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Abstract. A two-dimensional transonic nozzle flow is simulated using four different numerical schemes: Beam and Warm-

ing implicit approximate factorization algorithm, Steger and Warming implicit flux vector splitting algorithm, van Leer

explicit flux vector splitting algorithm and Liou’s AUSM+ method. The effects of numerical parameters over the simu-

lation output and the influence of artificial dissipation in the flow features are evaluated. The present results show good

agreement with the available literature and demonstrate that some flow structures can be severely dampened or incorrectly

captured by the direct or indirect inclusion of excessive artificial dissipation.
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1. INTRODUCTION

The numerical computation of transonic internal flows is of high importance to a broad range of aerospace applications.

In particular, the numerical determination of the flow properties inside a transonic nozzle during its design phase could

result in an overall decrease in engineering costs, since the experimental characterization of the flow to a high degree

of detail can be time consuming as well as expensive, and sometimes might not even be able to fully capture all of the

individual flow features needed for optimizing its internal geometry as well as identifying possible design flaws.

Although usually being less expensive than performing experimental procedures, numerical methods can lead to incor-

rect conclusions regarding the properties of the flow of interest. If the user is not careful enough to evaluate the impact of

the chosen numerical scheme and its control parameters over the output data as well as the independence of the results in

relation to the mesh currently in use, non-physical behavior could arise or even physical properties could end up becoming

hidden in the final solution that would ultimately lead the user to arrive at misleading conclusions regarding the structure

of the flow.

This paper aims to study the behavior of four different numerical schemes regarding the computation of a representa-

tive nozzle flow. The geometry chosen for the nozzle has been previously experimentally studied by Mason et al. (1980)

and later numerically simulated by MacCormack (1985), and Azevedo et al. (1995). While the numerical data shown in

these papers are in good agreement with the experimental results, it has been found that the meshes used to discretize the

spatial domain in these simulations are coarse enough to the point where the schemes used become considerably dissipa-

tive, preventing the development of shock waves downstream of the nozzle’s throat. Nevertheless, their results are used

here for comparison purposes in order to understand the impact of the mesh refinement over the output data.

All methods used here to solve the system of governing equations are implemented in general curvilinear coordinates

and limited to bidimensional domains only. The first method is Beam and Warming’s implicit approximate factorization

scheme (Beam and Warming, 1978), which uses an implicit Euler time march coupled with a second-order centered

scheme for the discretization of the spatial derivatives. An approximate factorization of the Implicit Alternating Direction

(ADI) type is used in order to keep the implicit matrix operator in a block-tridiagonal form. Since it uses a centered

spatial scheme, artificial dissipation must be applied in order to dampen high frequency oscillations that might cause the

algorithm to diverge. Pulliam’s nonlinear artificial dissipation model (Pulliam, 1986a) is used in the explicit part of the

equations, while a simplified version of it is applied to the implicit operator.

The other three methods are based on the Flux Vector Splitting strategy. The first of them is Steger and Warming’s

own implicit upwind algorithm (Steger and Warming, 1981), where an implicit Euler time march is used coupled with

one-sided space derivatives discretization. Here, both first and second order space discretizations were implemented. The

second one is an explicit van Leer scheme (Van Leer, 1982), which modifies the governing equations’ flux vectors in such
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a way that the eigen values of their respective Jacobian matrices are now a continuous function of the flow’s local Mach

number, solving some intrinsic problems of the Steger and Warming scheme. Both the first and second order of the spatial

operators of the van Leer’s method are implemented here.

Lastly, we have Liou’s Advection Upstream Splitting Method Plus (AUSM+) explicit method (Liou, 1996). In this

scheme, originally written in numerical flux notation, the splitting of the flux vectors is obtained by interpreting them

as being the sum of the transport of a passive scalar component and a local pressure component. By splitting these two

components, an overall splitting of the flux vectors is achieved. Only the first order discretization of the spatial derivatives

is implemented.

In order to determine the influence of the mesh over the final results, four different single-block structured meshes

have been created, with increasingly higher order of refinement. All the aforementioned schemes are applied to each of

these four meshes.

2. TWO-DIMENSIONAL FORMULATION

The two-dimensional form of the Euler Equations can be written in conservation-law form and curvilinear coordinates

as follows:

∂Q̂

∂τ
+

∂Ê

∂ξ
+

∂F̂

∂η̂
= 0 (1)

where Q̂ is the vector of conserved variables:

Q̂ =
1

J















ρ
ρu
ρv
e















(2)

and Ê and F̂ are the flux vectors for the inviscid case:

Ê =
1

J















ρU
ρuU + ξxp
ρvU + ξyp

U(e+ p)− ξtp















, F̂ =
1

J















ρV
ρuV + ηxp
ρvV + ηyp

V (e+ p)− ηtp















(3)

Here, ρ is the local fluid density, u and v are the Cartesian components of the velocity vector, e is the total energy per

unity of volume and p is the static pressure. ξ and η are the main coordinates of the curvilinear domain, τ is the time

variable in the new system (made equal to t), and J is the Jacobian of the domain transformation, expressed as:

J−1 = xξyη − xηyξ (4)

where the subscript means a partial derivative operator, and the mapping from the Cartesian domain to the curvilinear

domain is done in such a way that only discrete unitary variations occur between two adjacent points. The metric terms

ξt, ξx, ξy , ηt, ηx ans ηy are calculated from the Cartesian domain as shown below:

ξx = Jyη, ξy = −Jxη, ηx = −Jyη, ηy = Jxξ, ξt = −xτ ξx − yτ ξy, ηt = −xτηx − yτηy (5)

The variables U and V are the components of the contravariant velocity vector. They can be expressed as functions of

the metric terms as follows:

U = ξt + ξxu+ ξyv, V = ηt + ηxu+ ηyv (6)

For a thermally and calorically perfect gas, the pressure p can be expressed as a function of the primitive variables:

p = (γ − 1)

[

e− 1

2
ρ(u2 + v2)

]

(7)

It must be said that all variables mentioned so far are used in their nondimensional form by taking a suitable reference

value which will always be stated whenever needed.
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3. NUMERICAL SCHEMES

Each of the four numerical schemes used in this work are briefly described below.

3.1 Beam and Warming Method

By using a generic notation for the artificial dissipation terms, this scheme can be written for each point (i, j) in the

internal domain as follows:

(

I +∆tδξÂ
n +Dξimpl.

)(

I +∆tδηB̂
n +Dηimpl.

)

∆Q̂n = −∆t
[

δξÊ
n + δηF̂

n
]

+Dξ +Dη (8)

where all the values written within parenthesis in the left member of Eq. (8) are operators that operate over whatever

is written to their right. The superscript n indicates the current timestep in which the variables are being evaluated

at. The value ∆t is simply the local time difference between the current timestep and the next, whereas ∆Q̂n is the

change in Q̂ between these same timesteps. The δξ and δη are second-order central difference operators in relation to

ξ and η, respectively. The identity matrix is represented by I , while the components of the artificial dissipation model

are represented by Dξ, Dη , Dξimpl.
and Dηimpl.

, where the first two are explicitly evaluated, while the other two are

introduced in the scheme as implicit operators.

The matrices Â and B̂ are the Jacobian matrices of the flux vectors Ê and F̂ , respectively, and assume the following

form as shown by Pulliam (1986b):

Â =
∂Ê

∂Q̂
, B̂ =

∂F̂

∂Q̂
,

(

Â, B̂
)

=









κt κx κy 0
−uθ + κxφ

2 κt + θ − (γ − 2)κxu κyu− (γ − 1)κxv (γ − 1)κx

−vθ + κyφ
2 κxv − (γ − 1)κyu κt + θ − (γ − 2)κyv (γ − 1)κy

θ(φ2 − a1) κxa1 − (γ − 1)uθ κya1 − (γ − 1)vU γθ + κt









(9)

in which κ is taken to be ξ for Â and η for B̂, while φ2, θ and a1 are defined as:

φ2 =
1

2
(γ − 1)(u2 + v2) (10)

θ = κxu+ κyv (11)

a1 = γ

(

e

p

)

(12)

where γ is the heat capacity ratio of the fluid. As specified before, the adopted values for the artificial dissipation terms

of Eq. (8) comes from the nonlinear 4th differences Pulliam model, whose explicit components are:

Dξ = ∇ξ

(

σn
i+1,j

Ji+1,j
+

σn
i,j

Ji,j

)

(

ǫ
(2)
i,j ∆ξQ̂

n
i,j − ǫ

(4)
i,j ∆ξ∇ξ∆ξQ̂

n
i,j

)

Dη = ∇η

(

σn
i,j+1

Ji,j+1
+

σn
i,j

Ji,j

)

(

ǫ
(2)
i,j ∆ηQ̂

n
i,j − ǫ

(4)
i,j ∆η∇η∆ηQ̂

n
i,j

)

(13)

In Eq. (13), the operators ∆ξ and ∇ξ are first-order forward and backward operators in ξ, respectively. The way that

the ǫ’s are defined is what makes the model behave in a nonlinear manner. Their expressions are:

ǫ
(2)
i,j = K2∆tmax (γi+1,j , γi,j , γi−1,j)

ǫ
(4)
i,j = max

(

0,K4∆t− ǫ
(2)
i,j

) (14)

where typical values of the constants are K2 = 1/4 and K4 = 1/100, although values as low as K2 = 1/8 and

K4 = 1/200 were seen to still be capable of keeping the system stable provided that the mesh was fine enough. The
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function γ is a pressure gradient “sensor”, used for reducing the original forth difference model to second difference one

in the neighborhood of pressure discontinuities (i.e. shockwaves), in order to dampen the oscillations intrinsic to the

behavior of the central forth difference scheme near these regions. Together with the sum σ of the spectral radii of Â and

B̂, we have:

γi,j =
|pi+1,j − 2pi,j + pi−1,j |
|pi+1,j + 2pi,j + pi−1,j |

σi,j = |U |+ a
√

ξ2x + ξ2y + |V |+ a
√

η2x + η2y

(15)

in which a is defined as being the local speed of sound. Equivalent expressions for Eq. (13), Eq. (14) and Eq. (15) are used

for the η direction. For the implicit operators Dξimpl.
and Dηimpl.

, a simple second difference operator is used, in order

to keep the overall structure of the implicit operator as being two-sets of block tridiagonal matrices, which is reasonably

cheaper to compute than a block pentadiagonal system of equations (resultant from the application of a forth difference

implicit operator). Thus:

Dξimpl.
= −ǫimpl.J

−1∇ξ∆ξJ, ǫimpl. = 3
(

ǫ(2) + ǫ(4)
)

(16)

Analogue definitions can be made for the η direction.

3.2 Steger and Warming Scheme

When applying the Steger and Warming flux vector splitting method coupled with the explicit Euler time march

scheme, the following expression is obtained for each internal point of the domain after applying an approximate LU

factorization of the implicit operator (which reduces to an exact factorization in one-dimensional domains due to the way

the flux splitting is done):

[

I +∆t

(

∇ξÂ
+n

∆ξ
+

∇ηB̂
+n

∆η

)][

I +∆t

(

∆ξÂ
−

n

∆ξ
+

∆ηB̂
−

n

∆η

)]

∆Q̂n =

= −∆t
(

∇ξÊ
+n

+∆ξÊ
−

n

+∇ηF̂
+n

+∆ηF̂
−

n
)

(17)

where Ê+, Ê−, F̂+ and F̂− are the split flux vectors and Â+, Â−, B̂+ and B̂− are their respective Jacobian matrices,

whose eigenvalues are strictly positive or negative, depending of which separated flux vector they are associated with. One

important property added to the scheme by using a LU factorization of the implicit operator is that now the solution to the

system of equations can be obtained by solving two distinct block (upper and lower) triangular systems. Equation (17)

could be rewritten by the sequence:

[

I +∆t

(

∇ξÂ
+n

∆ξ
+

∇ηB̂
+n

∆η

)]

∆Q̂∗
n

= −∆t
(

∇ξÊ
+n

+∆ξÊ
−

n

+∇ηF̂
+n

+∆ηF̂
−

n
)

[

I +∆t

(

∆ξÂ
−

n

∆ξ
+

∆ηB̂
−

n

∆η

)]

∆Q̂n = ∆Q̂∗
n

(18)

which is essentially a sequence of multiple triangular block implicit operators. If the implicit operator were built by

traversing the transformed internal domain starting from the bottom left node and going into increasingly higher values

of the ξ coordinate, followed by increasingly higher values of the η coordinate, each line of constant η in the transformed

domain would correspond to a lower triangular system of equations to be solved for ∆Q̂∗
n

. By doing the same for the

second equation of Eq. (18), but now starting from the top right internal node and traversing into increasingly lower values

of ξ and η, each line of constant η would now correspond to an upper triangular system of equations for ∆Q̂n. Both of

these types of systems have straightforward solutions (forward substitution for the first one and backward substitution for

the second one) and thus are computationally efficient to solve.

Notice that, although Eq. (17) was written using first order forward and backward operators, nothing stops us of

writing the same method with second-order one-sided operators (δbξ e δfξ , for backward and forward in ξ, respectively),

while keeping the triangular structure of the matrix operators:
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[

I +∆t

(

δbξÂ
+n

∆ξ
+

δbηB̂
+n

∆η

)][

I +∆t

(

δfξ Â
−

n

∆ξ
+

δfη B̂
−

n

∆η

)]

∆Q̂n =

= −∆t
(

δbξÊ
+n

+ δfξ Ê
−

n

+ δbηF̂
+n

+ δfη F̂
−

n
)

(19)

Due to the change in the stencil size from 2 points in Eq. (17) to 3 points in Eq. (19), a special treatment should be

given to internal points located right next to boundary nodes. Here, we took the easy route and simply decreased the order

of the spatial discretization for these points, essentially applying Eq. (17) instead of Eq. (19) in those regions.

The split flux vectors can be easily written by using the generalized flux vector f for two-dimensional problems,

which is capable of reconstructing any flux vector provided the eigenvalues of its Jacobian matrix are given. First, the

split eigenvalues λ̂+ and λ̂− are calculated from their original values λ:

λ1 = λ2 = θ = κxu+ κyv

λ3 = λ1 + a
√

κ2
x + κ2

y

λ4 = λ1 − a
√

κ2
x + κ2

y

λ̂+ =
λ+ |λ|

2
, λ̂− =

λ− |λ|
2

(20)

Then, by defining κ̃x and κ̃y as

κ̃x =
κx

√

κ2
x + κ2

y

, κ̃y =
κy

√

κ2
x + κ2

y

(21)

the generalized flux vector can be written as shown:

f =
ρ

2γJ































2 (γ − 1) λ̂1 + λ̂3 + λ̂4

2 (γ − 1) λ̂1u+ λ̂3 (u+ aκ̃x) + λ̂4 (u− aκ̃x)

2 (γ − 1) λ̂1v + λ̂3 (v + aκ̃y) + λ̂4 (v − aκ̃y)

(γ − 1) λ̂1

(

u2T + v2
)

+ λ̂3

2

[

(u+ aκ̃x)
2
+ (v + aκ̃y)

2
]

+ λ̂4

2

[

(u− aκ̃x)
2
+ (v − aκ̃y)

2
]

+

+
(3−γ)(λ̂3+λ̂4)a2

2(γ−1)































(22)

Thus, if the user wanted to calculate Ê+ for example, the κ’s would be changed to ξ, and then each of the positive

separated eigenvalues λ̂+
1 , λ̂+

2 , λ̂+
3 and λ̂+

4 would be calculated from Eq. (20) and the auxiliary variables κ̃ from Eq. (21),

which would be used in Eq. (22) for computing Ê+. Lastly, since this is an implicit method that uses a quasi-linear

extrapolation in order to estimate the values of the flux vectors in the next timestep, it is required that the split Jacobian

matrices be calculated as well. Their separated eigenvalues are already known from Eq.(20), consequently the split

Jacobian matrices could be reconstructed by using their eigenvector matrices [T ] and separated eigenvalue matrix λ̂. The

form of these eigenvector matrices was shown by Pulliam and Chaussee (1981), and are replicated below:

[

λ̂
]

κ
=









λ̂1 0 0 0

0 λ̂2 0 0

0 0 λ̂3 0

0 0 0 λ̂4









(23)

α =
ρ

α
√
2
, β =

1

ρa
√
2
, θ̃ = κ̃xu+ κ̃yv (24)

[T ]κ =











1 0 α α
u κ̃yρ α (u+ κ̃xa) α (u− κ̃xa)
v −κ̃xρ α (v + κ̃ya) α (v − κ̃ya)
φ2

γ−1 ρ (κ̃yu− κ̃xv) α
[

φ2+a2

γ−1 + aθ̃
]

α
[

φ2+a2

γ−1 − aθ̃
]











(25)
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[T ]
−1
κ =















(

1− φ2

a2

)

(γ−1)u
a2

(γ−1)v
a2 − (γ−1)

a2

− (κ̃yu−κ̃xv)
ρ

κ̃y

ρ − κ̃x

ρ 0

β
(

φ2 − aθ̃
)

β [κ̃xa− (γ − 1)u] β [κ̃ya− (γ − 1) v] β (γ − 1)

β
(

φ2 + aθ̃
)

−β [κ̃xa+ (γ − 1)u] −β [κ̃ya+ (γ − 1) v] β (γ − 1)















(26)

[P ] = [T ]κ [λ̂]κ [T ]
−1
κ (27)

where [P ] is being used to describe any of the possible split flux vector Jacobian matrices. So, if Â+ was to be calculated,

then [λ̂+]ξ would be defined by Eq. (23), [T ]ξ and [T ]−1
ξ would be determined by using Eq. (25) and Eq. (26) and Â+

would then be calculated from Eq. (27).

Since the usage of upwind schemes intrinsically adds artificial dissipation to the solution (a property of one-sided

operators), no extra terms are added to Eq. (17) and Eq. (19). Theoretically, the amount of artificial dissipation being

added to the solution will be a function of the local grid space of the mesh. The finer it is, the lower is the amount of

artificial dissipation being indirectly introduced to the system.

3.3 Van Leer Scheme

The explicit implementation of van Leer’s flux vector splitting method would be represented in the same manner as

Steger and Warming’s explicit versions of Eq. (17) and Eq. (19). In other words, the implicit operator on those equations

is made equal to the identity matrix:

Q̂n+1 = Q̂n −∆t
(

∇ξÊ
+n

V L +∆ξÊ
−

n

V L +∇ηF̂
+n

V L +∆ηF̂
−

n

V L

)

(28)

Q̂n+1 = Q̂n −∆t
(

δbξÊ
+n

V L + δfξ Ê
−

n

V L + δbηF̂
+n

V L + δfη F̂
−

n

V L

)

(29)

where Eqs. Eq. (28) and Eq. (29) are the explicit Euler versions of van Leer’s scheme using first and second order

difference operators, respectively. The V L subscript that follows each split flux vector specifies that they are being

calculated using van Leer’s definition of flux vector splitting. Essentially, his method keeps the eigenvalues of the Jacobian

matrices of each split flux vector continuously differentiable throughout all values of local Mach number (which was not

true in the Steger and Warming scheme), increasing the methods robustness and improving the quality of the solution in

regions close to discontinuities. In order to appropriately specify them, first it is necessary to define q as being the velocity

vector magnitude and Mκ as the Mach Number calculated only using the velocity component in the κ direction, as shown

below:

q2 = u2 + v2 (30)

Mκ =
κ̃xu+ κ̃yv

a
(31)

Then, the split flux g± related to the continuity equation is computed by the following equation:

g± = ±
ρa (Mκ ± 1)

2
√

κ2
x + κ2

y

4J
(32)

For a subsonic region of the flow in the κ direction, the generalized van Leer split flux vector f±

V L is calculated

according to Eq. (33), whereas for the supersonic region, the van Leer split reduces to the Steger and Warming one, from

Eq. (22) using the eigenvalues from Eq. (20):

f±

V L = g±



















1

u+ κ̃xa(−Mκ±2)
γ

v +
κ̃ya(−Mκ±2)

γ
q2−(Mκa)

2

2 + a2 [(γ−1)Mκ±2]2

2(γ2−1)



















, for |Mκ| < 1.

f±

V L = f, for |Mκ| ≥ 1.

(33)
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Thus, the next time step in the simulation can be simply determined by calculating f±

V L and substituting them on either

Eq. (28) or Eq. (29), depending on the desired order for the space difference operators.

3.4 Liou’s AUSM+ Scheme

Liou’s sequel to the Advection Upstream Splitting Method, entitled AUSM+, follows a different approach to perform

the split of the flux vectors. Here, the flux vector is seen as a composition of the flux of passive scalars being convected by

the velocity field and pressure terms that compose a pressure flux. These two fluxes (taken as numerical fluxes) are split

in different manners, coupled with a special definition for the speed of sound evaluated at a numerical frontier between

two adjacent nodes in the domain, in order to keep the unification between the Mach Number and the corresponding

local velocity. More information regarding the development of the method can be found in Liou (1996), but the overall

algorithm adapted to the Euler Equations in general curvilinear coordinates applied to the context of finite differences will

be shown here.

First, it is necessary to define the speed of sound a evaluated at the numerical frontier i+1/2 (which is located between

two adjacent points of the transformed domain, either in the ξ or η direction):

ai+ 1

2

= min (ãi, ãi+1) , ã =
a∗

2

max (a∗, |Mκa|)
(34)

where a∗ is the local critical speed of sound. Then, two functions M and P are defined in order to perform the split of

the Mach Number Mκ and the pressure terms. Just as it was achieved by the van Leer method, these functions ensure that

the properties of the system are continuous and differentiable. The M function is defined as follows:

M±(M̃) =

{

1

2
(M̃ ± |M̃ |), if |M̃ | ≥ 1,

M±

β (M̃), otherwise.

M±

β (M̃) = ±1

4
(M̃ ± 1)2 ± β(M̃2 − 1)2, − 1

16
≤ β ≤ 1

2

(35)

where β is a control parameter whose recommended value is β = 1/8. For the P function, we have:

P±(M̃) =

{

1

2

(

1 + sign(M̃)
)

, if |M̃ | ≥ 1,

P±
α (M̃), otherwise.

P±

α (M̃) =
1

4
(M̃ ± 1)2(2∓ M̃)± αM̃(M̃2 − 1)2, −3

4
≤ α ≤ 3

16

(36)

Once again, α is a control parameter whose recommended value is α = 3/16. The values of M̃ present on both

Eq. (35) and Eq. (36) are local Mach Numbers in the κ direction evaluated using ai+1/2:

M̃i =
(Mκa)i
ai+ 1

2

, M̃i+1 =
(Mκa)i+1

ai+ 1

2

(37)

The Mach Number mi+1/2 evaluated at the numerical frontier i+ 1/2 can then be defined as:

mi+ 1

2

= M+(M̃i) +M−(M̃i+1) (38)

The split of this value can be achieved in a similar manner to the split of eigenvalues used in the Steger and Warming

method:

m±

i+ 1

2

=
mi+ 1

2

±
∣

∣

∣mi+ 1

2

∣

∣

∣

2
(39)

The pressure component p evaluated at the numerical frontier i+ 1/2 follows the same idea:

pi+ 1

2

= P+(M̃i)pi + P−(M̃i+1)pi+1 (40)
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The final form of the generic numerical flux vector fi+1/2 is:

fi+ 1

2

= ai+ 1

2









m+
i+ 1

2
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
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
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0

pi+ 1

2

[

(

κxP+(M̃)
)

i
+
(

κxP−(M̃)
)

i+1

]

pi+ 1

2

[

(
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i
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(
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)
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0


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(41)

A time march can then be performed as follows:

Q̂n+1 = Q̂n −∆t
(

Ên
i+ 1

2
,j − Ên

i− 1

2
,j + F̂n

i,j+ 1

2

− F̂n
i,j− 1

2

)

(42)

4. SPATIAL DISCRETIZATION AND BOUNDARY CONDITIONS

The overall geometry of the nozzle used here has been kept unchanged in relation to the one used by Azevedo et al.

(1995). The four meshes generated from said geometry, though, follow a different approach. Since one of our main goals

is to identify the impact of the mesh refinement over the simulation’s output data, it has been decided that all four meshes

would be built by using simple algebraic schemes, with approximate constant spacing between adjacent nodes in the ξ
and η directions. The reasoning behind this is that the differences between each mesh are constrained to only different

values of node points per unity area, which is approximately constant throughout the entire discrete domain of a given

mesh.

Table 1. Number of nodes of each mesh. Finer meshes were created by doubling the amount of nodes of the previous

mesh in each direction.

Mesh Number of ξ Nodes Number of η Nodes Total Number of Nodes

1 25 12 300

2 51 24 1224

3 103 48 4944

4 207 96 19872

The first mesh, referred here as simply ”Mesh 1”, was created by using 25 points in the ξ direction and 12 points in the

η direction. The constant ξ lines were kept aligned with the y axis for simplicity, even though in general keeping these lines

perpendicular to the wall reduces the error introduced by extrapolating pressure and temperature during the enforcement

of the boundary conditions at this location. Azevedo et al. (1995) has shown that since the angles of the convergent and

divergent sections of this nozzle are sufficiently small, this simplification has no significant impact in the solution of the

Euler Equations. The process of generating each of the three other consecutive meshes is straightforward and done by

approximately doubling the number of points in each curvilinear direction. Table 1 shows the number of nodes used in

each direction for all four meshes, while Fig 1 and Fig 2 shows Mesh 1 and Mesh 4. Notice that an extra line of constant

η has been added beyond the nozzle’s center line. This has been done in order to facilitate the implementation of the

symmetry boundary condition in this region.

The nozzle has a total length of 0.1158 m in which the throat is located exactly at its center. The convergent section

has an angle of 22.33◦ in relation to the x axis measured counterclockwise, while the divergent section has an angle of

1.21◦ measured clockwise in relation to the same axis. The centerline is taken to be a simple symmetry plane and the

bottom boundary is an eulerian wall with 0.0274 m of curvature radius near the throat. The left boundary is the nozzle’s

inlet, while the right one is its output. The fluid is taken to be atmospheric air with a constant heat capacity ratio γ of 1.4
and an individual gas constant R of approximately 287 J/(kg K).

During the entire simulation the flow in the convergent section of the domain is kept at subsonic speeds and thus it is

known, from the characteristic relations, that three different boundary conditions must be specified at the left boundary,

while the fourth one is obtained by performing an extrapolation from the inner domain. Supposing that there is a reservoir

upstream of the nozzle’s intake where the fluid is kept at a known stagnation state, it seems reasonable to define the

left boundary by means of the fluid’s stagnation properties, mainly a total pressure Pt of 1.0136 × 105 Pa and a total
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Figure 1. Computational Mesh 1.

Figure 2. Computational Mesh 4.

temperature Tt of 295.1 K. The third condition is simply taken as a zero flow entrance angle. Although at a first glance

this last condition might not be necessarily considered to be realistic, since it is expected that the direction of the velocity

profile smoothly transitions from being essentially aligned with the x axis in the centerline to being tangent to the wall

at the wall itself, it has been seen that no significant differences in results are obtained by considering a curvature in the

domain’s intake region. Lastly, the horizontal velocity component u is obtained by zero-order extrapolation.

At the output plane it is expected the flow to be supersonic, making its state vector completely defined by the solution

in the inner domain at any given time. Therefore, all 4 boundary conditions in this region are obtained by zero-order

extrapolation. As will be seen later, the simulation starts in a state where the entire domain is subsonic, requiring that one

boundary condition to be specified in this region. While not supersonic, the static pressure p of the output is kept constant

and equal to Pt/3, which was seen to ensure that the flow will become supersonic without introducing instabilities to the

solution during the time march.

In order to treat the symmetry condition, an extra line of constant η has been introduced past the centerline by mirroring

the original mesh. Scalar properties of the nodes that are part of this line are made equal to their counterparts in the inner

domain. On the other hand, vectorial variables (velocity components, for example) are taken to have the same magnitude

of their inner domain counterparts, but opposite direction, in order to keep the perpendicular flux across the centerline

equal to zero for any property.

At the wall we have used a strong form of Mavriplis (1990) boundary condition, where the contravariant velocity

component U is obtained by zero-order extrapolation from the adjacent node and V is set to zero in order to keep the

flow tangent to the wall, thus enabling the determination of u and v. By imposing a zero normal pressure and temperature

gradients at the wall, the two other properties can be calculated. It must be said that due to the existence of a wall curvature

near the throat, forcing a zero pressure gradient at this boundary is merely a simplification of the fluid dynamics in this

region, since the correct approach would be to take the wall curvature into consideration. No significant errors, though,

were found to be introduced in the results by making this simplification.

The domain is initialized by considering that the flow at every inner node starts at zero velocity, with pressure and

temperature equal to the values set at the inlet. In order to also verify the impact that clustering nodes at the throat has over

the solution, four other meshes have been generated based on the ones shown before, but now applying an exponential

growth in the η direction near the wall and in the ξ direction towards the throat. Figure 3 shows the equivalent of Mesh 4
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made under these new assumptions.

Figure 3. Computational Mesh 4 created using exponential growth in the near wall region and towards the throat.

5. RESULTS AND DISCUSSION

Values of pressure, made dimensionless in relation to the inlet total pressure, along the span of the nozzle, made

dimensionless in relation to its half-length l, for the centerline and wall regions calculated using the Beam and Warming

scheme coupled with the nonlinear 4th differences Pulliam model with K2 = 1/8 and K4 = 1/200 are shown in Fig 4

and Fig 5 for the four original meshes. As seen, the results for the convergent section (x/l ≤ 0) are approximately

equal for all four meshes, for both the centerline and the wall regions. There is, though, one notable difference: the

presence of oscillations near the left boundary associated with the coarse meshes 1 and 2. These oscillations are related

to the zero-order extrapolation used here to compute some of the flow properties at the boundaries. This simplification

introduces an extra restriction to the solution by indirectly forcing the gradient of the property being extrapolated to be

approximately zero at the boundaries. For coarse meshes, this behaviour can lead to severe constraints in the model

that do not reflect the actual flow dynamics, specially at the boundaries where the fluid flux across them is significant.

This culminates in the emergence of the oscillations seen not only for the left boundary, but also the right boundary.

Notice that these oscillations are completely absent from the finer meshes 3 and 4, since the distance between the nodes

located at these boundaries to the ones adjacent to them is sufficiently small to the point where the introduction of this

indirect constrain results in a property value that is not off from the actual value that would be obtained if, for example,

characteristic relations were used instead. In order to avoid this problem, the unknown properties at the boundaries should

be either calculated by using equations that closely resembles the dynamics of these regions (the characteristic relations,

for example) or even, at least for the case studied here, use first order extrapolation instead, since the restriction that causes

these oscillations would be lifted on both cases. Caution should be taken if the latter solution is used, since it was seen

that it can introduce instabilities in the time-march if strong discontinuities are present near the boundary. Figure 6 shows

a comparison regarding the pressure distribution along the wall calculated using zero-order and first-order extrapolations

at the boundaries applied to Mesh 1. It clearly shows that the usage of first-order extrapolation eliminates the oscillations

while, at the same time, also slightly increases the computed pressure drop across the throat, improving the results if

compared with the ones obtained for Mesh 4.

Turning the attention back to the results displayed in Fig. 4 and Fig. 5, it is possible to notice that the values obtained

for the pressure along the divergent part of the nozzle are substantially different from mesh to mesh. As the grid refinement

increases, there is a clear tendency of oblique shockwaves to develop at the throat, appearing first at the wall (as seen from

the local minimum located at x/l ≈ 0 in Fig. 5), followed by alternating reflections at the centerline and wall, respectively.

Both Mesh 3 and Mesh 4 obtained similar results, albeit the latter was capable of better defining the property gradient

across the shock, as expected from the usage of more grid points. The problem arises when looking at the solution obtained

for the coarse meshes 1 and 2. Both of them correctly determine that the flow in the divergent region is supersonic and

also that the average Mach number across the output is around 1.3, but they completely underestimate the pressure drop

across the throat while also inhibit the development of the shock. It is interesting to notice, though, that the local pressure

peaks obtained at both the centerline and at the wall when using Mesh 3 and Mesh 4 seems to coincide with the pressure

values obtained by Mesh 1 at these regions, which is probably the reason why this coarse mesh is capable of defining the

macro flow structures even if the shockwave is not present. Mesh 2, on the other hand, is somewhat capable of identifying

the start of the shock structure up to the first shock reflection, but quickly dissipates it to the point where the shockwave

seizes to exist. Since the artificial dissipation model used when calculating the solution of all four cases were equal while

also using the same control parameters, the total or partial absence of the shock in Mesh 1 and Mesh 2 leads us to believe

that the artificial dissipation naturally added by the spatial discretization to the model being used in this central differences
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Figure 4. Pressure distribution at the centerline for the four

different meshes without exponential growth.

-1.5 -1 -0.5 0 0.5 1 1.5

x / l

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

p
 /

 p
T
 a

t 
th

e
 w

a
ll

Mesh 1

Mesh 2

Mesh 3

Mesh 4

Figure 5. Pressure distribution at the wall for the four dif-

ferent meshes without exponential growth.
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Figure 6. Dimensionless pressure distribution along the wall calculated using the Beam and Warming applied to Mesh 1

using both zero-order and first-order extrapolations for the unknown variables at the boundaries.

scheme is the main culprit of this behaviour. It is well known that the amount of artificial dissipation introduced locally

to a discrete solution is proportional to the grid spacing used throughout the numerical domain, becoming lower the finer

the mesh is at a given location. This is apparent especially for upwind schemes, where the artificial dissipation can be

explicitly written as a function of the grid spacing if the modified equation is determined.

In order to verify if this behaviour is indeed promoted by the added numerical dissipation, due to the usage of a

coarse grid spacing, and is not restricted to the Beam and Warming method, the results for the dimensionless pressure

distributed along the wall obtained using the the Beam and Warming, Steger and Warming and van Leer second order

schemes are plotted in Fig. 7 and in Fig. 8 for Mesh 1 and Mesh 2, respectively. When referring to Mesh 1, both upwind

schemes obtained almost identical results for the convergent section of the domain, as well as the region near the nozzle’s

output in the divergent section. This behaviour was expected, since the main differences between the Steger and Warming

scheme and the van Leer one lies on the way that the split flux vectors are evaluated when the flow is in a near sonic

regime. In this case, this condition is achieved in the area that surrounds the throat, thus explaining why both methods

behave differently in this region. The Beam and Warming method, though, underestimates the pressure values along the

convergent section by around 10% in relation to the upwind schemes, but the overall shape of the pressure profile appears

to be concise with each other. It is also possible to notice that, exactly at the throat, the van Leer scheme obtained a

result that closely approaches the values calculated using the Beam and Warming scheme, while the Steger and Warming

one displays what appears to be a discontinuity in the pressure gradient along the wall. This is a property of the latter

method, where the spatial derivatives of the split flux vectors are not necessarily continuous across a sonic line, leading
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to discrepancies in the flow features as this one. This is not observed in the van Leer scheme simply because the method

itself was built with the purpose of solving this problem. When using Mesh 1, none of the methods were able to capture

the development of shockwaves, completely dampening them without altering the average pressure profile along the wall

in a significant manner. It is also interesting to notice that these two upwind schemes appear to be less susceptible to

the zero-order extrapolation induced oscillations at the boundaries, even for this coarse mesh. This is probably because

they naturally add sufficient numerical dissipation to the model when coupled with a coarse mesh, while the non-linear

artificial dissipation model used here with the Beam and Warming scheme has to be treated differently at the boundaries

(due to the size of the stencil), thus not introducing enough dissipation to smooth out oscillations in the property’s profile.
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Figure 7. Pressure distribution along the wall for Mesh 1

calculated using three different second order schemes.
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Figure 8. Pressure distribution along the wall for Mesh 2

calculated using three different second order schemes.

When turning the attention to the results obtained for Mesh 2, it is seen that the finer grid spacing leads the differences

between the schemes to be considerably reduced at the convergent section of the domain, to the point where they are now

essentially identical. From the throat and onwards, though, there is a sensible difference not only in the pressure values,

but also in the overall shape of the curve. The three schemes were able to successfully identify the formation of the

shockwave, followed by a sequence of wall reflections. Observing the first local maximum located after the throat, it is

seen that the Beam and Warming scheme coupled with the artificial dissipation model used here dampens the strength of

the shock considerably in relation to the other methods. Furthermore, the following shock reflections are only perceived

by the Beam and Warming scheme as almost negligible inflection points in the curve, while the upwind schemes are able

to reasonably maintain the shock definition. Thus, the presence of a strong shockwave dampening along the nozzle’s

length when using the Beam and Warming scheme points to the presence of excessive numerical dissipation, since Mesh

2 was proven to have a fine enough grid to correctly portray the shock reflections, as seen from the results obtained by

the upwind schemes. Unfortunately, not much can be done besides refining the mesh in order to obtain a better definition

of the shockwave when using the second order Beam and Warming scheme as used here, since decreasing the control

constants of the artificial dissipation model leads to problems in the convergence of the solution.

If first order schemes were used instead, the results shown on Fig. 9 would be obtained for the dimensionless pressure

distribution along the wall when applied to Mesh 4. These results include not only the first order versions of the Steger and

Warming and van Leer schemes, but also the first order Liou’s AUSM+. As expected, first order upwind schemes naturally

introduce more artificial dissipation than their second order counterparts, severely dampening the shock reflections but

still managing to acknowledge the existence of a shockwave in the first place. The values obtained for the pressure drop at

the throat are similar between the van Leer and AUSM+ schemes and are in line with the values that were obtained with

the second order schemes applied to the same mesh. The first order Steger and Warming scheme not only underestimates

this pressure drop, but also significantly widens the shock’s contact region at the throat. Following shock reflections

are almost non-existent in the Steger and Warming scheme, safe for some inflection points that can be identified in the

pressure plot. These shock reflections are more pronounced in both van Leer and AUSM+ methods, where Liou’s scheme

closely resembles the results obtained for the Beam and Warming method when using Mesh 2, while both first order van

Leer and first order Steger and Warming Schemes are not capable of achieving the same shock definition as their second

order counterparts using Mesh 2. This behaviour shows that even though, in theory, the order of magnitude of the spatial

discretization error introduced by the first order schemes using Mesh 4 are approximately equal to the ones introduced by

the second order schemes using Mesh 2, the amount of artificial dissipation introduced by the former methods is much

higher than the latter, amplifying the diffusive effects of the solution and smoothing out the oscillations promoted by the

presence of the shockwave. This effect is less apparent in the results shown for the Liou’s scheme, probably due to the

separate treatment that exists between the pressure flux and the convection of passive scalar variables in this method.
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Figure 9. Pressure distribution along the wall for Mesh 4 calculated using three different first order upwind schemes.
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Figure 10. Pressure distribution along the wall as numerically determined by Azevedo et al. (1995) and MacCormack

(1985), as well as the experimental data obtained by Mason et al. (1980) in comparison to the values obtained here using

the Beam and Warming scheme applied to Mesh 4.

The numerical results from MacCormack (1985) and Azevedo et al. (1995) are now plotted in Fig. 10 against the

ones obtained here using Mesh 4 with the Beam and Warming method. Also included for validation purposes are the

experimental results from Mason et al. (1980). Despite using an inviscid formulation, the numerical results presented

were able to achieve satisfactory agreement with the available experimental data, pointing towards the idea that this flow

is mainly governed by inertial forces and viscous forces do not contribute significantly towards the dynamics in play.

Both MacCormack’s and Azevedo’s results approximately coincides with the values obtained here for the local minimum

pressure in the divergent section, but the former essentially does not capture the presence of a shockwave, while the latter

correctly estimates the formation of a shock, but quickly dissipates it, akin to the behaviour displayed by the second order

Beam and Warming method results obtained using Mesh 2. Notice that the experimental data shows higher values of

pressure than the ones determined by Azevedo et al., comparable in magnitude with the data shown for the finer mesh

used here. Thus, it can be said that even though the mesh used by Azevedo et al. had a sufficient small grid spacing for

correctly capturing all the shock reflections (as shown here when using Mesh 2 with the second order upwind schemes),

the artificial dissipation model coupled with the intrinsic numerical dissipation introduced by the spatial discretization

culminated in the destruction of the shock reflection structures. Thus, a denser mesh should have been used in order to
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enable the propagation of the shockwave throughout the divergent section of the nozzle. Just for the sake of completeness,

since the node disposition of the meshes used here and the ones present in the referred works are not the same, a similar

analysis to the one shown in this paper was also performed using the meshes created with the exponential growth discussed

in the previous section. No significant differences were observed for this new case and the conclusions herein displayed

continued to be valid.

6. CONCLUDING REMARKS

A simulation of a two-dimensional transonic flow along a convergent-divergent nozzle has been performed using four

different numerical schemes for the solution of the Euler Equations in the context of finite differences. Four different

meshes of increasingly higher degree of refinement were used in order to access the influence of the spatial discretization

over the amount of artificial dissipation naturally introduced to the solution. It has been seen that not using a sufficiently

fine mesh can lead to the introduction of an excessive amount of numerical dissipation, which resulted in the dampening

of shockwave structures that would otherwise be present in the flow along the divergent section of the domain. This

behaviour was seen to be more severe when using the second order Beam and Warming centered scheme, coupled with

Pulliam’s 4th differences nonlinear artificial dissipation model, than when using the second order Steger and Warming and

van Leer upwind schemes. The latter methods were able to correctly capture the series of shock reflections that appear

downstream the nozzle’s throat even when using a mesh that would otherwise dampen them if the centered scheme was

used instead.

The simulation configurations that were seen to naturally introduce less artificial dissipation to the solution are the ones

that achieved the best agreement in relation to experimental data. First order schemes correctly captured the formation

of the shock, but would otherwise introduce errors in other flow features even when using a fine mesh. Exception to this

observation is the Liou’s AUSM+ method, which was able to correctly estimate the pressure values along the wall of the

divergent section, albeit strongly dampening the shock reflections.

It was also seen that the numerical results obtained by MacCormack (1985) and Azevedo et al. (1995), although able to

correctly estimate the average static flow pressure along the wall, introduced excessive artificial dissipation to the solution,

preventing the shockwaves to develop at the divergent section and leading to a small but sensible underestimation of the

pressure values in this region of the domain. It is expected that by simply improving the overall node density of their

discrete domains by a factor of 2, for example, would enable the shockwave to propagate without being damped before

reaching the nozzle’s output. A natural follow-up to the current study would be to verify the impact of the inclusion of

viscous terms over the simulation results.
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