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Abstract. In this work, the physical effects of the material variability on the attenuation performance of metamaterial
beams is investigated experimentally and numerically. The additive manufacturing produces spatially correlated uncer-
tainty for the material properties, which breaks the translational periodicity affecting the wave propagation performance
of the periodic structures. The wave attenuation is analysed in the beams individually and in ensemble, and it is shown
that the attenuation bandwidth increases until an optimal disorder. After that, the band gap mistuning loses vibration
attenuation performance. In addition, it is also shown that the variability induces wave trapping, which is created by the
band gap tailoring in space and depends on the excitation location. These two interesting physical phenomena, bandwidth
widening and wave trapping, were experimentally observed in metastructures constructed from 3D printing. This study
illustrates the physical consequences of the variability on the wave propagation of metamaterials constructed in additive
manufacturing when compared to the periodic nominal design.
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1. INTRODUCTION

Metamaterials are periodic structures that have been used to control and to manipulate acoustic and elastic waves
through band gaps, i.e. frequency bands with no wave propagation (Brillouin, 1953; Lu et al., 2009; Maldovan, 2013;
Hussein et al., 2014; Ma and Sheng, 2016). In metamaterials, the band gap effect is created by Mie-type or Fabry-Perot-
type resonances due to inclusions functioning as local resonators (Liu et al., 2000; Zhu et al., 2010). In addition, 3D
printing has become one of the emerging topics in metamaterials because it allows for intrinsically complex geometry
to produce local resonators (Bertoldi et al., 2017). However, manufacturing processes introduce material and geometric
variabilities (Hague et al., 2003; Goodridge et al., 2012), which break the translational periodicity, mistuning the band
gaps of each the unit cells, and affecting the wave propagation performance in the periodic structure.

Wave-based methods have been used to calculate the complex dispersion diagram (free wave analysis) and the forced
response in the frequency domain of a finite length periodic structures. These approach is computationally more efficient
when compared to the standard full Finite Element (FE) method thus providing a suitable framework for optimization
and uncertainty analysis (Meng et al., 2019). In the past decades, the Spectral Element (SE) Doyle (1997); Lee (2009)
approach and Wave and Finite Element (WFE) method Mace et al. (2005); Mencik and Ichchou (2005); Renno and Mace
(2010) have been successfully used to model homogeneous and periodic structures. More recently, a numerical approach
based on the WFE and SE was proposed for slowly varying waveguides and near-periodic structures (Fabro et al., 2019,
2016a). Near-periodic structures are referred herein as systems where material or geometric properties vary spatially
following a deterministic function or a random field (Vanmarcke, 2010). This disruption of the spatial periodicity is
known as disorder and results in the phenomenon known as localization Anderson (1958).

In this work, further discussion is provided on the results by Beli et al. (2019), in which a set of metamaterial beams
were produced from additive manufacturing. For each beam, the local material properties could be estimated and a link
between the dynamic response and material distributions could be established such that a deeper understanding on the
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physical phenomenons produced by the variability can be set. To further understand the results, numerical experiments
are proposed in terms of phase and attenuation change assuming slowly varying changes on the resonators. It is shown
that the attenuation bandwidth can be enlarged or annihilated, in which the resonators profile play a major role and can
also lead to wave trapping phenomena.

2. DETERMINISTIC ANALYSIS BY A WAVE-BASED APPROACH

This section reviews a formulation for wave propagation in periodic structures in terms of the dynamic stiffness
of a single unity cell. Moreover, it presents a formulation introduced by Fabro et al. (Fabro et al., 2016b, 2019) for
the forced response of non-homogeneous waveguides with slowly varying properties, which is then applied for nearly-
periodic structures.

2.1 COMPLEX FREE WAVE PROPAGATION ALONG A PERIOD STRUCTURE: k(ω) EIGENVALUE PROB-
LEM

The first step is modelling the unit cell with SE (Doyle, 1997; Lee et al., 2007). An unit cell with one-dimensional
periodicity is considered where left (L), right (R) and interior (I) degrees of freedom (DOFs) are presented. The equations
of motion for the sth unit cell described on frequency domain is D̃q̂ = f̂ , where q̂ is the discrete displacement/rotation
vector composed by all degrees of freedom, f̂ is the vector of correspondent internal efforts and ( ˆ ) represents the time
harmonic description. If no external forces are applied on interior DOFs, f̂I = 0, these DOFs can be related to the left and
right interface DOFs by q̂I = −D̃−1

II (D̃ILq̂L + D̃IRq̂R) (Duhamel et al., 2006) and a condensed dynamic stiffness matrix
is obtained[

DLL DLR

DRL DRR

] [
q̂L

q̂R

]
=

[
f̂L
f̂R

]
, (1)

where DBB = D̃BB − D̃BID̃
−1
II D̃IB, with B = [L R].

By assuming the periodic structure free of external forces, the compatibility of displacements as well as the equilibrium
of internal forces at interface of two consecutive unit cells are given by q̂

(s)
R = q̂

(s+1)
L and f̂

(s)
R = −f̂

(s+1)
L , respectively.

In addition, the state vector of two consecutive identical interfaces can be related by a transfer matrix which is written in
terms of the condensed dynamic stiffness matrix as u(s+1) = Tu(s), where

T =
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]
.

If the dynamic stiffness matrix is symmetric then T is symplectic; moreover, T is ∆−periodic (∆ is the length of
unit cell), which makes this matrix invariant under a translation of length ∆ (Mencik and Ichchou, 2008). Due to the
periodicity, Bloch’s theorem can be applied to relate the state vectors of two consecutive interfaces, u(s+1) = λu(s),
where λj = e−iµj , where µj is the propagation constant. Therefore, the eigenvalue problem in becomesTφj = λjφj .

The previous eigenproblem provides 2n eigensolutions, where n corresponds to the number of DOF associated with
each interface. While the eigenvalues (λj) are associated to phase change or attenuation along the structure length, the
eigenvectors or wave mode shapes (φj) indicate the spatial distribution of the displacements and forces on the cross
section Mace et al. (2005). The wave modes appear in pairs (λ+j , φ+

j ) and (λ−j , φ−j ), which are related to the right-going
and left-going waves, respectively. Also, because D̃ is symmetric, the eigenvalues related to forward and backward going
waves are linked by λ−j = 1/λ+j . Moreover, the eigenvectors can be partitioned in displacement and force components as
φT
j = [φT

qj φT
fj ] and the right-going waves are defined such that |λ+j | ≤ 1 and <{iωφT

fjφqj} < 0 if |λ+j | = 1.

2.2 NEARLY-PERIODIC STRUCTURES WITH SLOWLY VARYING PROPERTIES

In this section, the procedure to compute the phase and amplitude change of travelling waves on nearly-periodic
structures with slowly varying properties is briefly presented, base on (Fabro et al., 2016a). Assuming a time harmonic
motion, a linear transformation can be used to relate the physical domain to the wave amplitude domain (Renno and Mace,
2010)

q̂L = Φ+
q a+ + Φ−

q a− and f̂L = Φ+
f a+ + Φ−

f a−, (2)

in terms of the positive going a+ and negative going a− wave amplitudes, and the matrices Φ±
q = [φ±

q1 · · ·φ
±
qm] and

Φ±
f = [φ±

f1 · · ·φ
±
fm] are n ×m, where n is the number of DOF in the left interface and m corresponds to the number
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of retained wavemodes. For a periodic structure, the wave modes are the same for any periodic cell while in the nearly
periodic case they depend on the position. It is assumed that the positive and negative propagation matrices for waves
travelling between 0 and L can be defined as Fabro et al. (2015)

Λ+(0, L) = diag [exp (−iθj(0, L) + γj(0, L))] (3)

Λ−(L, 0) = diag [exp (−iθj(0, L)− γj(0, L))] , (4)

where diag[·] stands for diagonal matrix, θj(0, L) is the total phase change and wave attenuation of the jth wave mode,
given by

θj(0, L) =

N∑
i=1

< [µj(xi)] + i

N∑
i=1

= [µj(xi)], (5)

with µj(xi) being the locally defined propagation constant at the position xi of the centre of the ith unity cell. Moreover,
< [µj(xi)] is related to the phase change, = [µj(xi)] is related to wave attenuation and damping and γj(0, L) is the
amplitude change caused by the non-periodic changes on the structure.

This assumption considers that negligible wave reflection occurs due to slowly varying near-periodicity. Moreover,
it is also assumed that there are no critical sections, also known as turning points in the WKB approach, which can
arise from the rapidly changing properties, due to waves cutting-on/off and due to waves veering or looking ?. It can
also be shown that this is equivalent to assuming that systems undergoes no localization (Luongo, 1992). Note that
Λ+(0, L) 6= Λ−(L, 0), unlike the periodic case. The real part of θj(0, L) is related to the phase change and the imaginary
part of θj(0, L) is related to the wave attenuation due to damping. The SE method can be used to estimate a local
propagation and respective wave modes.

Due to the slowly varying assumption, the locally defined propagation constant can be approximated to a continuously
varying function µj(xi) ≈ µj(x). This approximation can be done from a polynomial interpolation. Therefore, a
numerical scheme such as the Gauss-Legendre (GL) quadrature is used to approximate the phase change as

θj(0, L) ≈
Ngl∑
m=1

Gi< [µj(xm)] + i

Ngl∑
m=1

Gi= [µj(xm)], (6)

where Gi are the weights and µj(xm) is the jth propagation constant given at the sampling point xm, defined from the
GL quadrature, and Ngl is the number of integration points. This strategy is propose to keep the number of evaluations of
the propagation constant to a minimum and then avoid excessive computational cost.

The amplitude change due to non-periodic changes on the structure can be calculated from energy conservation for an
undamped system as a consequence of the WKB approximation (Pierce, 1970). It can be shown that the two approaches
are equivalent to the leading order of the WKB approximation (Nielsen and Peake, 2016; Morsbol et al., 2016). Therefore,
for a positive-going wave travelling from xa, with amplitude a+, to xb, with amplitude b+, assuming no damping, the
time average power transmitted through the cross-sections, at the two positions must be equal, leading to (Fabro et al.,
2019)

γj(0, L) =
1

2
log

 <
[
iωφ+H

f,i (0)φ+
q,i(0)

]
<
[
iωφ+H

f,i (L)φ+
q,i(L)

]
 . (7)

Note that, although the wave modes propagate independently, the wave mode shapes φ±
i (x) vary slowly along the

structure. It is also assumed that light damping can be included straightforwardly by calculating the complex wavenumber
kj(x) at each segment using the SE approach and then Eq. (6) is applied to calculate the total phase change and attenuation.
In the following sections, this approach is applied to both a metastructure with nearly-periodic properties. The effects of
the break of periodicity are investigated assuming slowly varying properties.

3. EXPERIMENTAL RESULTS: WAVE TRAPPING

The experimental results presented in this section have been published by Beli et al. (2019). Experimental investiga-
tions were performed in ten metastructure samples with the same nominal design in all unit cells and from which two are
considered here. The experimental set-up is described in detail in (Beli et al., 2019). The forced response measurements
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and different vibration attenuation behaviours were observed among the samples. In addition, the material properties
along the metastructure were obtained following the ultrasound experimental set-up and a significant spatial variation
among the unit cells was observed.

The effects of breaking the periodicity by correlated deterministic variability on the band gap performance is investi-
gated by selecting two cases, namely MM1 and MM4. The dynamic responses of the four samples are shown in Fig. 1(a-b),
where the green lines represent the spatial distribution of the elastic modulus and the blue lines are the band gap limits for
each unity cell.

(a) (b)
Figure 1: Dynamic response for the metamaterial beam samples: MM1 (a) and MM4 (b). Legend: experimental measurement
in 3D printing model (red), numerical simulation with FE model (black), experimental spatial distribution of elastic
modulus (green) and band gap limits for each unit cell (blue). Adapted from (Beli et al., 2019).

In the MM1, a small bandwidth (∆f ≈ 250 Hz) with deep attenuation is observed, which is related to small spatial
variation of the material properties. In the MM4, two attenuation regions (∆f ≈ 340 Hz) are observed because the spatial
distribution of elastic properties is very smooth from cells 1 to 5 and changes rapidly from cell 6 onwards and have two
distinct levels, one with E ≈ 0.4 GPa and another with E ≈ 0.7 GPa. A slowly varying change on the material properties
increases the attenuation bandwidth when compared to the rapidly change case. These experimental results show the high
influence of the spatial distribution of material properties on the band gap performance.

The experimental FRFs are also compared to standard FE numerical simulations, using the material properties esti-
mated experimentally. It can be noticed that for low frequencies and for the band gap zone, the numerical and experimental
results are in a good agreement and the FE model captures the physical behaviour involved in the disorder. The FE vali-
dation confirms that the spatial distribution of material properties is responsible for the vibration attenuation performance
of the dynamic response. The mismatch in the higher frequencies can be attributed to the simplicity of the beam model
or to ortrotopy/anisotropy of the material properties. It requires further investigations beyond the scope of this paper. The
resonator variability promotes a mistuning around the fundamental frequency which can lead, such as in phononic crys-
tals with gradient index, to Anderson/energy localization (Luongo, 1992; del Barco and Ortuño, 2012) and wave trapping
(Trainiti et al., 2018; Hu et al., 2013).

By imposing an excitation force at unit cell 0, the measurement displacement as a function of space and frequency is
shown in Fig. 2(a-b) for the two metastructures samples MM1 and MM4. A well defined attenuation in space is achieved for
MM1, the vibration localization close to the excitation occurs due the presence of a near field created by the point excitation.
However, for MM4, the resonances around the band gap are mitigated through the space which produces a wave trapping.
This effect appears because at a fixed frequency some of the resonators closer to the excitation are not absorbing energy
from the host structure and some of resonators, far from excitation, are absorbing energy from the host structure. This
effect can be explained from the change on the band gap limits as a function of the space, shown in Fig. 2(d). Moreover,
a reflection interface is created at the transition between these two regions, creating a critical section, due to the local
change from a propagating to a non-propagating wave. This is also know as a turning point (Biggs, 2012). Fig. 2(c,f)
present the displacement along the metastructure for MM1 and MM4 samples for the frequency. Excitation at each end of the
metastructure produces different vibration profiles. Excitation at cell 15 produced whole body vibration while excitation
at cell 0 produces wave trapping between unit cells 10 and 15 and concentrates the vibration energy between unit cells 0
and 10. Experimental results were validated with standard FE simulations.

4. NEARLY-PERIODIC METAMATERIAL

In this section, the variability on the resonators is numerically investigated from the phase and attenuation point of
view. It has been for this kind of structure that variability on the properties of the host beam do not affect the band gap
performance and it is unlikely to generate wave trapping (Fabro et al., 2016a). The bending stiffness properties of the I-
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(a) (b) (c)

(d) (e) (f)
Figure 2: Experimental displacement amplitude as a function of space and frequency for the samples: MM1 (a, d) and
MM4 (b, e), where the colors represent the displacement amplitude. Experimental (◦) and FE numerical (–) observation of
wave trapping by comparing the spatial displacement (c, f): MM1 at f = 1654 Hz (blue) and MM4 at f = 1632 Hz (red).
Excitation location at unit cell 0 (a-c) and at unit cell 15 (d-f). Extracted from (Beli et al., 2019).

beam and the resonators in the metamaterial beam are considered to be varying along the beam length. Recall that they are
different from the I-beam to which they are attached. The case of a deterministic variability is investigated and the effects
of the break of periodicity of the resonators in the band gap performance are analysed. For that end, a continuous function
is used to represent the spatial variability, and then the property of the cell s is given by the value of the function at the
centre of the cell xS , i.e., the Young’s modulus E(s) = E(xs). This approximation holds for slowly varying properties.

The model studied herein consists of an I-beam with periodically attached resonators. The nominal geometric dimen-
sions of the unit cell shown in Fig. 3 are la = ∆ = 16 mm, lb = 12 mm, lc = 13 mm, ld = 2 mm, le = 3 mm, lf = 5 mm,
lg = 1 mm and lh = 12 mm. The global structure has 21 cells and is made of polyamide, whose nominal properties are
shown in Table 1. These properties are slightly different from the metastructures in the previous section but their physical
behaviour should be no different. Free boundary conditions are assumed at both ends. The resonators are attached to both
sides of the web, and the additional mass due to the resonators is around 30% of the total mass of the beam.

A Timoshenko frame Spectral Element (Lee, 2009; Doyle, 1997) is used to model the resonator mass, a second one
is used to model the resonator spring, Fig. 3(a). These elements have two nodes and six degrees of freedom (DOF) per
node, three displacements and three rotations, which describe vertical bending, lateral bending, extension/compression
and torsion dynamic effects. Two elements are used to model the I-beam, with the middle node connecting the resonator
from both sides, as shown in Fig. 3(b). After the global matrix assembly and condensation of the interior nodes, a dynamic
stiffness matrix is obtained, Eq. (1), and an eigenvalue problem can be set up as presented in Section 2.. In the example
treated here, there is no need to improve the numerical conditioning.

(a) (b)
Figure 3: (a) Representation of the metamaterial unit cell with cross-section view and resonator details, and (b) SE
meshing with left, right and interior nodes.

Figure 4 shows the dispersion relations of the periodic unit cell with and without resonators. Since 2nπ ± µ, with n a
integer number, are also a solutions of the transfer matrix eigenproblem, only 0 ≤ <{µ} ≤ π, i.e. the Irreducible Brillouin
zone, is shown. From the homogeneous beam results in Fig. 4 (a), the two vertical and lateral flexural wave modes are
related to propagating (real positive part) and evanescent (imaginary negative part) waves, while the longitudinal and
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Table 1: Polyamide nominal mechanical properties of the I-beam and the attached resonators.
Property I-beam Resonator mass Resonator spring

Young’ modulus (GPa) 0.86 0.86 0.72
Density (kg/m3) 700 1000 700

Poisson coefficient 0.39 0.39 0.39
Loss factor 0.03 0.03 0.03

torsional wave modes are propagating only. For the metamaterial beam, Fig. 4 (b), it can be noticed that each wave mode
has a significant imaginary component at frequencies corresponding to the stop band around the resonator frequency. This
means that the corresponding waves rapidly decay, thus there is vibration attenuation in the band gap. Additionally, the
flexural and torsional vibration of the resonator create band gaps in the torsional and in the vertical flexural wave modes,
also inducing vibration attenuation zones.

(a) (b)
Figure 4: Complex band structure for the straight beam (a) and the metamaterial beam (b), where the positive and negative
values correspond, respectively, to propagating (real) and evanescent (imaginary) components of the wavenumbers related
to the vertical bending 1 (cyan), vertical bending 2 (green), lateral bending 1 (red), lateral bending 2 (blue), longitudinal
(yellow) and torsional (magenta) wave modes.

4.1 SPATIALLY CORRELATED RESONATORS MISTUNING

In this section, two different cases of Young’s modulus spatial variability are presented, namely cases 1 and 2, rep-
resented in Fig. 5(a). The forced response is calculated using the full SE method, i.e., each unit cell is given by an SE
assembly with constant properties and a full dynamic stiffness matrix is constructed similarly to a standard FE procedure.
The harmonic displacements of the finite structure (qG(ω)) are computed after the assembly of the global dynamic stiffness
matrix (DG(ω)) as well as by imposing harmonic external forces (fG(ω)) and boundary conditions. The assembly process
can be written as DG(ω) = AN

s=1Ds, where A is the finite element-like assembly operator for N unit cells, moreover Ds

is the condensed dynamic stiffness matrix of the unit cell described with SE. Therefore, the spectral displacements are
achieved by solving the linear system qG(ω) = DG(ω)−1fG(ω). Additionally, the slowly varying approach, described in
Section 2.2, is also used to calculate the phase and attenuation change using Ngl = 8 points for all cases and the forced
response is calculated using the approach proposed by Fabro et al. (2019). Figure 5(c-d) presents the amplitude of the
transfer receptance of the metamaterial beam with non-homogeneous Young’s modulus as shown in Fig. 5(a). It can be
seen that the slowly varying approach has a very good agreement with the full SE model, except for case (d) in the band
gap region.

It can be noticed that the band gap performance is very sensitive to the spatial variation profile and overall spatial
level of dispersion. In general, a slight increase in the level of dispersion has the effect of decreasing the level of vibration
suppression, while the spatial variability profile has the effect of changing the band gap width. This effect can be explained
from the total phase and attenuation changes, shown in Fig. 5(b). For increasing dispersion, the change in attenuation,
given by the negative axis of the figure, is smaller. However, the change in spatial variability profile affects the width of
the imaginary part. Case 2 has a larger net change of Young’s modulus than case 1. This net change has the effect of
further decreasing the level of vibration suppression but it also generates a wider bandwidth of vibration attenuation. This
variability in the Young’s modulus promotes a mistuning around the designed fundamental frequency of the resonators
therefore creating an effect similar to a rainbow metamaterial (Zhu et al., 2013). In fact, the spatial profile of the resonators
can be optimized to improve the vibration attenuation performance of the metastructure (Meng et al., 2019). The mismatch
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(a) (b)

(c) (d)
Figure 5: (a) Young’s modulus at the resonators as function of the position along the metamaterial beam and (b) phase
change (positive) and attenuation (negative) over the metamaterial beam length with variable resonators flexural stiffness
for case 1 (full line) and case 2 (dashed line). Amplitude of the transfer receptance of the metamaterial beam with periodic
(blue dotted line) and non-periodic Young’s modulus with the slowly varying approach (black line) and the full SE method
(red line) for (c) case 1 and (d) case 2.

in the amplitude of the transfer receptance from the slowly varying approach and the full SE method, Fig.5(d) suggests
that there is at the formation of at least one turning point along the beam in the attenuation frequency range, therefore
wave localization (Luongo, 1992). These numerical results confirms and broaden the explanation the experimental results
obtained by Beli et al. (2019), briefly presented in the previous section.

5. CONCLUDING REMARKS

In summary, the experimental and numerical dynamic behavior of several metamaterial beams constructed in 3D
printers were investigated by using deterministic and stochastic approaches. The additive manufacturing process induces
material property variability with spatially correlated random distributions. It is shown that depending on the level of
disorder, the attenuation bandwidth can be enlarged or annihilated; in addition, the variability can also lead to wave
trapping phenomena.

Moreover, it is shown that the spatial profile of the variability plays an important role on the vibration attenuation
performance. The phase and attenuation change over the beams length shows the presence of critical sections, known as
turning points in the WKB context, which can drastically change the frequency bandwidth and maximum attenuation of
the band gap. A critical section is created in the transition between zones of propagating and non-propagating waves at a
given frequency and they typically appear in a band around cut-on/cut-off frequencies and at the edges of wave locking
and veering.

Although the slowly varying approach is not an accurate representation of the response in the presence of critical
sections, due to the consequent wave reflections, it is still possible to investigate the vibration attenuation performance
with the phase and attenuation change analysis.
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