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Abstract. This work addresses the inverse heat conduction problem to estimate a spatially and time varying heat flux
imposed to a thermally thin plate within the Bayesian framework, employing the Markov Chain Monte Carlo method. In
order to allow for the computer intensive task required by the inverse problem solution, the physical problem is modelled
thorough a lumped formulation across the sample thickness, and the resulting differential equation is solved by means of
the hybrid analytical-numerical methodology known as the Generalized Integral Transform Technique. The inverse
problem solution considers simulated transient measurements on the plate surface, as obtainable, for instance, through
an infrared thermography system. Different Markov Random Fields priors are combined and analyzed for the estimation
of the heat flux with variation in time and space: a total variation density and a Gaussian smoothness density. We also
propose a combination of both, using a total variation prior for the space regularizations and a Gaussian smoothness
variation for time regularization. The preliminary results obtained indicate the feasibility of the proposed approach,
specially the combination of the total varation and Gaussian smoothness priors, which yielded the best results.
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1. INTRODUCTION

The inverse heat conduction problem of estimating boundary heat fluxes or internal heat sources has caught the
attention of many researchers along the last three decades, at least, mainly driven by the numerous practical applications
in different fields: fatigue (Doudard et al, 2010), microreactors (Pradere et al, 2006), detection of tumors ( Mital and
Scott, 2006), scanning transparent objects (Eren et al, 2009) and detection of objects with occurrence of corrosion
(Marinetti and Valivov, 2010) as well as many other applications. Without the pretension of performing an extensive
literature review within this topic, we may cite some early works for the simultaneous estimation of location and time
variation of strength in plane heat sources employing the conjugate gradient method in a plate (Silva Neto and Ozisik,
1993; Silva Neto and Ozisik, 1994) and cylindrical rods (Su and Silva Neto, 2001). Later, the development of non-
intrusive temperature measurement systems with high space resolution and acquisition frequency, such as infrared
thermography systems, brought a renewed interest to these works, for example aiming at the identification of multiple
heat sources (Le Niliot and Lefévre, 2001). More recently, with the propagation in engineering applications of efficient
sampling methods, such as the Markov Chain Monte Carlo (MCMC) within the Bayesian inference approach (Kaipio and
Sommersalo, 2004), more involved problems could be dealt, such as the space and/or time variable boundary heat flux
estimation employing prior models derived from the Markov Random Fields theory (Wang and Zabaras, 2004; Orlande et
al , 2014).

Regarding very recent technological applications, the continuous demands for miniaturization of electronic equipment
and consequent increase in heat dissipation needs led to intense research on the thermal management of those devices,
with special attention to the remediation of hot spots (Hetsroni et al, 2001; Bar-Cohen and Wang, 2012). In this case, the
accurate reconstruction of the boundary heat flux in electronic chip packaging, including the space and time variation of
strength, employing external non-intrusive measurements, becomes of paramount relevance (Chen and Hsu, 2007; Chen
and Yang, 2007; Cheng and Chen, 2010). In this context, this article deals with the inverse heat conduction problem to
estimate a spatially and time varying heat flux within the Bayesian framework employing the Markov Chain Monte Carlo
method. In order to allow for the computer intensive task required by the inverse problem solution, the physical problem
consisting of a thermally thin plate with imposed spatially and time varying heat flux is modelled thorough a lumped
formulation across the sample thickness (Cotta and Mikhailov, 1997), and the resulting differential equation is solved by
means of the hybrid analytical-numerical methodology known as the Generalized Integral Transform Technique (GITT)
(Cotta, 1993). The inverse problem solution considers simulated transient measurements on the plate surface, as
obtainable, for instance, through an infrared thermography system. Different Markov Random Fields priors are combined
and analyzed for the estimation of the heat flux with variation in time and space: a total variation density and a Gaussian
smoothness density. We also propose a combination of both, using a total variation prior for the space regularizations and
a Gaussian smoothness prior for time regularization.
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2. FORWARD PROBLEM

Consider a thin plate with a prescribed heat flux g(x,y,t) at z=0, and exchanging heat with the environment at the
opposite face, z=L,, as schematically shown in Figure 1. The heat conduction equations modeling this problem,
including initial and boundary conditions neglecting losses through the borders, are given by:

cpM:kva(x,t), xeV, t>0 -
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T(x,0)=T, .

If one further assumes that the flux is constant through the lateral direction of the plate, vy, i.e. q(X,vy,t) =q(x,t), the
diffusion term on the direction y can be neglected. Moreover, if the Biot number calculated over the direction z is

sufficiently low, it is reasonable to consider a lumped formulation (Cotta and Mikhailov, 1997) across this direction, as
further detailed in (Knupp et al, 2012). With these assumptions, the following simplified mathematical model can be
employed:
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where p is the plate’s specific mass, c, its specific heat, k its thermal conductivity, T, is the room temperature and

e anias

the h is the heat transfer coefficient.

q(x,t)

Figure 1. Schematic of the physical problem.

In order to solve the problem given by Egs. (2a-c) we first propose a filter to reduce the importance of the equation
source term, in the form:

T(x,t) =T, +T (x1t) (3)

yielding:
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Following the formal solution procedure via the Generalized Integral Transform Technique (Cotta, 1993), the
following eigenproblem is proposed, obtained from the direct application of separation of variables to the homogeneous
version of the problem given by Egs. (4a-c):

2
kd l//iz(x)
dx
al//i(x)| _ a‘//i(x)| -0

6X |x:0 aX | L

X=

+{pcpﬂi2 _Lljl//i (x)=0, xe[0,L] (5a)

Z

(5b)

which allows for explicit exact solution for the eigenfunctions w,(x) and the corresponding eigenvalues /. Then, based
on the orthogonality property of the eigenfunctions, the following transform-inverse pair can be stated:

Transform: T."(t) = _[ PC,T7 (X, )7, (x)dx (6a)
Inverse: T"(x,1) =i¢i T ) (6b)

where 7 (x) are the normalized eigenfunctions, calculated as:

l/7i (X) = Ni1/2
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Operating on Eq. (4a) with I(/?i (x)(+)dx , making use of the boundary conditions in Egs. (4b) and (5b), and operating
0

LX
on the initial condition, Eq. (4c), with .[pcpzpi (x)(-)dx yields the following transformed problem:
0
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where the transformed source term @, (t) is given by:
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Once q(x,t) is the function to be estimated, the integration given by Eq. (8c) must be calculated for each trial

function qg(x,t) proposed within the inverse problem solution. In order to avoid costly numerical integrations in the
iterative analysis of the inverse problem solution, a semi-analytic integration is proposed:

7,000 =" [ 7,006, (x.tydx ©)
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where ¢, (x,t) are simpler representations of the source term, defined in the sub regions [x, ,,X,] for which analytical
integration of the eigenfunctions is still obtainable. In this work we consider the discretization of the source term in M
subdomains and consider a linear representation in each sub-domain, allowing for analytical integration employing
symbolic computation (Wolfram, 2005).

Even though in principle the transformed problem given by Egs. (8a-c) allows for analytic solution, the transformed
source term @, (t) also presents unknown time variation, to be estimated within the inverse problem, and numerical
integration in time would be required. Hence, the NDSolve routine of the Mathematica system (Wolfram, 2005) was
employed to numerically handle Problem (8), yielding solutions for the transformed temperatures T,"(t), with
i=12,.., N where N isthe truncation order chosen in the inverse formula, Eq. (6b), for the desired accuracy. Finally,
the inverse formula is employed, together with the filter, to yield the solution for the desired potential T(x,t) at any
desired position x and time instant t .

3. INVERSE PROBLEM

In this work the inverse problem was formulated in order to estimate the boundary heat flux q(x,t) by using transient

measurements taken at the surface in z = L,, considered to be taken through an infrared thermography system, where the
spatial temperatures are taken at discrete points of the surface (pixels) over a grid with center points x; = iAx, i=1, ..., N;,
where N; is the total number of measurements in the space domain with intervals by AXx = L,/ N;. The vector of
measurements can be written as:

Y =(f YY) (10

where Yj ., 1=12,..N,, contains the measured spatial temperatures at each acquisition time instant ;. That is:

Yi =(Y o Yiz o Vi) (11)

so that a total of D = N; N; measurements are available.
The sought heat flux q(x,t) was discretized over a grid with NP=NP;xNP; nodes, yielding NP parameters to be

estimated, q;, i=12,..,NR, j=12,..,NR, corresponding to g; =q(xt;). Hence, the following vector of sought
parameters can be written:

P = [0, 0y o | (12)

In the present work the inverse problem is solved through the Bayesian framework (Kaipio and Sommersalo, 2004), in
which the Bayes’ theorem is employed to combine the new information (measurements) with the previously available
information (prior). In this case, the inverse problem solution is the posterior probability density, which can be written as:

z(P)x(Y|P)

o 13)

7T posterior (P) = ﬂ(P |Y) =

where 7 ... (P) is the posterior probability density, z(P) is the prior density, ;z(Y|P) is the likelihood function and

7(Y) is the marginal probability density of the measurements, which acts as a normalizing constant. In order to draw
samples from the posterior distribution, the Metropolis-Hastings algorithm (Kaipio and Sommersalo, 2004) is employed
in this work. The implementation starts with the selection of a proposal distribution p(P",P®™®) , which is used to draw a

new candidate, P*, given the current state of the Markov chain, P*™ . Starting from an initial state P, then the
following steps are repeated:

1. Sample a candidate P* from the proposal distribution p(P",P®™).
2. Calculate the acceptance factor:

R:min[l (P |Y) p(P™,P") } (14)

(PP 1Y) p(P”,PCY)
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3. Generate a random value U sampled from a uniform distribution in the intercal [0,1].
4.1fU < R, set PO =pP” . Otherwise, set P® =ptD
5. Return to step 1.

Hence, a sequence of samples is generated to represent the posterior distribution and inference from this probability
distribution is obtained from the samples {P(O),P(l),P(Z),...,P(")}, where the first n, states before the equilibrium

distribution is achieved must be discarded (the burn-in period).

In order to calculate the acceptance factor in the iterative procedure described above, expressions must be available
for the likelihood function, 7z(Y|P), and the prior density, z(P), in Eg. (13). Considering the measurement errors are
additive and follow a normal distribution with zero mean and covariance matrix given by W, the likelihood function can
be written as:

2(Y|P) = (27) ™% |W| " exp {—%[Y -0(P)[ Wl[Y-G)(P)]} (15)

where @(P) is the vector containing the solution of the direct (forward) problem, Egs. (3a-i), at the same locations and

time instants of the available measurements, employing the values of P .

In order to model the prior density, besides considering a positivity constraint for the heat flux in all cases, two
different Markov Random Fields priors are examined: a total variation density and a Gaussian smoothness density. The
total variation prior is given in the form:

7(P) o exp{—%TV (P)} (16)
where, for the present case,

NP, -1 NR, -1

TVP) =X 3% AtfJa0.t) = a0...t)|+[alx ) -alx.t)] |+ -
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The Gaussian smoothness density considered in this work can be written as:

7(P) o exp{—gz[ >[40t -a0x .t-)ﬂ—%Z[ > [a0x.t,.) -a(x .t»)]zﬂ (18)

j=1| i=1 i=1| j=1

Finally, considering the combination of the total variation prior for regularization in the space domain and the Gaussian
smoothness prior for regularization in the time domain, the following prior model is considered:

NP —1NR -1

ﬂ(p)mexp{_g > At[|q<xi,tj)—q(xi+1.tj)|+|q(xi,t,-)—q<xiu,—)l]—%z[i [q(xi,t,»ﬂ)—q(xi.t,»)fﬂ (19)

i2 =2 =] =t

4. RESULTS AND DISCUSSIONS

For the test case examined in this work it was considered a plate with lateral dimensions of 80x80mm and 1.5mm
thickness. A material with relatively low thermal conductivity was chosen, as typical in electronic chip packaging (

k=0.2W/mK and pc, =7.2 x10°J/m°K). The heat transfer coefficient was chosen as h =15W/m’°K , typical of natural

convection, with T_ =20°C. In order to present a challenging test case for the sought heat flux q(x,t), it was considered
a function with two abrupt transitions in space and smooth variation in time, given by Eq. (20) and illustrated in Figure 2.

1000)sin [Lt)
q(x,t) = 3000

0; elsewhere

:x < 0.02;x > 0.06 (20)
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Figure 2. Test case considered, q(x,t).

The sought heat flux q(x,t) was discretized over a grid with 30x30 nodes, yielding NP = 900 parameters to be
estimated, ¢;, i=12,..,30, j=12,..,30, corresponding to q; =q(x;t;) . The sub-regions defined by these nodes in
the space domain are employed for the semi-analytic integration, Eq. (9). For the inverse problem solution, experimental
data were simulated as obtained through an infrared thermography system at the face z=L,, considering 50

measurement points in space, from x=0 to x=0.08m, and 50 measurements in time, up to t =3000s , yielding a total
of 2,500 measurements. The simulated experimental data were obtained by calculating the exact analytical solution via
the Classical Integral Transform Technique (Mikhailov and Ozisik, 1984) employing the exact heat flux, Eq. (20), and
adding noise with a Gaussian distribution with zero mean and o =0.7°C standard deviation. Regarding the Markov
Chain Monte Carlo method, in all cases here presented the proposal density was considered as a uniform distribution,
U[RP*™ —6,P"? +4], i1=12,..,NP, with §=2.5. The length of the Markov chains was set with 100,000 states, being
the first 60,000 neglected as the burn-in period, enough for the chains to converge to the equilibrium distribution.

Table 1 presents the convergence behavior of the calculated temperatures with different truncation orders (N ) in the
summation present in the inversion formula, Eq. (6b), at some selected positions at t =100s. The solution presented with
truncation order N = 100 is converged to the five digits shown, demonstrating that with N = 15 the results are converged
to at least three significant digits. Hence, in the inverse problem solution N = 15 was employed in all cases presented.

Table 1. Convergence behavior of the calculated temperature field at t =100s .
N x=0.01 x=0.02 x=0.03 x=0.04
5 22.982 21.602 20.223 19.651
10 | 23.318 21.602 19.887 20.126
15 | 23.134 21.602 20.071 20.028
20 | 23.164 21.602 20.041 19.986
100 | 23.168 21.602 20.036 20.001

Some results are now reported for the inverse problem solution considering the three different prior models described
in Section 3, i.e. Case 1: total variation prior; Case 2: Gaussian smoothness prior; and Case 3: the combination of both,
with the total variation for regularization in space and the Gaussian smoothness for regularization in time. The
regularization parameters were empirically chosen in the first two priors in order to yield a satisfactory regularization and
the same values were repeated in the third prior model. In all cases here presented the following values were employed:
»=0.0015 and o =0.00002. Figures 3(a,b) present the estimated heat flux, together with the exact known values, for

the three prior models described above, presenting in (a) the time evolution of the flux at x =0.01m, and in (b) the flux
distribution at t =500s. A first important observation is the good results obtained in all three cases, demonstrating the
robustness of the Markov Chain Monte Carlo method in estimating heat fluxes with strength variation both in space and
time, even in the challenging test case chosen, mixing two abrupt shifts in space and a smooth variation in time. A more
careful look at these results, though, indicates that the prior model combining the total variation and the Gaussian
smoothness priors, Case 3, yielded slightly better results, closer to the exact sought flux and presenting smaller variations,
both in time and space.



Proceedings of ENCIT 2016 16" Brazilian Congress of Thermal Sciences and Engineering
Copyright © 2012 by ABCM November 07-10", 2016, Vitéria, ES, Brazil

0 ] p— -+ —————————————————————————————————
- ' — _— —
10— | :. i_"' ! ‘
1 oo R =
Fo0 ‘i )\ M - - - |
. "n
30 G <
1 r ( o)
0 - ’
-: A0 — "‘ » ‘
T 50 — rE— '
. 1 g ] 1
o 0 T 200 - ¢
I!(‘—-: - 1
worsi] 30 —
,‘!(‘—.‘1 7
10 —-: -
“a ‘ L L 5 L PR
1 )] {15 ( il ) O (X2 007 (L
% [m}
(@) (b)

Figure 3. Estimated flux: (8) g(0.0L,t); (b) q(x,500) .

In order to present a more detailed comparison regarding the estimates obtained in the three cases, Table 2 also
presents the RMS error of the estimated heat flux and the estimated temperature field, as well as the estimate of the total
energy applied to the plate, defined as:

NN, bl L

1 1 &3 2 11 2 ¢t
RMSq = __ZZ[q'J _qest,ij] ' RI\/IST Y a— |:Te><p,ij _Test,ij] ’ Q = _[ _[ J.qest (X’t)dXdydt (21&-0)
NP NP]- i1 i N; N, =9 000

=

where g is the discretization of the exact heat flux, q,; is the discretization of the estimated heat flux, g (x,t) is a
first order interpolation of the discretized estimated heat flux, T,,,; are the experimental data employed, and T, ; is the

discretized temperature field obtained employing the estimated heat flux. Observing the values of RMS error of the
estimated flux in Table 2, one confirms the impression from the results presented in Figures 3(a,b), i.e. the estimated flux
using the prior model combining the total variation for regularization in space and the Gaussian smoothness for
regularization in time (Case 3), presented the lowest value, whereas Case 1 presented the worst result. The same is true if
one compares the RMS error of the estimated temperature field, in which Case 3, together with Case 2, yielded the
temperature predictions that better fit the experimental data. Observing the estimation of the total energy applied to the
plate, Case 2 presented the better estimation, with a result very similar to Case 3. It is worth noting that even in the worst
result, in Case 1, the estimated energy is only 1.2% higher than the exact value. The acceptance ratio in the MCMC
iterative procedure, also shown in Table 2, presents a slightly higher value for Case 3, but quite similar to the others.

Table 2. Calculated parameters of the inverse problem solution.

Parameters Exact Case 1 Case 2 Case 3
RMS, [W/m?] 0 104.38 87.12 86.78
RMS, [°C] 0.70 0.98 0.85 0.85
QJ] 6111.55 6186.94 6172.24 6175.71
Acc. Ratio - 13.34% 14.34% 14.36%

Finally, Figures 4(a-c) present some more detailed results regarding the inverse problem solution with the
combination of the total variation and Gaussian smoothness for the prior model. Figure 4(a) depicts the estimated flux for
the whole spatial and time domain, confirming the good estimates obtained throughout. Figure 4(b) depicts the residuals
between the estimated temperature field and the experimental data, showing no significant signature and small
magnitudes. Figure 4(c) present the temperature profile at t =500s (estimated and experimental), confirming the model

predictions are well fitted to the measurements and, once more, confirming the low magnitude of the residuals and no
significant signature.
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Figure 4. Results for Case 3: (a) estimated heat flux; (b) residuals; (c) estimated and experimental temperatures at
t=500s .

5. CONCLUSIONS

This work addressed the inverse heat conduction problem of boundary heat flux estimation, with space and time
varying strengths, through non-intrusive temperature measurements, employing a combination of integral transforms for
the forward problem and the Markov Chain Monte Carlo method for the inverse problem. Three cases were considered,
employing different prior models derived from the Markov Random Fields theory, namely a total variation prior, a
Gaussian smoothness prior and the combination of both (total variation for regularization in the space domain and
Gaussian smoothness for regularization in the time domain). The results indicate the feasibility of the proposed approach,
with good results obtained in all three cases, but slightly better for the third case, in which the combination of the total
variation and Gaussian priors was tested. The research should now proceed towards the examination of heat fluxes with
different functional forms and temperature measurements with higher experimental error.
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