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Abstract: This work develops a three-dimensional mathematical model able to predict the flow in all layers of the DEFC.
In addition, the model estimates the operating voltage of the cell considering all losses overpotentials, which are obtained
from the parameters of the cell and of the flow in the channel, in the diffusion layer and in the surface of the electrocatalyst.
A code in Fortran90 was developed for the solution of the three-dimensional mathematical model. The finite difference
method was used for the discretization, and the numerical simulations were realized using the simplified three-stage
Runge-Kutta method. Obtained results are in agreement with experimental data found in the literature for various cell
operation temperatures. In this way, this work contributes with the development of a model for DEFCs taking into account
all losses overpotentials, providing a better understanding of the physical and chemical behavior within the cell.
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1. INTRODUCTION

There is growing interest in renewable energy sources worldwide. Concerns about global warming and energy genera-
tion that is not fully dependent on petroleum has taken attention of researchers. Many of these sources can be continuously
produced, such the biofuels. Alternative sources such as the hydric, solar and eolian have been used for energy production;
however, these sources do not have complete confidence and in some cases have high cost of implementation. In the case
of biofuels, great expectations exist about its use as alternative fuels. A device able to utilize more efficiently the energy of
biofuels is the fuel cell. The fuel cell is an electrochemical device capable of converting chemical energy of fuel directly
into electrical energy. Ethanol is an attractive fuel for use in fuel cells for automotive and electronic applications. Much
of the work performed have focused on the use of hydrogen and methanol in fuel cells. One of the main advantages of
the ethanol in relation to methanol and hydrogen, is the pre-established infrastructure compared to hydrogen and the low
toxicity as compared to methanol.

Mathematical models are needed to optimize the design of fuel cells for development of power systems. To understand
and improve the performance of DEFC systems, several mathematical models have been proposed to estimate the relation
between voltage and current density (Le et al., 2010). However, most of the work reported in the literature employ
one-dimensional models to estimate the flow in the different layers of DEFC (Abdullah et al., 2014). In a recent paper,
Abdullah et al. (2014) made a review of direct ethanol fuel cell and reported that they found just one work (Sarris et al.,
2006) focused on three-dimensional models. Therefore, among the major advances in the development and improvement
of DEFC cited by Abdullah et al. (2014), there is the urgent need to develop a multi-phase and a multi-dimensional
mathematical model that can capture the complex physical and chemical behavior of real DEFC systems. Thus, this work
proposes a three-dimensional model for calculating the flow in all layers of the DEFC.

2. ELECTROCHEMICAL REACTIONS INSIDE THE DEFC

A DEFC follows the most basic form of proton exchange membrane fuel cell (PEMFC), that is: at the anode a fuel
is electrochemically oxidized and generates protons and electrons, while at the cathode oxygen is reduced (Lamy et al.,
2009). A catalyst PtRu/C is used at the anode and Pt/C at the cathode (Pramanik and Basu, 2010). The most common
membrane used is the NAFION, produced by Dupont. The electrochemical reactions that take place inside the cell are
given by:

C2H5OH + 3H2O(l) → 2CO2 + 12H+ + 12e− at the anode, (1)

3O2 + 12H+ + 12e− → 6H2O(g) at the cathode, (2)

corresponding to the overall reaction

C2H5OH + 3O2 → 2CO2 + 3H2O. (3)

The complete oxidation of ethanol in carbon dioxide is complicated by the difficulty in breaking C-C bonds, forming
intermediates which are adsorbed on the catalyst surface. Goel and Basu (2015) proposed three elementary steps for the
electro-oxidation of ethanol, as follow:

C2H5OH + Pt→ (C2H5OH)ad,Pt → (CH3CHO)ad,Pt + 2H+ + 2e− (4)
3H2O + 3Ru↔ 3(OH)ad,Ru + 3H+ + 3e− (5)
(CH3CHO)ad,Pt + 3(OH)ad,Ru → 2CO2 + 7H+ + 7e− + Pt+ 3Ru. (6)



In the Fig. 1 is shown the DEFC modeled in this work. The mixture of ethanol and water is inserted into the anode
side, which reacts to form carbon dioxide, protons, and electrons. The protons pass preferably to the cathode through the
membrane and the electrons through an external circuit, providing a difference of potential. On the cathode side, the air
reacts with the protons and electrons formed at the anode to produce water vapor (Al-Baghdadi, 2005).

Fig. 1: Schematic diagram of three-dimensional DEFC

3. THREE-DIMENSIONAL MATHEMATICAL MODEL

For both anode and cathode, the equations have the same form. The fundamental equations are the continuity, mo-
mentum, and species conservation. These equations are written as:

3.1 Continuity equation:

∇ · u = 0. (7)

3.2 Momentum equation:

ρ
∂u

∂t
+ ρu · ∇u = −∇p+ µ∇2u+ ρSu, (8)

where ρ is the density, ui is the velocity in the direction i, with i = 1, 2, 3, µ is the viscosity and p is the pressure. Table 1
shows the source term Su, where εd and εc are the porosities of the diffusion layer and of the catalyst layer, respectively,
and k is the permeability. The fluid velocity in the diffusion and catalyst layers is described by Darcy’s law (Liu and
Wang, 2007).

Table 1: Source term Su.
flow channel diffusion layer catalyst layer

Su 0 −εd
µ

k
u −εc

µ

k
u

3.3 Species equations:

Each species k satisfies an equation of type

ρ
∂Xk

∂t
+ ρu · ∇Xk = ρDeff

k ∇2Xk + Sk, with
∑
k

Xk = 1. (9)

where Xk is the mole fraction of species k, Deff
k is the effective diffusion coefficient and Sk is the sources term. The

Table 2 and the Table 3 present the source term Sk, where ja and jc are the current density in the anode and cathode,
MEtOH , MH2O, MO2

and MCO2
are the molecular weights of ethanol, water, oxygen and carbon dioxide, respectively.

The source term, Sk, is zero in the channels and in the diffusion layer.
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Table 2: Source term Sk at the anode catalyst layer.
ethanol water carbon dioxide

Sk −MEtOH

2F
ja −MH2O

F
ja

2MCO2

7F
ja

Table 3: Source term Sk at the cathode catalyst layer.
oxygen water

Sk −MO2

4F
jc

MH2O

2F
jc

The pressure comes from the Poisson’s equation, which results from the derivative of the momentum equations in
three dimensions. Similar results to pressure can be obtained from the equation

∂p

∂t
+ ρc2

∂u

∂x
= 0, (10)

where c is the speed of sound in the medium.

4. CELL VOLTAGE

One of the reasons of fuel cells modeling is to determine why the effective voltage differs from the thermodynamically
predicted theoretical voltage. The overall cell voltage can be obtained using the following relationship:

Vcell = E0
cell − (ηact + ηohm + ηcon), (11)

where ηact are the losses due to activation, ηohm are the losses due to ohmic resistance, ηcon are the losses due to
concentration, Vcell is the cell voltage, and E0

cell is the reversible voltage of DEFC (∼1.14 V ).
The modified Butler-Volmer equation is used for determining the electrochemical reaction rate of electro-oxidation of

ethanol in the anode catalyst and the reaction rate of oxygen reduction at the cathode catalyst (Pramanik and Basu, 2010;
Andreadis et al., 2006, 2008; Colmati et al., 2006; Bard et al., 2001; Heysiattalab and Shakeri, 2011):

ja = j0
XEtOH

X ref
EtOH

exp

(
αanF

RT
ηa

)
, (12)

jc = j0
XO2

X ref
O2

exp

(
αcnF

RT
ηc

)
, (13)

where j0 is the exchange current density (at the anode and cathode), XEtOH is the ethanol mole fraction in the catalyst
layer, X ref

EtOH is the reference ethanol mole fraction, XO2
is the mole fraction of oxygen in the catalyst layer, X ref

O2
is the

reference oxygen mole fraction, αa is the anode transfer coefficient, αc is the cathode transfer coefficient, n is the number
of electrons transferred, F is the Faraday constant, R is the universal gas constant, T is the temperature, ηa is the anode
overpotential and ηc is the cathode overpotential.

4.1 Activation overpotential:

The relation between activation overpotential and current density at the anode is reported in the work of Pramanik and
Basu (2010), and is given by:

ηact,a =
RT

αanF
ln[ja(XEtOHXH2O)

−0.25], (14)

where XH2O is the water mole fraction in the catalyst layer. The losses by activation at the cathode can be obtained from
Tafel equation (Abdullah et al., 2015; Yuan et al., 2009; Farhat, 2004), resulting in:

ηact,c =
RT

αcnF
ln

(
jc
j0

)
. (15)

4.2 Ohmic losses:

The ohmic loss is caused by the resistance to electron flow through the electrode, through the external circuit and due
to the resistance to proton transport through the membrane. The ohmic losses can be written as

ηohm = ja
tm
σm

, (16)

where tm is the thickness of membrane, and σm is the ionic conductivity for fully hydrated PEM, given by (Goel and
Basu, 2015):

σm = 1268σref
m

(
1

Tref
− 1

T

)
. (17)
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4.3 Concentration overpotentials:

The model equation for concentration overpotential at the anode and cathode is given by, respectively (Pramanik and
Basu, 2010; Abdullah et al., 2015; Andreadis et al., 2008):

ηcon,a =

(
RT

αanF

)
ln

(
ja

j0(1 + ja)

)
, (18)

ηcon,c =

(
RT

αcnF

)
ln

(
jc

j0(1− jcN)

)
. (19)

The parameters used for solving the model equations for DEFC are listed in the Table 4.

Table 4: Parameters used in the model of the DEFC at 315K.
Parameter Unit Present model Reference
kO2

cm2 1.76×10−7 Ge and Liu (2006)
kH2O cm2 1.0×10−7 Ge and Liu (2006)
µO2 g cm−1s−1 2.05×10−5 Ge and Liu (2006)
µH2O g cm−1s−1 4.061×10−9 Suresh and Jayanti (2011)
R J mol−1 K−1 8.3144 Pramanik and Basu (2010)
F Coulomb mol−1 96,487 Pramanik and Basu (2010)
σm S cm−1 0.1416 Abdullah et al. (2015)
tm cm 0.00145 Pramanik and Basu (2010)
tc cm 0.001 Suresh and Jayanti (2011)
εd dimensionless 0.65 Suresh and Jayanti (2011)
εc dimensionless 0.4 Kareemulla and Jayanti (2009)
αa dimensionless 0.08 Suresh and Jayanti (2011)
αc dimensionless 0.1 Pramanik and Basu (2010)
j0 mA cm−2 0.03 Pramanik and Basu (2010)
n dimensionless 12 Eq. (1)
N dimensionless 3.857×10−13 Pramanik and Basu (2010)
MH2O g mol−1 18.01528 Pramanik and Basu (2010)
MEtOH g mol−1 46.06844 Memming and Bahnemann (2015)
MCO2

g mol−1 44.01 Memming and Bahnemann (2015)

5. NUMERICAL RESULTS

A code in Fortran90 was developed for the solution of equations (7), (8) and (9), as shown in the Fig.2.
The finite difference method was used for the discretization of the derivatives. The mesh employed to obtain the

numerical results contains 50×100×100 cells. The Fig. 3(a) refers to a cut in the middle of the fuel cell and shows the
contour lines of velocity, for ethanol flow rate of 1.0 ml min−1 and pressure of p = 1 bar at the anode. The flow is laminar
in all layers of the cell, having decrease of velocity at the end of the input channel until to the beginning of the output
channel. This behavior is expected because the diffusion layer has larger area compared to that of the channels. The fluid
follows a parabolic profile in practically all channel. Fig. 3(b) shows a zoom of the contour lines at the beginning of the
diffusion layer and at the end of the input channel, with the velocity vectors for better visualization of the flow direction.

Figure 4 shows the mole fraction of ethanol, water and carbon dioxide for two different current density values. The
ethanol and water react to form the product carbon dioxide. These results show that the diffusion layer contributes to
resistance of the total mass transfer. The mole fraction of ethanol and water remain constant along of the input channel,
and decreases in the diffusion layer and on the catalyst surface. Similarly, the mole fraction of carbon dioxide present
higher formation on the electrode surface, where the electrooxidation reactions take place.

Finally, the Fig. 5 shows the current density versus cell voltage for feed of 1 M ethanol concentration for two different
cell temperatures at the anode and cathode. In the first test case is considered the temperature of 315K at the anode and
cathode and in the second case the temperature is 363K at the anode and 333K at the cathode. Fig. 5 also shows the
cell voltage increase with the increase of temperature for given values of current density. Obtained results are in good
agreement with experimental data given by Pramanik and Basu (2010).

6. CONCLUSIONS

In this work, it was developed a three-dimensional model for direct ethanol fuel cells. The reactive flow was sol-
ved based on the Navier-Stokes equations for the flow, and for the mass fraction of each species, considering losses
overpotentials for anode and cathode sides. The discretization of reactive flow equations was done based on the central
finite difference method, and these equations were integrated in time using the simplified three-stage explicit Runge-Kutta
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Fig. 2: Structure of the code in Fortran90.

(a) Contour lines. (b) Zoom.

Fig. 3: Velocity contour lines inside the cell (anode side).
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(a) Ethanol and water mole fractions. (b) Carbon dioxide mole fraction.

Fig. 4: Mole fraction of ethanol, water and carbon dioxide for cell temperature of 373 K, ethanol feed concentration of
1 M, and ethanol flow rate of 1.0 ml min−1.

Fig. 5: Current density versus cell voltage for two cell temperatures and 1 M ethanol concentration.

scheme. Obtained results are in agreement with experimental data found in the literature for two different cell tempera-
tures. As most of the work found in the literature is focused on one-dimensional fuel cell models, this work contributes
with the development of a three-dimensional mathematical model for direct ethanol fuel cells considering all losses. Mo-
reover, it is shown the mole fraction variations for ethanol, water and carbon dioxide in front of the membrane, what is
not frequently found in the literature.
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