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Abstract. This work aims to simulate three-dimensional heavy oil flow in a naturally fractured reservoir with heater-wells.
When simulating oil reservoirs, the heterogeneities have significant relevance in the dynamics of the flow. Naturally frac-
tured reservoirs (NFRs), for example, may have different temperature and pressure settings, depending on the permeability
and porosity fields. In this work, mass, momentum and energy balances, as well as correlations for rock and fluid proper-
ties, are used to obtain the non-linear partial differential equations for the fluid pressure and fluid and rock temperatures.
The governing equations are then discretized using the Finite Volume Method (FVM) and solved along with linearization
and an operator splitting. As a consequence, three subsystems of linearized algebraic equations arise and are solved
using two different methods, the Conjugate Gradient Method and Preconditioned Conjugate Gradient Method. We also
use a grid refinement around the wellbores and the fractures to better represent the physical phenomena in those regions.
The results obtained with the governing equations for the fluid flow and the one-equation model for the heat transfer show
the suitability of heater-wells application in naturally fractured reservoirs.
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1. INTRODUCTION

For many years, the simulation of fluid flow and heat transfer in natural porous media has attracted the attention of
geoscientists and mathematicians (Mezon et al., 2018). Moreover, the growing threat of a global energy crisis, which
had begun in the 1970s, has stimulated research on renewable energies and on the use of new techniques to enhance the
hydrocarbon recovery. Since then, scientists and engineers have focused their attention to mathematical and numerical
strategies to solve problems related to reservoir engineering. In this sense, realistic numerical simulation is of great
importance for many applications such as in the oil industry and geothermal energy, to mention a few.

Petroleum reservoir is a porous media containing rock and fluids such as gas and oil. In general, we can say that
all reservoirs have fractures to some extent. Fractures occur in response to stress, and the source of such stress may
originate from several processes. These fractures often have higher permeability values when compared to the other
regions of the reservoir and, as well know, the fluid tends to flow preferably through the paths that offer less resistance.
Furthermore, we find a fraction of the world’s water and energy resources in naturally fractured reservoirs within the
earth’s crust (Jansen, 2018). Therefore, the understanding of the fluid flow behavior through the fractures is of significant
importance in geotechnical engineering and reservoir simulation, since many petroleum, gas, geothermal, and water
supply reservoirs are formed by fractured rocks (Dyrdah, 2014).

Among the phenomena that take place in the reservoir, we can highlight the heat transfer. For example, the geothermal
gradient plays a significant role in reservoir fluid properties. So, disregarding its effect might result in an error in the
forecast of oil production, mainly for reservoirs that can show significant variations in temperature with depth (Safari
et al., 2017). Taking into account the existence of fractures in heavy-oil reservoirs also makes reservoir simulation more
realistic. The challenge of the numerical simulation of these reservoirs is due to the nature of the rock with its geological
and rock-fluid properties complexity (Ezeuko and Gates, 2018), in a scenario of preferential paths for the fluid flow.

Enhanced oil recovery (EOR), or tertiary recovery, is commonly applied to extract an extra amount of oil from the
reservoir after the primary (production based on reservoir energy) and secondary (immiscible fluid injection) recoveries.
EOR techniques include chemical, miscible displacement, biological and thermal methods (Manichand, 2002), increasing
the recovery of hydrocarbons by changing the properties of the fluid. Static heaters, for instance, include different me-
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chanical structures (such as an antenna), based on microwave or electricity. The heaters are supposed to transfer thermal
energy to a specific region of the reservoir to warm-up both rock and fluid. Some authors focus their attention on the
financial reliability of the process of adding heat to specific regions in the reservoir like in Liu et al. (2019). However, in
this work, we only consider the physical effects.

In this context, this work deals with the numerical simulation of the non-isothermal three-dimensional flow of heavy
oil in a naturally fractured reservoir containing static heaters. Therefore, we take into account the geothermal gradient,
and we give special attention to the fractured regions. Mass, momentum and energy balances, as well as relations for the
determination of rock and fluid physical properties, are used to obtain the governing nonlinear partial differential equa-
tions. Next, suitable numerical methods (Finite Volume and Preconditioned Conjugate Gradient) are used to determine
the unknowns fluid pressure and temperature.

2. PHYSICAL-MATHEMATICAL MODELING

Mainly two types of fractures have been studied for scientists and engineers, production wells artificially fractured
and naturally fractured reservoirs. The first refers to a method used to enhance oil production, removing the formation
damage or even intensifying the hydrocarbon flow. Also, in this type of technique, the fissures can be created by either
acidification or hydraulic cracking. In this work, we focus on heterogeneities formed by nature (Rosa et al., 2006) (the
second type).

Over time several conceptual models have been developed for describing fluid flow in fractured porous media. The
methods differ in how they model storage and flow capabilities of the porous medium and the fracture (Dyrdah, 2014):
equivalent continuum model, dual-porosity model, multiple interacting continua model, dual-porosity dual-permeability
model, and discrete fracture model (de Souza and Souto, 2014). The last one is used by the authors to model the flow into
the naturally fractured reservoir. In discrete fracture models, we place each fracture explicitly in the numerical grid, and
we treat the system as any other non-homogeneous medium (Lampe, 2013).

Here, as in de Souza and Souto (2014), the fractures do not form a continuous conductive network, so we represent
only a few fractures but, in this case, without hydraulic communication with each other. We can consider the fractures
as being heterogeneous regions inside the reservoir having different values of permeability and porosity. Each fracture
has an aperture size and, with this value, it is possible to establish the logarithmic refinement of the grid to be used. This
is necessary because of the disparity in the length scales associated with the reservoir (km) and fractures (cm) (Praditia
et al., 2018).

2.1 Governing equations

We obtain temperature and pressure distribution in the reservoir from the resolution of the equations governing the
flow and the transfer of energy. We establish these macroscopic equations from mass, momentum, and energy balance
postulates. Therefore, the equation that describes the mass balance, in terms of the formation-volume-factor (FVF), is
given by (Ertekin et al., 2001)

∂

∂t

(
φ

B

)
−∇ ·

( v
B

)
− qsc
Vb

= 0, (1)

where φ and B are the porosity and the FVF, respectively, qsc represents a source term in standard conditions, Vb is the
total volume, and the apparent velocity is represented by the vector v, which is provided by the Darcy’s law (momentum
balance) (Ertekin et al., 2001)

v = −k

µ
(∇p− ρg∇D) , (2)

where k is the permeability tensor, p is the pressure in the reservoir, ρ is the fluid density, g the magnitude of gravity, D
the depth, and µ is the fluid viscosity. This last parameter depends on temperature and is calculated by (Heringer et al.,
2019)

µ = a exp

(
b

T − Tref,µ

)
(3)

where a, b and Tref,µ must be provided.
We also consider that the porosity and the formation-volume-factor are functions of pressure and temperature such

as (Heringer et al., 2019)
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, (4)
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and

B(p, Tf ) =
B0

1 + co (p− p0)− coT
(
Tf − T 0

f

) . (5)

where Tr and Tf represent respectively rock and fluid temperatures, with co and cφ being the compressibilities of the
fluid and rock respectively. From Eqs. (4) and Eq. (5) we see that porosity is directly proportional while FVF is inversely
proportional to the temperature.

Now, taking the partial derivative of φ with respect to p and Tr, and ofB with respect to p and Tf , and after reordering
the terms, we obtain from Eq. (1) (Lampe, 2013)

Γp
∂p

∂t
− ΓTr

∂Tr
∂t
− ΓTf

∂Tf
∂t

+∇ ·
( v
B
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= 0 (6)

where
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B0
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B

)
, ΓTr =

(
φ0cφT
B

)
and ΓTf =

(
φcoT
B0

)
, (7)

with coT and cφT representing respectively the thermal expansion coefficients of both phases (fluid and rock), and the
superscript “o” stands for the reference values.

In our development, we do not assume the hypotheses of local thermal equilibrium. Even so, there are two forms to
describe the heat transfer, as point out by Heringer et al. (2019), using a one- or two-equation models. Nevertheless, for
some range of thermal properties, both models provide correct results Heringer et al. (2019), and this applies to the case
studied in this work. Given this fact, and bearing in mind that the two-equation model demands a greater computational
effort, we use here only the one-equation model to simulate the heat transfer in the porous media. Then, we introduce an
average temperature (for the reservoir) obtained from the fluid and rock temperatures (Moyne et al., 2000):

ρcp T = φρfcpfTf + (1− φ)ρrcprTr (8)

where ρcp = φρfcpf + (1 − φ)ρrcpr is the average heat capacity of the reservoir, and the energy equation is given
by (Moyne et al., 2000)

∂

∂t
(ρcp T ) +∇ · (ρfhfv)−∇ · (K∇T )− qH

Vb
− ρfhfqsc

Vb
= 0 (9)

where the subscripts r and f denote rock and fluid, cpf and cpr are the specific heats of rock and fluid, hf = cpfTf
is the fluid enthalpy, and K represents the effective thermal dispersion tensor (we consider only the contribution due to
the thermal conductivity). The source term qH/Vb represents the increase or decrease of heat in the reservoir due to the
heaters, and ρfhfqsc/Vb represents the gain or loss of energy related to injection or extraction of fluid into or from the
reservoir.

Having introduced both mass and energy balance, it is necessary now to solve those non-linear partial differential
equations for the particular problem established. This set of differential equations is solved using the Finite Volume
Method along with linearization, operator splitting, and Conjugate Gradient methods (Heringer et al., 2019).

2.2 Initial and boundary conditions

As initial conditions, according to to Safari et al. (2017), a linear relation is used to impose the temperature value for
oil and rock everywhere in the reservoir,

T = ∇T
∣∣
0
D + 330.0 (10)

where∇T
∣∣
0

is the initial temperature gradient (equal to 0.03 K/m), D is the depth, and T is the temperature at some point
in space.

We set a pre-established value for the oil pressure (for a given depth) according to the hydrostatic gradient. Also, there
is neither mass flow nor energy transfer across the external boundaries of the reservoir so that we use Neumann boundary
conditions to represent null flux.

3. Numerical solution methodology

The Finite Volume Method is a conservative numerical method for solving partial differential equations based on a
volume integral formulation (Leveque, 2004). The domain is partitioned using a finite volume set (elements or cells)
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(Moukalled et al., 2016), and in this work, we use a structured mesh. In our case, the discretized partial differential
equations give rise to a system of coupled non-linear algebraic equations.

The domain is filled by finite cubic volumes, as shown in Fig. 1, and the faces of the finite volumes are represented by:
i− 1/2, j, k = w, i+ 1/2, j, k = e, i, j − 1/2, k = n, i, j + 1/2, k = s, i, j, k− 1/2 = b and i, j, k+ 1/2 = a, where w,
e, n, s, b and a stand for west, east, north, south, below and above. The center of the cell is P (i, j, k), and the neighbors
are represented by: i− 1, j, k = W , i− 1, j, k = E, i, j− 1, k = N , i, j + 1, k = S, i, j, k− 1 = A, and i, j, k+ 1 = B.

Figure 1. Finite volume and its neighbors.

Once we have discretized the domain, we integrate over time and space (over a finite volume) the conservative form
of the non-linear partial differential equations. After integration, we use central differences to approximate the first-order
spatial derivatives. Finally, the discretized equations for pressure and temperature contain geometrical and transmissibility
terms, which must be determined on the interface of the finite volumes, as described by Heringer et al. (2019).

3.1 Linearization and operator splitting

As already seen, the discretized equations form a system of non-linear algebraic equations which must be solved
numerically. The numerical solution strategy for the single-phase non-isothermal flow considered here predicts the calcu-
lation of each equation separately, applying an operator splitting (Dyrdah, 2014) and a Picard linearization procedure.

The linearization procedure plays an important role. Thanks to it, we can evaluate the nonlinear coefficients in the
previous iteration level. When the calculation starts, for each time step, the values of p and T are estimated in an iterative
level v and time n + 1. Next, fluid and rock properties are updated, and the pressure is calculated from the known value
Tn+1,v obtained in the previous iteration. Finally, we use pn+1,v+1, recently calculated, to update the temperature by
solving the corresponding equation, and we update all physical properties from the new values of pn+1,v+1 and Tn+1,v+1.

The main advantage of the splitting method is the reduction of the number of calculations required for each time step.
For instance, if there are N finite volumes, and we want to solve the coupled system using a fully implicit scheme, we
must solve 4N2 equations. Differently, for the uncoupled system, it can be reduced to 2N2 algebraic equations. However,
it still will demand a lot of computer memory, and the computation time might be excessive (Vennemo, 2016).

Hence, we are concerned with the numerical solution of two subsystems of linear algebraic equations, one for the
pressure and one for the temperature. Thus, for the pressure equation, we have (Heringer et al., 2019)
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where the transmissibility terms (for x-direction) are defined as:

(Φx)
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e

=

(
Axkx
µB∆x

)
e

, (Φx)
∣∣∣
w

=

(
Axkx
µB∆x

)
w

, (12)

while for the hydrostatic terms we have
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, (13)

and,
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For the temperature of the fluid, the following equation is considered (Heringer et al., 2019):
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and for the energy equations, we introduce

(Λ)
∣∣∣
w

=

(
Ax(κ)x

∆x

)
w

, (Λ)
∣∣∣
e

=

(
Ax(κx

∆x

)
e

(16)
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3.2 Numerical solution of the linear systems

The last step of the FVM consists of the solution of the set of algebraic equations, Eqs. (11) and (15). Here we chose
the Conjugate Gradient Method, a well known and efficient iterative algorithm, to solve the two subsystems of linearized
equations (Ertekin et al., 2001), knowing that the coefficient matrices are symmetric. As usual, we can put the system
structure in the following form:

Ax = d (20)

where A is the coefficient matrix, x is the unknown vector, and d is the vector of the known values.
As is well known, we can improve the CG method by reducing the condition number of the coefficient matrix (the

ratio between the largest and the smallest eigenvalue of the matrix) to a value close to one. One way to do this is to use a
preconditioning scheme, such that we reduce the spectral radius of the coefficient matrix.

There are various algorithms for preconditioning, one of them, is the diagonal preconditioning or Point Jacobi Precon-
ditioner. In this case, the preconditioned matrix P is diagonal, and it contains the diagonal elements of the matrix A. We
make null all the elements off the diagonal. Then, the original system is rewritten as

Apy = d (21)

where Ap = AP−1 and, y = Px.
This method can bring significant improvement when compared to the CG method without preconditioning, even

though it is one of the simplest. The gain in computational efficiency is even more relevant when using a mesh refinement,
which tends to increase execution time.

4. NUMERICAL RESULTS

A series of tests were performed to investigate the effect of fractures, heterogeneities, and static heaters in heavy oil
reservoir production. We considered in all simulations a reservoir with four static heaters, four planar fractures, and one
vertical producer well, placed in the z-direction in the center of the reservoir.

In Tab. 1 we find the properties of the matrix (porosity, φinit, and permeability, kx, ky , and ky), distance from each
heater to the well (LT ), the lengths (Lx, Ly , and Lz) of the reservoir, the flow rate (Qsc =

∑
qsc), and the electric power

of the heaters (QH =
∑
qH ).

Table 1. Parameters for the reservoir

Parameter Unit Value Parameter Unit Value
φinit = φ0 - 0.3 Ly m 1,840
kx = ky = kz m2 1.0 10−15 Lz m 120
LT m 40 Qsc STB/day -10.0
Lx m 1,840 QH kW 320

We have four fractures in the xz-plane, and we show their properties in the Tab. 2. Where we have the porosity (φf ),
the permeability (kf ), the position of the fractures in the y direction, yf , the aperture, ly , and also the length and width,
lx(m) and lz(m), respectively.

Table 2. Characteristics of fractures.

Fracture φf kf (mD) yf (m) ly (m) lx (m) lz (m)
1 0.8 2.0 830 0.4 300 10
2 0.6 1.0 870 0.2 300 10
3 0.8 3.0 960 0.4 100 10
4 0.8 4.0 970 0.4 300 10

Other important parameters are given in Tab. 3: initial time step (∆tinit), final time step (∆tmax), time step increase
rate (F∆t

), maximum simulation time (tmax), initial pressure (Pinit), initial temperatures for fluid (Tfini ) and rock (Trini ),
and the number of cells (nx, ny and nz) in the three spatial directions. We choose the mesh according to the mesh
refinement study carried out by Heringer et al. (2019).

Table 4 presents the properties with respect to the oil: standard (psc) and reference (p0) pressures, standard temper-
ature (Tsc), reference temperature (Trefµ ) to determine the fluid viscosity, density (ρ0) and formation-volume-factor of
reference (B0), a and b parameters for Eq. (3), coefficient of compressibility (cf ), coefficient of thermal expansion (cfT ),
heat capacity (cpf ), and thermal conductivity (κf ).
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Table 3. Parameters for the numerical simulation

Parameter Unit Value Parameter Unit Value
∆tinit day 1.0 10−1 Trini K 330
∆tmax day 1.0 Tfini K 330
F∆t

- 1.1 nx - 185
tmax day 600 ny - 185
Pinit kPa 1.0 104 nz - 9

Table 4. Fluid Properties

Parameter Unit Value Parameter Unit Value
psc kPa 101.3 103 a Pa.s 3.0 10−4

p0 kPa 69 103 b K 333.33
Tsc K 277.78 cf kPa−1 6.25 10−7

Trefµ K 277.7 cfT K −1 9.2 10−4

ρ0 kg/m 3 1,034 cpf J/kg.K 3 2,100
B0 RB/STB 1.3 κf W/m K 0.1225

Lastly, the properties of the rock are shown in Tab. 5: density (ρr), superficial specific area of the fluid-rock interface
(A), heat capacity (cpr), coefficient of compressibility (cr), coefficient of thermal expansion (crT ), and thermal conduc-
tivity (κr).

Table 5. Rock properties

Parameter Unit Value Parameter Unit Value
ρr kg/m 3 2,500 cr kPa−1 3.35 10−7

A m −1 200 crT K −1 1.8 10−3

cpr J/kg.K 1,200 κr W/m K 4.5

Two cases were carried out initially, one using the Conjugate Gradient method and another the Preconditioned Conju-
gate Gradient (PCG). We solved the same problem, for a maximum simulation time equal to 10 days, except for the use
of the iterative method with and without preconditioning. Due to the reduction of the spectral radius of the coefficient
matrix, we achieved the computational times show in Tab. 6. We can observe, without a doubt, the gain when using
preconditioning. We performed the calculations on a Dell PowerEdge R720 with an Intel Xeon E5-2620 processor.

Table 6. Execution time for CG and PCG methods.

Solver Execution Time (s)
Without preconditioning (CG) 26,864
With preconditioning (PCG) 3,803

Moreover, we compared both pressure and temperature obtained with CG and PCG methods. As can be seen in Fig. 2,
the same values are determined regardless of the solver used.

In Fig. 3(a) it is possible to see the pressure distribution over the heavy oil reservoir, on the xz-plane, as a cross section
area, and in Fig. 3(b) on the xy-plane seen from the top.

In these two figures, we can realize that there is a pressure reduction near the production well and that the pressure
is higher at the bottom than at the top. Moreover, we can say that the pressure reduction is sharper at the top than at the
bottom. Near the fractures, there is also a significant change in pressure. Pressure drops more rapidly in the fractures
since the fluid flows with higher velocity as a consequence of the different porosity and permeability values in comparison
with the rest of the reservoir, and it is also possible to see the appearance of preferential paths.

Furthermore, as we can observe in Figure 3, in the neighborhood of the producer well, the pressure is changing in the
positions corresponding to the four static heaters. This is due to the increase in fluid temperature.

In Fig. 4, we have a corresponding temperature distribution. We see that the temperature is higher at the bottom due
to the geothermal effect, and in the neighborhood of the heaters, the temperature is increasing. In the regions near the
fractures and the producer well, we can notice a decrease in temperature. We already expected this result due to the
increase of fluid mobility in the fractures, leading to higher advective transport and, as a consequence, the producer well
receives more energy.
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(a) Pressure determined with CG and PCG methods.

(b) Temperature determined with CG and PCG methods.

Figure 2. Pressure and temperature profiles for tmax equal to 10 days and fixed values of y and z.

5. CONCLUSION

In this work, we simulated a heavy oil flow in a reservoir containing a vertical producer well, four fractures, and four
static heaters. The authors used the Discrete Fracture Technique to simulate the flow in a Naturally Fractured Reservoir.
This technique allowed to correctly capture the effects due to the fractures: a reduction in pressure and temperature in the
flow through the fractures.

We also highlight here the speedup gain obtained with the use of the Preconditioned Conjugate Gradient, which is
very important to save computational time when we have to use a grid refinement near the fractures, mainly when it is
necessary to increase the number of fractures.

In the future, we intend to use our simulator in the investigation of the advanced recovery process using the static
heating wells, to determine the best configurations resulting in increased production. As well as to study the effects of
the number of fractures in the variation of the reservoir pressure and temperature fields, especially in the region near the
producer well.
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(a) Pressure distribution: yz-plane view.

(b) Pressure distribution: xy-plane view

Figure 3. Pressure distribution along the reservoir for tmax equal to 600 days.

Figure 4. Three dimensional temperature distribution (yz-plane view) along the reservoir for tmax equal to 600 days.
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