQUATIONS

The numerical strategy used in the present study is based on the compressible Navier-Stokes equations formulated as

∂ρ

∂t
+

∂

∂xj
(ρuj) = 0 , (1)

∂

∂t
(ρui) +

∂

∂xj
(ρuiuj) +

∂p

∂xi
− ∂τij
∂xj

= 0 , (2)

∂e

∂t
+

∂

∂xj
[(e+ p)uj − τijui + qj ] = 0 , (3)

in which t and xi are independent variables representing time and spatial coordinates of a Cartesian coordinate system x,
respectively. The components of the velocity vector u are written as ui, and i = 1, 2, 3. Density, pressure and total energy
per mass unit are denoted by ρ, p and e, respectively. The heat flux vector, qj , is given by

qj = κ
∂T

∂xj
, (4)

where T is the static temperature and κ is the thermal conductivity coefficient, which can by expressed by

κ =
µCp
Pr

. (5)

The thermal conductivity coefficient is a function of the specific heat at constant pressure, Cp, of the Prandtl number, Pr,
which is equal to 0.72 for air, and of the dynamic viscosity coefficient, µ. The latter can be calculated using Sutherland’s
law,

µ (T ) = µ∞

(
T

T∞

) 3
2 T0 + S1

T + S1
, with S1 = 110.4 K . (6)

According to the Stokes hypothesis, the shear-stress tensor, τij , for a Newtonian fluid can be written as

τij = 2µ

(
Sij −

1

3
δijSkk

)
, (7)

in which the components of rate-of-strain tensor, Sij , are given by

Sij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
. (8)

In order to close the system of equations the density, the static pressure and the static temperature are correlated by
the equation of state given by

p = ρRT , (9)

where R is the gas constant, written as

R = Cp − Cv , (10)

and Cv is the specif heat at constant volume. The total energy per mass unity is given by:

e =
p

γ − 1
+

1

2
ρuiui , (11)

in which γ is the ratio of specific heats, written as γ = Cp/Cv .

3. LARGE EDDY SIMULATION FILTERING

The large eddy simulation is based on the principle of scale separation, which is addressed as a filtering procedure in
a mathematical formalism. A modified version of the the System I filtering approach (Vreman, 1995) is used in present
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work. The resulting filtered formulation is written as
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(12)

where, τmodij and qmodj , include the viscous and the subgrid terms. They can be written as

τmodij = 2 (µ+ µsgs)

(
Sij −

1

3
δijSkk

)
(13)

and

qmodj = (κ+ κsgs)
∂T

∂xj
. (14)

4. SUBGRID SCALE CLOSURE

This section describes the subgrid scale closure included in the present work, the Smagorinsky model. The Smago-
rinsky model (Smagorinsky, 1963) is one of the simplest algebric models for the deviatory part of the SGS stress tensor
used in large eddy simulations. The isotropic part of the stress SGS tensor is neglected for the Smagorinsky model in the
current work. This SGS closure is a classical model based on the large scales properties. It became very famous with
the work of Deardorff (1970) and Lilly (1965). It is generally used in a local form of the physical space in order to be
more adaptable to the flow being calculated. It is obtained by space and time localization of statistical relations. There is
no particular justification for this local use of relations that are on the average true for the whole, since they only ensure
that the energy transfer through the cutoff are expressed on the average, and not locally (Sagaut, 2002). The Smagorinsky
model is written as

µsgs = (ρCs∆)
2 |Š| , (15)

where

|Š| =
(
2ŠijŠij

) 1
2 , (16)

and Cs is the Smagorinsky constant. Several attempts can be found in the literature regarding the evaluation of the
Smagorinsky constant. The value of this constant is adjusted to improve the results of different flow configurations.
Using the eddy-damped quasi-normal Markovian theory (EDQNM), one can find Cs = 0.148 (Sagaut, 2002; Aupoix and
Cousteix, 1982). Lilly work suggests Cs = 0.18 (Lilly, 1967). Clark et al. (1979), for isotropic homogeneous turbulence,
use Cs = 0.2. Deardorff (1970) uses Cs = 0.1 for a plane channel flow. Studies performed using experimental data yield
0.1 < Cs < 0.12 (Meneveau, 1994; Ulitsky and Collins, 2000; O’Neil and Meneveau, 1997). Finite Reynolds number
and spectrum shape can be taken into account leading to a complex definition ofCs (Meyers and Sagaut, 2006). In pratical
terms, the Smagorinsky subgrid model has a flow dependency of the constant which takes value ranging from 0.1 to 0.2
depending on the flow. The suggestion of Lilly, Cs = 0.18, is used in the current work.

This model is generally over-dissipative in regions of large mean strain. This is particularly true in the transitional
region between laminar and turbulent flows. Moreover, the limiting behavior near the wall is not correct, and the model
predictions correlate poorly with the exact subgrid scale tensor (Garnier et al., 2009). However, it is a very simple model
and, with the use of damping function and good calibration, it can be successfully applied in large eddy simulations.

5. NUMERICAL FORMULATION

The governing equations previously described are discretized in a structured finite difference context for general
curvilinear coordinate system (Bigarella, 2002). The numerical flux is calculated through a central difference scheme
with the explicit addition of the anisotropic scalar artificial dissipation of Turkel and Vatsa (1994). The time integration is
performed by an explicit, 2nd-order, 5-stage Runge-Kutta scheme (Jameson and Mavriplis, 1986; Jameson et al., 1981).
Conserved properties and artificial dissipation terms are properly treated near boundaries in order to assure the physical
correctness of the numerical formulation. The interested reader is referred to Refs. Junqueira-Junior et al. (2015b);
Junqueira-Junior (2016) for additional details.

5.1 Spatial Discretization

For the remainder of the paper, the authors will drop all underbars and tildes in the formulation for the sake of
simplicity. Nevertheless, the reader should be advised that all equations are referring to filtered dimensionless quantities
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(Bigarella, 2002; Junqueira-Junior, 2016). The work uses a finite difference framework in order to discretize the governing
equations. Hence, the result of the discretization of the spatial derivatives in the governing equations can be written as(

∂Q

∂t

)
i,j,k

= −RHSi,j,k . (17)

Here, RHSi,j,k represents the residue for the (i, j, k) grid point. It is very convenient to write RHSi,j,k as a function of
the numerical flux vectors at the interfaces between grid points, following a nomenclature similar to the one used in Ref.
Turkel and Vatsa (1994). Therefore, the residue can be written as

RHSi,j,k =
1

∆ξ

(
Ee(i+ 1

2 ,j,k)
−Ee(i− 1

2 ,j,k)
−Ev(i+ 1

2 ,j,k)
+ Ev(i− 1

2 ,j,k)

)
1

∆η

(
Fe(i,j+ 1

2 ,k)
− Fe(i,j− 1

2 ,k)
− Fv(i,j+ 1

2 ,k)
+ Fv(i,j− 1

2 ,k)

)
(18)

1

∆ζ

(
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2 )
−Ge(i,j,k− 1

2 )
−Gv(i,j,k+ 1

2 )
+ Gv(i,j,k− 1

2 )

)
.

Since a centered spatial discretization is being considered, the interface numerical flux vectors are defined as the
arithmetic average of the corresponding physical flux vectors at the two grid points that share that interface. However,
still due to the use of a centered scheme, the inviscid numerical fluxes must be augmented by artificial dissipation terms,
in order to maintain numerical stability. In the present case, the scalar, non-isotropic, artificial dissipation model proposed
by Turkel and Vatsa (1994) is used. Hence, the numerical inviscid interface fluxes are written as

Ee(i± 1
2 ,j,k)

=
1

2

(
Ee(i,j,k) + Ee(i±1,j,k)

)
− J−1d(i± 1

2 ,j,k)
,

Fe(i,j± 1
2 ,k)

=
1

2

(
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)
− J−1d(i,j± 1

2 ,k)
, (19)

Ge(i,j,k± 1
2 )

=
1

2

(
Ge(i,j,k) + Ge(i,j,k±1)

)
− J−1d(i,j,k± 1

2 )
,

where the d(i± 1
2 ,j,k)

, d(i,j± 1
2 ,k)

and d(i,j,k± 1
2 )

terms are the artificial dissipation operators. For instance, the operator in
the ξ direction, at the (i+ 1/2) interface, can be expressed as

d(i+ 1
2 ,j,k)

= λ(i+ 1
2 ,j,k)

[
ε
(2)

(i+ 1
2 ,j,k)

(
W(i+1,j,k) −W(i,j,k)

)
(20)

ε
(4)

(i+ 1
2 ,j,k)

(
W(i+2,j,k) − 3W(i+1,j,k) + 3W(i,j,k) −W(i−1,j,k)

)
] .

In this equation, the ε(2) and ε(4) are written as

ε
(2)

(i+ 1
2 ,j,k)

= k(2)max
(
νd(i+1,j,k), ν

d
(i,j,k)

)
, (21)

ε
(4)

(i+ 1
2 ,j,k)

= max
[
0, k(4) − ε(2)

(i+ 1
2 ,j,k)

]
. (22)

The pressure gradient sensor operator, νd(i,j,k), for the ξ direction is defined as

νd(i,j,k) =
|p(i+1,j,k) − 2p(i,j,k) + p(i−1,j,k)|
p(i+1,j,k) − 2p(i,j,k) + p(i−1,j,k)

. (23)

It should be emphasized that the present artificial dissipation model is nonlinear and, hence, it allows for the selection
between second and fourth difference artificial dissipation terms. Furthermore, the scaling of the artificial dissipation
operator in each coordinate direction, for instance, λ(i+ 1

2 ,j,k)
in Eq. (20), is primarily weighted by its own spectral radius

of the corresponding flux Jacobian matrix, which gives the non-isotropic characteristics to the model (Bigarella, 2002;
Turkel and Vatsa, 1994).

Further details on the artificial dissipation model here adopted can be seen in the original paper by Turkel and Vatsa
(1994) or in Refs. Bigarella (2002), Junqueira-Junior et al. (2015b) and Junqueira-Junior (2016). Computational aspects
of the present implementation of the model and, in particular, issues associated to the computation of the various terms
at partition interfaces, for parallel implementations, are discussed in detail in Refs. Junqueira-Junior et al. (2015b) and
Junqueira-Junior (2016).

5.2 Time Marching Method

Since the present work is concerned with LES calculations, an explicit time marching method is adopted. Hence, the
five-stage, second-order, explicit Runge-Kutta time stepping algorithm used in many aerospace solvers (Bigarella, 2002;
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Jameson and Mavriplis, 1986; Jameson et al., 1981) is also employed here. The time marching process can be expressed
as

Q
(0)
(i,j,k) = Qn(i,j,k) ,

Q
(`)
(i,j,k) = Q

(0)
(i,j,k)− α` ∆tRHS

(`−1)
(i,j,k) ` = 1, 2 · · · 5,

Qn+1
(i,jk,) = Q

(5)
(i,jk,) ,

(24)

The process of validation of the present solver has addressed the issues related to the use of an explicit time integration,
and it has indicated that the above time marching scheme is sufficiently adequate for the current purposes. For further
details in such studies, the interested reader is referred to Refs. Junqueira-Junior et al. (2015a) and Junqueira-Junior
(2016). Clearly, in the previous equation, ∆t is the time step, and n and n+ 1 indicate the property values at the current
and at the next time step, respectively. The values adopted for the α` parameters are

α1 = 1
4 , α2 = 1

6 , α3 = 3
8 , α4 = 1

2 , α5 = 1 , (25)

according to the original reference that presents this specific Runge-Kutta method (Jameson and Mavriplis, 1986). The
time marching scheme is linearly stable for CFL ≤ 2

√
2 (Bigarella, 2002).

5.3 Boundary Conditions

As in any application, the correct implementation of appropriate boundary conditions is a crucial step for successful
simulations. In the present work, the overall geometry used for the computational domain has a cylindrical shape, which
is obtained by the rotation of a 2-D plan around a centerline. Figure 1 presents a lateral view and a frontal view of the
computational domain, indicating the position of the various types of boundary conditions which appear in the current
test cases. Therefore, it is clear that the types of boundary conditions that must be addressed in the present work include
entrance, exit, centerline, far field and periodic boundary conditions.

Figura 1: Lateral and frontal views of the computational domain indicating boundary conditions.

The implementation procedure adopted in the present work for each of these types of boundary conditions is described
in detail in Ref. Junqueira-Junior et al. (2015b), and such a detailed presentation of the boundary condition enforcement
procedure will not be repeated here. However, it is worth mentioning that far field conditions are addressed using the
concept of Riemann invariants (Long et al., 1991). The formulation of the entrance and exit boundary conditions uses the
concept of the one-dimensional characteristic relations for the multi-dimensional Euler equations. Such an approach al-
lows the definition of properties that must be provided at a given boundary and those that should be somehow extrapolated
from interior information (Bigarella, 2002, 2007; Junqueira-Junior, 2016).

Of particular concern is the jet entrance boundary since, in principle, a fully turbulent jet should be entering the
computational domain. In the present case, a simple flat-hat velocity profile, with the specified jet Mach number, is used
at the entrance boundary. Further details and discussion of the effects of this selection are presented in the forthcoming
sections of the paper. Finally, the centerline boundary is a singularity of the coordinate transformation and, hence, a
careful treatment of this boundary is necessary. In the present approach, the conserved properties are extrapolated from
the adjacent longitudinal plane and they are averaged in the azimuthal direction in order to define the updated properties
at the centerline of the jet. The interested reader is referred to Refs. Junqueira-Junior et al. (2015b) and Junqueira-Junior
(2016) for additional details of the boundary condition implementation.

6. DYNAMIC MODE DECOMPOSITION

6.1 Theoretical Framework

The DMD method provides a spatio-temporal decomposition of the flow into a set of dynamic modes that are derived
from time-resolved snapshots. For example, the flow variable xDMD(x, y, z, t), where x, y, z and t represent the spatial
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coordinates and the time, respectively, can be represented by

xDMD(x, y, z, t) =

m−1∑
i=1

aiexp(λit)φi(x, y, z), (26)

where ai and λi are the amplitude and the frequency of the spatial mode φi. The underlying mathematics is closely related
to the idea of the Arnoldi algorithm (Schmid, 2010). This flow variable extracted from the simulation can be represented
in the form of a snapshot sequenceX = [x1, · · · ,xm] ∈ Rn×m, where xi ∈ Rn is the ith snapshot, m denotes the number
of snapshots and n, the spatial dimension per time snapshot. In the present study, each snapshot xi contains the whole set
of conservative variables (ρ, ρU , ρV , ρW , e) but it depends on the user’s choice. Even though recent techniques allow
irregularly spaced sampling in time of the data (Tu et al., 2014), the present study is designed to collect data regularly
separated in time by ∆t.

We assume that there exists a linear operator A ∈ Rn×n connecting two consecutive snapshot giving

xi+1 = Axi for i = 1, · · · ,m− 1. (27)

A is an approximation of the Koopman operator (Rowley et al., 2009), whose eigen-elements can approximate the un-
derlying dynamics of the flow, even non-linear. The objective of the DMD is the determination of these characteristics,
such as the eigenvalues, the eigenvectors or the energy amplification, representing the flow dynamics. The selection of
the eigen-elements of A is a matter of importance since the resulting reduced order model will directly depend on it. The
classical strategy initially proposed by Schmid (2010) is described below. When the number of snapshots is increased, the
flow is assumed to approach linear dependency. The mth snapshot can then be expressed as a linear combination of the
previous m-1 snapshots such as

xm = c1x1 + c2x2 + · · ·+ cm−1xm−1 + ε
= Xm−1

1 c + ε.
(28)

By using Eq. (27), this becomes

AXm−1
1 = Xm

2 = Xm−1
1 C + εeTm−1, (29)

where ε is the residual, e is the ith Euclidean unitary vector and C∈ R(m−1)×(m−1) is the companion matrix defined as

Finally, it can be deduced from Eq. (29), knowing a couple of eigen-elements of C, (Wj ,µj), that (φj = Xm−1
1 Wj ,

µj) is an approximation of the eigen-elements of A.
A discretized version of Eq. (26) expressed at any time instant k = 1, · · · ,m− 1 is given as

xk =

m−1∑
i=1

θi(k)φi, (31)

where θi are the temporal coefficient of the eigenvectors φi. Using Eq. (27), it comes directly that

xk+1 = Axk =
m−1∑
i=1

θi(k)Aφi =
m−1∑
i=1

θi(k)µiφi

= Akx1 =
m−1∑
i=1

θi(1)µki φi,

(32)

and the associated growth rate and frequency of the ith DMD mode of the complex frequency of Eq. (26) can be expressed
as a function of the eigenvalue of A as,

λi =
log(µi)

∆t
with σi =

log(|µi|)
∆t

and ωi =
arg(µi)

∆t
. (33)

In the present work, due to the large dimension of the problem, an alternative procedure, the streaming version (Hemati
et al., 2014) of the Total-Least-Square DMD algorithm (Hemati and Rowley, 2015) will be used. Formulation details are
given by Hemati et al. (2014). This procedure allows an incremental update of new available snapshots, without storing
all of them in memory. Therefore, the DMD routine is running in parallel of the CFD software, waiting for new snapshots
to update its basis.
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6.2 Choice of the Parameters

Two main parameters are considered in the DMD framework initially introduced by Schmid (2010). The first one is
∆t, the constant time-step between two consecutive snapshots, while the second one is m, the total number of snapshots.
Both of them require a good knowledge of the physical phenomenon under study. According to Schmid (2010), the sample
rate must be sufficiently high, about three times the Nyquist cutoff, to capture correctly the dynamics of an oscillatory
flow. The idea is then to tune the sampling frequency based on the phenomenon the user wants to study. However,
following Chen et al. (2012), when using a high sample rate, the snapshots are likely to be correlated in time. This is a
problem since the method impose the use of a linear independent dataset to work properly. In the algorithm used in the
present work, a Gram-Schmidt step is included in the process to address this problem (Hemati et al., 2014; Tissot et al.,
2013).

7. MESH GENERATION

A structured mesh generator is created in order to provide CGNS grid files for the simulations performed in the present
work. Figure 2(a) illustrates a 3-D view of the two computational domains used in the current work. The geometry is
colored by a time solution of the axial component of velocity of the flow. The complete 3-D mesh is created by rotating
a 2-D mesh around the horizontal direction, x. A slice in the radial direction of the 3-D mesh is illustrated in Fig. 2(b).
The rotation approach generates a singularity at the centerline of the domain. The treatment of this region is discussed in
the boundary conditions section. The authors chose not to include the nozzle geometry and the jet entrance is located at
x = 0, between |r|/D ≤ 0.5, where |r| is the distance from the centerline in the radial direction and D is the incoming
jet diameter. The refinement is performed using hyperbolic tangent functions, with a finest grid resolution near the jet
entrance and along the slip line of the jet. The mesh is coarsened in the far field in order to diffuse the acoustic waves and
avoid reflections at the farfield domain boundaries.

(a) Frontal view of the computational domain for the jet flow simula-
tion

(b) 2-D view of the mesh generation.

Figura 2: Computational domain and mesh for a jet flow simulation

8. LARGE EDDY SIMULATION RESULTS

The present section is devoted to a study of a supersonic perfectly expanded jet flow. Results are compared with
analytical, numerical and experimental data from the literature (Mendez et al., 2010; Bridges and Wernet, 2008). The
LES results using the Smagorinsky SGS turbulence closure (Smagorinsky, 1963) are discussed in the present work.
Interested readers are referred to Refs. Junqueira-Junior (2016) for simulations using others subgrid scale models. The
flow is characterized by an unheated perfectly expanded inlet jet with a Mach number of 1.4 at the domain entrance.
Therefore, the pressure ratio, PR = Pj/P∞, and the temperature ratio, TR = Tj/T∞, between the jet exit and the
ambient freestream are equal to one, PR = 1 and TR = 1. The time step used in the simulation is constant and equal to
2.5 × 10−4. It has been nondimensionalized using the speed of sound of the jet at the inlet, aj , and the jet diameter, D.
The Reynolds number of the jet is Re = 1.57 × 106. The radial and longitudinal dimensions of the smallest cell of the
computational domain are given by (∆r)min = 0.002 and (∆x)min = 0.0126, respectively, again in dimensionless form.
This cell is located in the shear layer of the jet, at the entrance of the computational domain. The number of points in the
azimuthal direction is Nθ = 180. The mesh domain is composed by 14.4 million points. The present mesh reproduces
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well the main geometric characteristics of the reference grid (Mendez et al., 2010).
Data are extracted, for the present study, after the simulation has run for 35 dimensionless time units. For the current

jet exit velocity of Mj = 1.4, the simulation time represents approximately 4 flow-through times. One flow through time
is the time for a particle to cross the entire domain from the jet entrance to the domain exit. The reader should remember
that, as TR = 1 and aj = a∞, the characteristic time in the present work is equal to that reported in the work of Mendez
(Mendez et al., 2010). The preliminary simulation is performed in order to achieve a statiscaly stationary flow. After the
flow initialization process, the simulation is run for more 40 dimensionless times, in which data are extracted each 0.02
dimensionless time in order to calculate time averaged properties.

Figure 3 presents a lateral view of the time averaged axial component of velocity of the jet. The black solid line
displays the potential core where the axial component of velocity reaches 95% of the axial jet velocity at the inlet, Uj .
One of the most important characteristic of the jet is the length of the potential core. In the present work, the dimensionless
potential core length is equal to 5.57, which is much lower than the numerical and experimental references displaying 8.35
and 9, respectively. However, the author decided to use this simulation as a benchmark for the DMD process presented in
the next section. Figure 4 illustrates a comparison of profiles of averaged axial component of velocity at different positions
to the inlet domain. The present results, blue line, are compared with the numerical simulation of Mendez et al. (2010),
dashed line, and the experimental data of Bridges and Wernet, square points (Bridges and Wernet, 2008). One can notice
that the current simulation correlates well with the references until X = 2.5D. The current study has presented to be very
dissipative as the jet get closer to the output domain.

Figura 3: Lateral view of the averaged axial velocity component

(a) X=0.5D (b) X=2.5D (c) X=5.0D (d) X=10D

Figura 4: Profiles of averaged axial component of velocity along the X coordinate

The evolution of the averaged axial component of velocity along the centerline and the lipline is illustrated in Fig.
5. As discussed before, one can observe that the simulation is over dissipative. The core of the jet is much smaller than
the one that can be seen in the references. The 2nd-order scheme used in the present simulation is very dissipative for
coarse meshes, such as the one used for this preliminary study. For furture work, the authors will use a very refined grid
and more sophisticated SGS closures, such as the Vreman model (Vreman, 1995; Vremant et al., 1995) and the dynamic
Smagorinsky model (Moin et al., 1991).

9. DYNAMIC MODE DECOMPOSITION RESULTS

We computed the streaming version (Hemati et al., 2014) of the Total-Least-Square DMD algorithm (Hemati and
Rowley, 2015) on a plane data extracted during large eddy simulations in its implicit form. This domain contains the jet
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(a) Centerline (b) Lipline

Figura 5: Averaged axial component of velocity along the centerline and lipline

(a) (b)

(c)

Figura 6: DMD spectra regarding (a) the eigenvalues µ of A, (b), the eigenvalues of the DMD modes λ and (c), the initial
amplitude of the DMD modes ‖θ1‖. In (a) and (b), the symbols are colored by the mode amplitude ‖θ1‖.

entrance, the potential core and the near field of the jet. By doing so, the results should include the aerodynamic structures
as well as the generated acoustic waves. We retained every 75th snapshot corresponding to a ∆t = 0.0325. A number of
256 snapshots without substracting the mean has been considered. The streaming version of the DMD algorithm includes
a compression step of the snapshots, allowing to choose the number r0 (r0 < m−1) of computed spatial dynamic modes.
For the present preliminary test, the authors chose r0 = 100.

Figure 6 displays three different ways of reprensenting the DMD spectrum. In Fig. 6(a), the eigenvalues of the DMD
linear operator A are shown. They are nearly all located on the unit circle suggesting that most of DMD modes are
neutrally stable. The symbols are colored by the initial amplitude of the DMD modes ‖θ1‖. The choice of this parameter
to differentiate the modes comes from Eqs. (26) and (32). It has also been taken into account by Sayadi et al. (2013). Four
modes displaying a high amplitude have been selected. Mode 1 is the most amplified mode corresponding to the mean
flow, while the other modes are unsteady and possess a complex conjugate, symmetric with respect to the axis Im(µi) = 0.
The growth rate of each mode σi is plotted versus the frequency ωi in Fig. 6(b). It appears that the most unstable modes
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(σi > 0) are not necessarily the most amplified regarding ‖θ1‖. Figure 6(c) represents the most amplified mode as a
function of the strouhal number. The reader should note that the frequency of Mode 2 coincides with the experimental
pressure peak observed by Bridges and Wernet (2008), and also by Jovanović et al. (2014).

Figura 7: Averaged axial velocity component of the steady mode 1. The black line defines the potential core limits.
Contours are the same as in Fig. 3.

The averaged axial velocity component of the steady mode 1 is shown in Fig. 7 using the same contoured of Fig. 3
displaying the LES mean flow. The mode has been reconstructed by multiplying with its initial amplitude ‖θ1‖. A very
good agreement is found regarding the potential core lentgh as well as the contour levels even if the sample rate and the
number of snapshots are different.

(a) Mode 2

(b) Mode 3

(c) Mode 4

Figura 8: Visualizations of the density contours for the real part of the mode 2 (a), the mode 3 (b) and the mode 4 (c).

Finally, real part of the modes 2, 3 and 4 are displayed in Fig. 8 through density contours. As expected, they all
show vortical structures and acoustic waves with a wavelength depending on the DMD mode frequency. The higher ωi
is, the smaller are the vortical structures and the acoustic wavelength. Moreover, different authors argue the entrance of
vortical structures at the end of the potential core influences the acoustic far field. This phenomenon could be analyzed
by animating the mode, taking into account its imaginary part.

Future work will deal with the flow reconstruction considering the most relevant DMD modes. Similarly, acoustic
predictions using the Ffowcs Williams and Hawkings analogy or the calculation of the acoustic sources will be performed
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and compared with the large eddy simulation results.

10. CONCLUDING REMARKS

The present work is concerned with the study of aerodynamics and aeroacoustics of a perfectly expanded supersonic
jet flow. A large eddy simulation (LES) formulation for compressible flows, based on the System I set of equations, is used.
The Smagorinsky subgrid scale model is considered in the present effort. A 2nd-order centered method and a 5-stage, 2nd-
order Runge-Kutta time integration scheme are used in the present study. Simulations are performed in a multiprocessor
environment with the help of MPI protocols. In parallel, a dynamic mode decomposition algorithm was chosen to provide
more information about the jet dynamics. Main axial velocity characteristics are extrated from the simulations and present
a good agreement with the numerical and experimental reference work near the inlet region. However, this is not the case
when the jet moves away from the domain entrance, the potential core length is clearly underestimated. Such behavior is
expected since the low order numerical scheme used would require some quite extensive mesh refinements.

A preliminary DMD analysis has been performed by extracting a 2-D data plane from the LES results. Considering
the high complexity of the supersonic jet flow, fairly good results are obtained regarding the references. In the future,
dynamic mode decomposition of a three dimensional snapshots sequence will be performed. And the flow reconstruction
based on the dominant extracted modes will allow the calculation of all the acoustic sources. It will then be interesting to
analyze the contribution of each important mode in the directivity pattern.
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