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Abstract. In the present work, continuous solutions were developed for a plane jet in laminar and turbulent regimes using
the self-similarity solution technique. The results obtained through the proposed solutions differ from the results presented
in the literature. Furthermore, two different models of the Unsteady Reynolds Averaged Navier-Stokes (URANS) class were
implemented in an in-house code and applied in a simulation of a turbulent plane jet. Despite the small difference in the
transport equations of the standard k — € model and the realizable k — € model, it is known that each model behaves
differently depending on the type of problem. Therefore, the objective of the present work is to compare the results of a
numerical solution of a turbulent plane jet, using the aforementioned variations of the k — € model, with the continuous
solution. The normalized mean velocity profile along the jet centerline was obtained for all the three cases and compared
with experimental data found in the literature. In addition to the experimental data, the numerical results, which are
discrete results, were also compared with the continuous solution obtained by the authors of the present work using the
similarity solution technique.
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1. INTRODUCTION

The plane jet belongs to a class of free shear flows, in other words, flows in the absence of walls and pressure gradients.
The simulation of two-dimensional jets can provide a good initial prediction for several industrial problems. However, the
simulations of this type of problem become complex when they involve turbulence, causing the computational cost and
the demanded time considerably high. Therefore, an alternative to model the turbulence with a reasonable computational
cost is to use RANS (Reynolds Averaged Navier-Stokes) class models, which provide the average behavior of the flow
and can be easily applied in two-dimensional simulations.

As presented by American Society of Heating and Engineers (1989), free jets can be divided into four different zones:
the first zone corresponds to a short region in which the mean velocity remains approximately constant, the second zone
is a transitional zone, the third zone is related to a fully developed turbulent flow, and the last zone is the terminal
zone. The third one is also considered the self-similar zone, and because of that is the main jet region in engineering
applications. Liu ef al. (1996) compared the performance of the standard k£ — e model with the Lam and Bremhorst (1981)
low Reynolds number model considering and desregarding wall functions in predicting a plane-free jet and a plane-wall
jet behavior, in the self-similar zone. Velocity decay, velocity profile and spread rate were evaluated and compared to
available experimental data. The simulations predicted the velocity decay and the velocity profile well, but overpredicted
the jet spread. Wilcox Wilcox (1994) compared the spreading rate for plane jets and round jets using the Standard
k — € model. The results presented good agreement with experimental data. The spreading rate obtained from numerical
simulations of the round jet was 25 % to 40 % higher than the spreading rate measured by experiments. Block (2006)
analyzed the performance of the Prandtl mixing length model, the standard £ — € model and the Renormalization Group
(RNG) k—e model for the solution of a round jet. Basically, it was concluded that the Standard k—e model presented better
agreement with experimental data. Stroher et al. (2009) evaluated numerically a incompressible axysimmetric turbulent
free jet using three RANS based turbulence models: standard & — e, realizable £ — € and v2 — f. The numerical results
were compared with available experimental data for two jets issuing from a nozzle with fully-developed and "top-hat"
velocity profile. Only the results obtained using the two & — € models presented good agreement with the experimental
ones considering "top-hat" jet origin boundary condition.

The purpose of the present work is to compare the results of some plane jet characteristics provided by numerical
simulations using two k — € turbulence models: standard k& — € and realizable k — €. The simulations were performed in
an in-house computational code (MFSim) developed using the finite volume method to discretize the equations, staggered



G. M. Magalhées, J. G. de F. Santos and A. Silveira Neto
Continuous And Discrete Solution For a Plane Jet

grid and parallel processing. In addition, a continuous solution is proposed for turbulent plane jets using the self-similarity
solution method. Unlike the continuous solutions already presented in the literature, in the present work, the integral of
momentum flux was not considered unitary. A comparison of the continuous solution against the experimental data
presented in the literature with the results of the numerical simulations using the two models allows to verify which one
presents better agreement of the results in two aspects. These aspects are the mean velocity profile evaluated in different
sections of the computational domain, and the velocity decay at the jet center line.

2. MATHEMATICAL MODEL

This section presents the mathematical models applied to the case study. Considering one phase and an isothermal
flow, the fluid solution can be expressed by the continuity and Navier-Stokes equations. The Navier-Stokes equations
are sufficient to solve turbulent flows using Direct Numerical Simulations (DNS). This simulation technique has a high
computational cost, because it needs to resolve all the turbulence eddies and this requires a very fine grid. An alternative
method is the decomposition of the power spectra of the eddy-velocity into two bands, which is related to obtaining the
filtered equations and the concept of filtering. This leads to the so-called turbulence closure problem. An alternative to
treat the turbulence closure problem is using the Boussinesq hypothesis to model the global Reynolds stress shown in
Eq. (1)).

ou; 8% 2
Tij = It (axj + 83:1-) - gkéz], (1)

where p; is the turbulent dynamic viscosity, d;; is the Kronecker delta and k is the turbulent kinetic energy.

The turbulent dynamic viscosity is a property of the flow and is calculated by the closure models. In the present work,
two k — e models are used. The k£ — € model and its variants are two transport equations models and they belong to both
Reynols Average Navier Stokes (RANS) and Unsteady RANS (URANS) class method. The first equation transports k
and the second transports its dissipation rate, e. The k and e values are used to obtain the turbulent dynamic viscosity.

For a Newtonian fluid and an incompressible flow, the filtered continuity and Navier-Stokes equations with the Boussi-
nesq hypothesis are given by

dpu;)

o, 0, 2
8(pﬂl) 8(pmﬂj) . 8];* i o0u; 6’&]'

o o om om M\ G, T am )| ®)

where the bar is the filter, p is the fluid density, u; corresponds to the ¢ component of the velocity vector, p* is the
modified pressure and p is the fluid dynamic viscosity. When the Egs. (2) and (3) are solved with URANS method, filter
corresponds to the average.

2.1 Exact Solution

Considering the differential mathematical model for an incompressible plane jet, in a turbulent regime, presented by
Egs. (2) and (3), it is possible to simplify these equations with hypothesis and assumptions.

It is considered that the process of diffusive transport promoted by turbulence is orders of magnitude larger than the
pure molecular diffusive process. Thus, the term involving molecular diffusion will not be considered. The advective term
is simplified in accordance with the physics of this problem. In other words, the flow occurs in the z — y plane and the
average behavior is considered to be in steady-state. Therefore, the mass balance equation and the filtered Navier-Stokes
equation for z-direction results in
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For the continuous solution, a closure model with zero transport equation is used. The turbulent kinematic viscosity
(v7) is modeled according to Prandtl-Reichardt model and is given by:

vy = Xa(x) (Uma:r - Umzn)7 (6)
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where x is a constant of the model which depends on the flow, d(z) is the distance between the center line of the jet and
the point wich u(z,y) = 0.01 Uyin, Upnae is the maximum speed and U4, is the minimum speed in the averaged flow.

The plane jets are free shear flows and its mean velocity profile, considering a turbulent regime, is self similar from
x/d = 5. This characteristic allows the solution technique by self-similarity to be used. This technique proposes a
self-similarity variable n and a self-similarity function F'(7). In the present work, the following definitions were adopted:

P = e,

where U, (z) is the velocity at jet center line.
The next step of the self-similarity solution is to make Egs. (4) and (5) as a function of 1 and F”(n). This process leads
to an Ordinary Differential Equation (ODE):
6 dU. 2 1dd
F"+ — —5(FF'"—F ——FF" =0. 7
+chdz( )+Xd:c )
One requirement of the self-similarity solution is that the coefficients of the ODE, given by Eq. (7), be constants.
Assuming  and [ constants, it is considered that

Lds_
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Integrating Eq. (8) and using the boundary condition, é(x = 0) = 0, it can be found that
§(z) = Az, (10)

where A is a experimental constant.

It can be found, from experimental data, that the spreading rate for turbulent plane jets is, approximately, 0.1, as pre-
sented by Wilcox (1994). Experimental data enables to determine the constant A of Eq. (10). According to measurements
of Bradbury (1965), this constant is A = 0.109. Thus,

d(z) = 0.109z. (11

To proceed with the resolution, it is convenient to adopt a simplified hypothesis: the linear momentum of the jet is
constant. This hypothesis is based on the Reynolds Transport Theorem (RTT) applied for linear momentum and this
means that

J = p/ u?dA = constant. (12)
Using mathematical arrangements in Egs. (8), (9) and (12), the ODE can be rewritten as

A A
F" 4 ZFR 27—, (13)
2x 2x

with initial and boundary conditions, considering the domain centered in y = 0, given by

n=0—=F=0 null velocity v iny =0, (14a)

n=o0c0—F' =0 null velocity « in y — oo, (14b)

n=-o00—=>F =0 null velocity @ in y — —o0, (14¢)

n=0—F"=0 null derivative (gu> iny =0, (14d)
Y

n=0—>F'=1 u=U.iny =0. (14e)

Integrating the Eq. (13) and using the previously exposed conditions, the velocity profile is given by

u(z,y)
U(z)

= sech? (0.96073 1) , (15)

where

n=9174"2. (16)
T
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Therefore, it is possible to define the continuous solution of the velocity at the jet center line. However, it is convenient
to present the velocity profile in a dimensionless form, in order to compare results. In this way, the ratio between U, and
the jet mean velocity at the inlet U is given as a function of = and the jet nozzle width d. Andrade (1939) explains that
it is not convenient to assume the effective origin of the jet at x = 0. He suggests that the continuous solution is closer
to experimental data when using a z,, value added to x/d. Besides that, according to Tennekes and Lumley (1972), the
self-similarity begins from x/d = 5 for turbulent plane jets.

Considering that the velocity at the jet center line begins to decay from a/d = 5, it can be written as

Uel®) _ 9 5711 (f n 1.61054) v (17)
U; d
where Uj is the mean jet velocity at the nozzle.

The continuous solutions represented by Eqgs. (15) and (17) will be posteriorly compared with experimental and com-

putational results.

2.2 Numerical modeling

As previously explained, the values of &k and e are used to calculate the turbulent dynamic viscosity (u) of the Eq. (3).
In a general form, the two transport equations for & — ¢ models can be written as

Opk) , . k) _ 0 K’” m) 8‘6] v P+ Dy, (18)

ot 7 9r;  Ox; o) Ox;
Ope) | ;. 0pe) _ 0 m) O
ot Uy or;  Ox; oot oe) Ox; + Pt De, (19

where o is a constant, P is the production term, D is the dissipation term, and their expressions depend on each model.
In the present work, source terms were not considered.
The calculation of turbulent dynamic viscosity as function of k£ and € is given by

k2
He = p C,u?a (20)

where C, is a value that varies according to the used k — € model.
Furthermore, a quantity S appears in the £ — € models. This quantity is defined by

S = /25,55, @1
where S;; is the strain rate tensor:
1 /0w, ou;
S == J ) 22
> (axj * 8xi> 22)

The two k — e models employed in the present work are detailed below.

2.2.1 Standard k£ — ¢ model

The standard & — € model was proposed by Launder and Spalding (1972). It is a semi-empirical model quite popular
in simulating industrial problems due to its robustness, economy and reasonable accuracy. As previously commented, the
standard & — € model is a two-equation model based on the transport of the turbulence kinetic energy and its dissipation
rate, which derivation depends on physical and empirical considerations.

The turbulent kinetic energy can be calculated by Eq. (18) where the production term Py and the dissipation term Dy,
are

Py, = uS%, (23a)
Dy = —pe. (23b)
However, the dissipation rate is given in Eq. (19) with the production term P, and the dissipation term D, equal to
P.=Cqy %utSQ, (24a)
D, = —pOﬁgg. (24b)

The model coefficients are 04, = 1.0, 0. = 1.3, C, = 0.09, C¢; = 1.44 and Cep = 1.92.
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2.2.2 Realizable £ — ¢ model

Shih et al. (1993) proposed a new formulation for the turbulent viscosity and for the transport equation of €. The
model was called realizable k — € and it presents greater mathematical consistency on the Reynolds stress tensor than the
standard £ — € model, in certain restrictions.

In this model, the production and dissipation terms for the transport equations of k and € are

ou;
Py = *Puiug‘%ja (25a)
Dy = —pe, (25b)
o1y
P = -pP Ca Us Uy 87%’ (262)
€2
D.=—p Ce??a (26b)
in which w;u; are the Reynolds stresses given by
2 k2 o K ]
WUy = gk(s?] — CM?ZSU + 20267(*»5'%9]6]' + QikSkj), 27
where
1
S5 = Sij — gSkk(Sij, (28)
and
1 /0u; Ouy
Q= = vt 2 29
J 2 <8$] 8.131) ( )

The model constants are Cc; = 1.44, Cex = 1.92, 0}, = 1.0 and 0. = 1.2. The C), term is considered as a constant
in the standard k£ — ¢ model. However, this term is calculated for each time step, in the realizable £ — ¢ model, using the
following formulation

1
CH:7*]€’
Ag + AUE

where
U™ = 1/SijSi + Q4 S;, €1V

Ay = 4.04 and

(30)

Ay = V6 coso, (32)
in which
1
o= garccos(\/g W), (33a)
vV'::fiiéﬁﬁéki, (33b)
53
and
;55 (33¢)

In Eq. (27), there is another coefficient C5 calculated dynamically in each time step based on flow properties, which
is given by

1903 (%)

Co = Gy oS (34)

where Cy = 1.0,

S* = /85,55, (35a)
0 = Q0. (35b)

According to Shih et al. (1993), the realizable &k — € model can predict the spreading rate of plane and round jets well.

and



G. M. Magalhées, J. G. de F. Santos and A. Silveira Neto
Continuous And Discrete Solution For a Plane Jet

3. COMPUTATIONAL SIMULATIONS

For the present work, the MFSim code is employed. The MFSim is an "in-house" code developed in the Laboratory
of Fluid Mechanics (MFLab) from the Federal University of Uberlandia (UFU). The base of the MFSim is an adaptive
block-structured regular and cartesian mesh which reduces the computational cost. To treat the turbulence, in this code
the Large Eddy Simulation (LES) models and Unsteady Reynolds Average Navier-Stokes (URANS) models are available
to the user. It is possible to simulate problems like fluid-structure interaction, multiphase flows, reactive and turbulent
flows considering 3D domains and parallel processing using MFSim (Neto et al., 2019; Melo et al., 2018; Gasche et al.,
2012; Denner et al., 2014).

In the MFSim code, the Navier-Stokes equations are solved for incompressible flows, Egs. (2) and (3). These equations
are discretized using the finite volume method in a staggered grid. The Semi Backward Difference Formula (SBDF)
method is used in the temporal discretization of the transport equations (Wang and Ruuth, 2008). This method is based on
a semi-implicit discretization, in which the advective term is treated explicitly and the difusive term is treated implicitly.
For the advective term, the Convergent and Universally Bounded Interpolation Scheme for the Treatment of Advection
(CUBISTA) is applied (Alves et al., 2003). Besides that, for the diffusive term, the Central Differencing Scheme (CDS)
is used (Fergizer and Peric, 2002).

The computational domain was defined according to the schematic representation shown in Fig. 1. The whole domain
was solved using a grid with one refinement level and 6 cells per diameter.
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Figure 1: Computational domain used in the jet simulations.

The inlet fluid flow enters the domain with a mean velocity of U; = 56.2 m/s. A turbulence intensity of 0.58 % was
assumed based on Hussein et al. (1994). The physical properties of the fluid were setas p = 1 kg/m? and i = 4.443x1075
Pa-s to match a Reynolds number of 9.55 x 10%. The CFL was set to 0.2. Lastly, the boundary conditions were imposed
as shown in Tab. 1. It should be emphasized that the applied Neumann conditions were homogeneous.

Table 1: Boundary conditions applied in the domain.

Domain faces u v w p k €
West Dirichlet | Dirichlet | Dirichlet | Neumann | Dirichlet | Dirichlet
East Neumann | Neumann | Neumann | Dirichlet | Neumann | Neumann
South Neumann | Neumann | Neumann | Dirichlet | Neumann | Neumann
North Neumann | Neumann | Neumann | Dirichlet | Neumann | Neumann
Bottom Periodic Periodic Periodic Periodic Periodic Periodic
Top Periodic Periodic Periodic Periodic Periodic Periodic

4. RESULTS

Figure 3 shows the velocity decay profiles at the jet centerline obtained with the computational simulations and the
continuous solution, that were compared with the experimental results of Van der Hegge Zijnen (1958). Figure 2 shows
the comparison of the velocity profile along y direction, @(x, y) at different distances of the nozzle between computational
simulations, continuous solution and experimental data provided by Heskestad (1965) and Bradbury (1965).

In order to analyze the continuous solutions, the profiles given by Egs. (17) and (15) were compared with experimental
data obtained by different authors. The continuous solution for jet center line decay was compared with Van der Hegge Zi-
jnen (1958) experimental data and it presented values of 0.024 and 0.012 for the L., and Ly norms, respectively. The
dimensionless velocity profile, given by Eq. (15), presented Lo = 0.043 and L, = 0.072, when compared with Bradbury
(1965) experimental data for x = 60 d (Fig. 2b).
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Figure 3: Comparison of jet centerline velocity profile.

Figure 2: Comparison of @(z,y) profile considering different distances from the jet nozzle.
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5. CONCLUSIONS

About the continuous solutions, the profiles presented a good agreement with experimental data for the jet velocity
profile, u(z, y), and jet centerline velocity, U.(x). The continuous solutions can be a good tool for the validation process
in computational codes.

As discussed previously, simulations were performed using two variations of £ — € models in order to compare the
results with the profiles obtained through the continuous solutions and experimental data. Analyzing the results shown in
Fig. 3 and Fig. 2 ,it was observed that the standard k& — € model presented better performance to predict the velocity decay
of the jet center line. In order to predict the radial velocity profile and the spreading rate, the realizable k — € was more in
agreement with the continuous solution, while the standard model presented better agreement with the experimental data
as shown in Fig. 2.

Finally, it can be concluded that no model is better than the other in a general way. However, it is important to choose
the model according to the characteristics and properties of the flow based on the desired accuracy.
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