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Abstract. The design of rotating machines greatly evolved in the last five decades, as aided by advanced computational
models, which are able to describe new material properties and the dynamic behavior of elements with complex geometry
at high rotational speeds. To foster this field of research, a Unified Formulation Finite Element Model specifically devel-
oped for rotordynamics is presented. In a Unified Formulation numeric model, the number of nodal degrees of freedom
and the order and type of interpolation functions are arbitrary. The goal of this novel technique is to produce physically
coherent results for rotating elements for any given geometry and material properties, by using Nth order polynomial
interpolations and Nth order beam elements. The model is also able to represent any cross-section geometry and or-
thotropic materials, producing 3D-like solutions. To keep the computational cost affordable, unimportant terms can be
identified and neglected in the formulation, yielding precise results at a fraction of the cost. In this publication, a proof of
concept case-study is carried out by simulating a composite-shaft rotor with Timoshenko, 1st, 2nd and 3rd order Taylor-
like polynomial interpolations, with two-node beam elements. The present theoretical analysis shows good qualitative
results, and an increasingly realistic dynamic behavior for higher order models.
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1. INTRODUCTION

A major advancement in rotordynamics came out with the use of composite shafts, since they overcome intrinsic lim-
itations of metallic ones (Silveira, 2001). The low weight of composites allows for faster acceleration and deceleration
as compared to conventional rotating machines (Brush, 1999), and also reduces effects related to rotational inertia. An
unfortunate side-effect however, is that composites have a more complex behavior as compared with isotropic materi-
als. Besides, in supercritical operations the vibration responses demand special attention (Gupta, 2015) to ensure a safe
operation (Del Claro et al., 2017), (Sino et al., 2008). Nevertheless, it is possible to change the stiffness and damping
properties by manipulating some characteristics on the model (Barbosa et al., 2018). Additionally, it is possible to attenu-
ate the vibration amplitudes when the system undergoes critical speeds, depending on the structural damping properties of
the composite (Mendonga et al., 2017), which significantly influences the system dynamic response (Bucciarelli, 1982),
(Wasilkoski, 2006).

Another arising challenge is the modeling of complex rotating geometries, such as thick-walled shafts and flywheels,
operating at above-critical speeds (Carrera and Filippi, 2015). These systems demand high order models to accurately
represent the stress-strain relations of the moving structure. Considering their geometry, material property and wall
thickness requirements, simplified models are unsuited for obtaining accurate results for this type of application (Barbosa
et al., 2019). These complexities have pushed the development of new and modified models, featuring improved physical
representation of the real systems. Different Finite Elements Method (FEM) formulations based on the homogeneous
beam theory, equivalent layer theories and layerwise models, have been recently proposed for the analysis of composite
materials by a number of authors.

Nevertheless, when numerical models are used, a compromise solution is generally proposed, aiming at balancing
the accuracy of the results with model complexity and computational cost. As a general rule, the goal is to have suffi-
ciently accurate models while keeping the computational cost low enough for the problem to be solvable. Considering
recent models, aiming to give better results than traditional representations, such as Euler-Bernoulli and Timoshenko - the
Classical Beam Theories (CBT) - a few examples can be cited. The Equivalent Modulus Beam Theory (EMBT) (Tsai,
1998), such as the one shown by (Singh and Gupta, 1996), can be effectively used for the modeling of tubular composite
shafts, and can be even extended to represent rotating dynamics accordingly, with a few limitations (Gubran and Gupta,
2005). A Layerwise Beam Theory (LBT) (Singh and Gupta, 1996) presents an excellent prediction of the composite shaft
dynamics in rotating machine applications, but leads to an exponentially higher computational cost (Carrera et al., 2014),
depending on the number of layers considered. An intermediary approach was studied, resulting on a modified version of
the EMBT (Barbosa et al., 2018) models, and also on the Simplified Homogenized Beam Theory (SHBT) (Sino, 2007).
An Unified Formulation (UF) was presented by Carrera (CUF), bringing a methodology to determine the “best theory”
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for a given problem (Carrera et al., 2011). Alternate solutions, such as the Rayleigh-Ritz method, were also recently used
for composite shafts (Cavalini Jr. et al., 2017).

To foster the understanding of composite thick-walled shaft rotors, the authors present a N-th order UF FEM model,
with extended damping and orthotropic material considerations. A SHBT can be applied to composite materials, providing
accurate results for thin to moderately thick walls, while maintaining the computational cost acceptable. Otherwise, a full
LBT model can be selected, if the application demands, providing reliable results at a higher cost. This model enables
the determination of 3D-like solutions for rotating machinery problems, being limited only by the boundary conditions
representation and computational power. The model assumptions and general formulation is presented in the next session,
featuring a proof of concept by modeling a thick-walled composite-shaft rotor, similar to the overhung configuration
(Friswell et al., 2010), (Barbosa et al., 2019).

2. UNIFIED FORMULATION

The UF utilized in this model is based on the works of (Carrera et al., 2011), (Carrera et al., 2014) and (Filippi,
2015), featuring a number of modifications and added functionalities. By maintaining the interpolation order and element
type as input parameters, this method is not restricted to the limitations of standard theories and produces very accurate
and easily adaptable structural models. The displacement field interpolation functions are also arbitrarily chosen, and
no assumption about them is made beforehand. Regarding the orthotropic composite formulation and internal material
damping properties, an equivalent layer integration (SHBT) (Barbosa et al., 2019) and a Kelvin-Voigt rheological model
(Sino, 2007) are respectively used. The effect of transient stiffening during acceleration has also been included.

2.1 Interpolation functions, material and geometry modeling

The model construction begins by defining the nodal displacement vector as in Eq. (1),
u(z,y,z) = {umuy’uz}T, where 0 <y < L 1)

where L is the shaft length in the y direction and the x, z plane defines the cross-section geometry. Material properties are
dependent on the fibers angle relative to the shaft axis (Cavalini Jr. ef al., 2017), for each ply. As it has been proven by
previous works using ESL theories, a shaft with wall to radius ratio smaller than 30% (moderately thick) can be modeled
by SHBT or EMBT with satisfactory results (Del Claro et al., 2017). Next, one can define the time dependent vector
u(z,y, z) as in Eq. (2):

u(x,y,z,t) = F.,-(l',Z)uT(y,t), T= 1727 T 7N (2)

expressing the cross-section interpolation by F’., Eq. (4), and the displacement vector is given by u,. The 7 sub-index
indicates Einstein summation notation. This yields the u; (i = x,y, z) terms of Eq. (3):

Oth order = u; = Fiu;
1st order = u; = {Oth} + Fou;o + Fau;s
2nd order = u; = {1st} + Fyuiq + Fsuis + Fouge

3
3rd order = u; = {2nd} + Fruir + Fsuis + Fouig + Fiouiio ©)
Nth order = u; = { .- } + F(N2+N+2)/2u7;(N+1) + - 4+ Fyuimg
0th order = Fy =1,
1st order = F» = x; F3 = z;
2nd order = Fy = 2%; F5 = xz; Fg = 22, @

3rd order = Fr = 23; Fy = a%z; Fy = x22; Fip = 25;

Nth order = F(N2+N+2)/2 :l‘N’ {}7 F]\/f — ZN.

where N is the interpolation order and M is the amount of generalized Degrees of Freedom (DoFs) per node, given by
M = (1/2)(N + 1)(INV + 2). Making an analogy to the CBT, specifically to the Timoshenko model (Zienkiewicz and
Taylor, 2005), u;1 and u; are equivalent to the translational DoFs x and z, while u,2 and u,3 the rotational DoFs ¢ and
¢, respectively. Degenerating the UF into any classical model is a simple matter of neglecting unimportant terms. For
this Two Nodes Beam Element (B2), a simple interpolation is adopted in the longitudinal direction, such as explained by
Egs. (5) and (6).

ur(y,t) = Ni(y)qi(t), where qi(t) = {quaris Quyri> Quers} s =1, Npodes (5)
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Ny =1/2%(1—r);
No=1/2%(r+1); (6)
r={-1, 1}, for a B2 element.

As the number of nodes per element in the longitudinal direction increases, so does the interpolation functions N+¢
increase in number and complexity. An element with 3 nodes, named B3, would have a parabolic interpolation function,
a B4 would be cubic and so on, while a simple B2 element has a linear interpolation. Although in this formulation no
limitations have been imposed for the element order, the B2 elements are generally adequate for long shafts such as
the one considered here, while higher order interpolations are recommended for thick-walls, flywheels or high diameter
elements, depending on the dynamics of the problem (Carrera ef al., 2014). By making use of high order elements, shell
deformations and vibration modes are visible in thin walled hollow shafts. These effects start to appear with B4 beam
elements, and improve in precision by using even higher orders, allowing to produce accurate shell-like deformation
results at a low cost, when compared to a full shell FEM model.

2.2 Fundamental Nuclei assembly procedure

Another particularity of the UF is its assembly procedure. On a standard FEM model, the element type, interpolation
functions and DoFs per node are defined from the start, while here that is not the case, and a generalized assembling
technique is needed. This implies the definition of each individual term of the Stiffness, Damping and Mass matrices as
dependent of four sub-indexes, leading to the matrix assembly along four loops to cover all the combinations.

In this procedure, the generalized "core" of each matrix, denominated Fundamental Nuclei (FN), consists of a 3x3
matrix, such as in Eq. (7). The formulation follows the Principle of Virtual Displacements (PVD), first determining the
stress o and strain e components, later manipulating them to obtain each term of the FN. These are then introduced into
two loops to form the nodal level matrices, which depend on the cross-section interpolation functions order, given by
indexes 7 and s, ranging from 1 to M. After that, the Element level matrices are assembled also using two loops, covering
the indexes ¢ and j, that represent the longitudinal interpolation dependent on the number of nodes per element, ranging
from 1 to N,,. These last couple of assemblies are presented in Eqgs. (8) and (9), where b is a differential operator matrix
and C is the material coefficients matrix, which are calculated through SHBT layer integration for transversely orthotropic
composite materials.

kyz oy kae
k™ = [ Fy(x, 2)Nj(y)bT CbN;(y) Fr(2,2)dV = | kyy kyy ky.| = FN
kv Koy ke
(8x3)
[0/0z 0 0 | [C1y Cia Ci3 0 0 0] o
0 /0y 0 Co1 Cyy Caz 0 0 0
Where: b = 0 0 0/0z , and C = Car Cs2 Cgg 0 0 0
0/0z 0 0/0x 0 0 0 Cu Csi5 O
0 0/0z 0/dy 0 0 0 Css Cs5 O
|0/0y 0/0x 0 | | 0 0 0 0 0 Ces
Mllis K2lis Mg ]
K127 K225 KM2ij
kY = : : i) : = Nodal Level ®)
i e
(3Mx3M); Indexes 7,5
[kt K2 kel
k2 k2 . kN2
ke = . . - ) = FElement Level )
: : k" :
kiNn  K2Nn  KNaDa

(B3MN,x3MN,,); Indexesi,j

Finally, the assembling for global level matrices follows the standard practice, depending on the number of elements
adopted for a given problem mesh. Transfer and Connectivity matrices are used as usual, although they demand a similar
generalized approach for their construction, as they also depend on the order of the interpolation functions and on the
number of nodes per element. This technique presented here is extended for the assembling of all other matrices, such as
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Gyroscopic, Damping, Mass matrix, and others. The matrices are assembled based on their physical origin, resulting in
the Stiffness, Damping and Mass matrices being split into a number of sub-components. These are all individually built
just as the classical stiffness matrix of the shaft k;, and follow the same assembling technique.

2.3 Constraints, forces and localized components

As a brief sidenote, terms such as localized forces, constraints and other elements with local influence are introduced
directly at the adequate DoF or as nodal level matrices. For punctual forces, bearing supports and external constraints in
general, the implementation consists in identifying the DoF(s) subject to their influence and adding them either directly
(forces, bearings, local springs or dampers, etc.) or via penalty factor (in the case of a clamped DoF). For localized
elements, such as disks and blades, the procedure is so that either a thick beam element with proper radius and higher
order of interpolation on that particular element is added, or by creating a set of nodal level matrices specifically for the
disks, and by subsequently adding them to their global level associated matrices. In this contribution, the bearings are
applied as localized terms, directly at their corresponding DoFs, the gravity force is added to every node in the vertical
direction, and the disks have their own set of nodal level matrices, which are added to the Global matrices during their
assembling procedure.

3. ROTOR MODEL

Assembling the additional FEM model terms via Lagrange formulation, one can proceed according to the standard
manner, separating the terms into Potential () and Kinetic Energies (1), equivalent to the work of non-conservative
forces (W,,.) (Meirovitch, 1980). This formulation is developed so that the rotating dynamics, internal material damping,
dynamic stiffening due to acceleration, gravity, efc. are included, as presented by Eq. (10):

ty ty ty
/ 6(T — U)dt + / OWyedt = 5/ (T — (U + U,,O) + Wb)dt =0 (10)
0 0 0

being U, the energy associated with the wall deformation due to centrifugal effect and W, the energy stored and dis-
sipated by the bearings forces. By carrying out the Lagrange formulation, one can derive the Equation of Motion and
generate each individual FEM matrix just as exemplified by the shaft stiffness matrix k.;. For the sake of brevity, this
model presents no forces other than the gravity and internal ones, originated by the shaft rotation and unbalanced masses.
The Equation of Motion is presented according to the individual matrices separated by their physical origin, as given by
Eq. (11),

M+ Mg4]G+[C+Cp+ QG +Gq)l¢+[K+Kp +Kg+Ks+Ksqg+Q*(Ko+Koq) +Kt]g = W+Fuup (11)

where M stands for mass, C for damping, G for gyroscopic and coriolis and K to stiffness matrices. The index s
indicates the centrifugal effect, o dynamic stiffening and pre-stress, while t stands for motor torque. The additional sub-
indexes 4 and y, indicates the association with disks or bearings physical influences respectively. It is noteworthy that this
specific formulation included the additional terms C + Cy, due to internal composite damping, obtained via Kelvin-Voight
rheological model (Cavalini Jr. et al., 2017). It also presents 2?(Ko + Kog) due to dynamic stiffening effects under
acceleration/deceleration conditions. In addition, the gravity effect on the structure own weight is added by W and the
unbalanced forces by F,p. The material properties were obtained for an equivalent layer by means of a degenerated
shell theory, as presented by the SHBT method (Sino, 2007).

4. NUMERICAL MODEL

For exemplifying the UF FEM model described above, a numerical exercise is proposed. A composite shaft rotor,
similar to the overhung configuration proposed by (Friswell et al., 2010) is modeled by 39 B2 elements, with cross-section
interpolation functions of 1st, 2nd, 3rd orders and also by a Timoshenko model, obtained by neglecting the extra terms
from the complete 1st order UF model. The setup is composed by a horizontal composite hollow shaft, two aluminum
disks, and two self-aligning ball bearings, as seen in Fig. 1. The system displacement response is produced on the disks
nodes, along the horizontal and vertical directions. The composite shaft used is made of carbon fibers into an epoxy resin

D1 D2[]
Bl B2
: X X
X X
| |
n4 n8 n27 n39

Figure 1: FEM mesh indicating bearings and disks nodes
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matrix, presenting twenty layers with the following stacking sequence: [0, 0, 0, 0, 90, 90, 45, -45, 0, 0, 0, 45, -45, 90,
90, 0, 0, 0, 0, 0/90] (6}, for each layer). The length is 907mm, the external diameter 18mm and the internal 12.8mm,
while the volumetric density is 1667kg/m?. The Young’s modulus along the fibers direction is E1 = E3 = 1- 10" Pa
and in the transversal E2 = 4.7 - 100 Pa, while the shear modulus is G = 9 - 108 Pa for all directions, and the Poisson
module is v12 = 0.30. This specific shaft was adopted due to its layers complexity and wall thickness, which is adequate
to test the UF model. The disks are manufactured in aluminium, with a volumetric density of 2700kg/ m3, thickness of
15mm and diameter of 150mm. The bearings have values of stiffness K!, = K = 1-10'°N/m for the first disk and
K2, = K2 =1-10°N/m for the second, while the damping is C}, = C!_ = 1-107(NKg/m)'/? for the first disk and
C2, =C?, =1-105(NKg/m)'/? for the second. The excitation forces for the simulations come from the unbalanced
masses, weighting 10g for the first disk and 20¢ for the second, located at a radius of 75mm, with phase of 5.945 and
5.257radians respectively.

5. RESULTS AND DISCUSSION

Initially, a numeric modal analysis was performed, for each model order, for comparison purposes. As the model order
incerases, so does its capacity to model physical phenomena, and therefore the number of natural frequencies detected in a
fixed frequency range will increase with the model order. In this evaluation, the range displayed goes from 1 to 50H z, and
all frequencies detected in this range are displayed in Tab. 1. The first line is dedicated to the Timoshenko model (CBT),
while the other lines correspond to the full 1, 2,,4 and 3,4 order UF models, respectively. Additional natural frequencies
were detected by the 3,4 order UF model, but only the repeated ones and those relevant to rotordynamics were presented.

Table 1: Natural frequencies detected by the different model orders (2 = 0)

CBT 4471 4471 - 26.12 26.12 23.80 - - - - - 576 5.80
UF 15 | 4471 4471 - 26.12  26.12 23.31 - - - - - 5.80 5.80
UF 2,4 | 41.58 4128 39.73 2646 2634 2454 2357 11.83 11.83 7.02 7.02 567 5.67
UF 3.4 | 41.61 4129 39.74 - - 2489 2378 11.84 11.84 7.02 7.02 567 5.67

All values in [Hz].

A Campbell diagram was generated for the models, which as a waterfall plot, produced by obtaining the Frequency
Response Function for the disks positions, along the directions « and z at a number of different €2 values. This mapping
produces a better result than the standard Campbell representation for the higher order models, since they present results
based on the relative amplitude of each natural frequency. In this manner, the relevant modes with high amplitude are in
evidence, while the unimportant ones are kept to the background. Waterfall plots for the first disk in the vertical direction
are presented in Figs. 2 through 5, for all models considered.

w
=
g
H
£

Figure 2: Timoshenko model unbalance response mapping - or Waterfall plot - captured for the first disk in the vertical
direction. Scale in [m].
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Figure 3: Complete first order UF model unbalance response mapping - or Waterfall plot - captured for the first disk in
the vertical direction. Scale in [m].

 frpm)
Figure 4: Complete second order UF model unbalance response mapping - or Waterfall plot - captured for the first disk in
the vertical direction. Scale in [m].

Node 8 FRF
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Figure 5: Complete third order UF model unbalance response mapping - or Waterfall plot - captured for the first disk in
the vertical direction. Scale in [m].
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Dynamic response analyses were performed to evaluate the model predictions for the transient behavior. A run-up
analysis was simulated, from 0 to 3000 rpm, as can be seen in Fig. 6, and the displacement responses were obtained for
the = and z directions on both disks nodes. While run-up tests, the implemented code runs a static simulation beforehand
and uses its result as the initial condition for the running simulations, avoiding unphysical transient responses.
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Figure 6: System runup response for multiple simulated models. Top left: 1st order UF degenerated into Timoshenko
CBT; Top right: complete 1st order UF; Bottom left: complete 2nd order UF; Bottom right: complete 3rd order UF

6. CONCLUSIONS AND FUTURE ASPECTS

The UF model proposed was effectively implemented and improved, originating a very adaptable framework from
which many new formulations, simplified and faster models can be developed. Introduction of new methodologies to
represent specific details of composite materials, such as orthotropy and internal damping, were performed as intended.
Once the core methodology to generate the element level matrices is in place, introducing new terms and functionalities is
a relatively simple task, which is a great advantage when adapting pre-existing methodologies to new problems. In terms
of computational performance, the code executes in similar speeds to its equivalents implemented using standard FEM
methodologies. As no relevant difference was noted, no additional comparative tests were performed in this sense. As a
proof of concept, our results demonstrated that the methodology is functional and efficient, assembling and solving the
proposed problem, satisfactorily.

Analysing the responses obtained, in the order they were presented, one begins with the natural frequencies. An
expected characteristic of the methodology is that the number of modes detected would increase with the order of the
interpolation functions adopted, which is demonstrated by the results set. By using the CBT model, only four physical
modes were detected with three of those being symmetric modes. Considering the complete first order UF, the same modes
are found at almost the same frequency values, thus evidenciating the validity of using a CBT model (such as Timoshenko
or Euler-bernoulli formulations) for slender shafts. Nevertheless, a great number of additional modes, including some
symmetrical ones, were detected by increasing the order of interpolation to 2 and later on to 3. The frequency values
of the already detected modes did not show considerable changes with the increment of the interpolation order. It is
noteworthy that one of the symmetric modes (at roughly 26[H z]) was not detected by the third order UF, having been
obtained by the other models. The third order UF has detected another 13 natural frequencies inside the studied frequency
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range, and none of those have been previously detected nor were their symmetric counterparts.

Moving on to the FRF mappings - or Watterfall plots - one can notice great differences between the different inter-
polation orders. A simple Campbell diagram, as produced for the Timoshenko or complete first order UF, gives a better
visualization than the Waterfall plots, due to the difference in relative amplitude between the different modes present in
the system. For these cases, the natural frequencies are actually present, but with such a low relative magnitude that the
detection threshold did not notice their presence. For this particular problem, a traditional Campbell was determined, and
the Campbell diagram both for the Timoshenko model and the second order complete UF model are shown in Figs. 7 and
8. The diagrams for the first order UF and for the Timoshenko model are almost equivalent, and only the previous one is
depicted in the present paper. In these diagrams it is evident the presence of the other natural frequencies, which were not

detected in the Timoshenko waterfall plot.
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Figure 7: Campbell diagram for the Timoshenko model.
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Figure 8: Campbell diagram for the complete second order UF model. In black, the 1X line is represented, the red dots
give the frequency values determined by modal analysis (at {2 = 0) and the red crosses mark the critical speeds
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It is important to evaluate all available routes, for this is a preliminary study, and in this case it is evident that, for
models of greater complexity than a CBT, the standard Campbell diagram is not adequate. Both representations, be it
a Campbell or Waterfall plot, convey the same information, but presented in different forms. The interference between
modes (veering) makes it quite difficult to individually isolate and track them in a Campbell diagram, and therefore the
Waterfall plot is certainly a more appropriate method to map the system response in this cases. Specially for this task
of tracking modes and for evaluating areas with multiple modes bundled together, the Waterfall plot appears to be an
appropriate choice.

The final analysis performed is the run-up transient test, and in this evaluation all the previously discussed phenomena
becomes apparent. For the Timoshenko and first order UF, it is clear that the critical frequencies are not adequately
represented, and the reason for this is believed to be the absence of cross-coupled terms in those models. However,
when observing the results for the second and third order UF models it becomes evident that the response is qualitatively
accurate, and resembles what is expected from experimental results. The system response exponentially increases and then
decreases when crossing critical frequencies; the beating phenomena is observed in the exponential decay regions. Also,
different amplitudes are noticed between the vertical and horizontal directions, evidenciating the gravity force influence
on the overall dynamics of the model. This behavior is observed because even if the bearings are considered symmetric,
the shaft structure itself is a composite, which inherently couples the cross-section x and z directions.

In this study the analyses were focused on the natural frequencies that are relevant for rotordynamics. However,
an additional evaluation to reconstruct and plot the mode shapes is being developed and, due to both time and space
constraints, will be presented in future publications. The proposed procedure to reconstruct the mode shapes involves
reassembling the DoF displacement solutions into physical coordinates, in a generalized manner. Ideally, it would give
certainty to the interpretations about each natural frequency and associated vibration mode detected, highlighting the extra
modes presented by the higher order models.

According to the results presented, the greater order of interpolation, and consequently the model complexity, the
better the response similarity to real systems dynamics. An evident drawback is the increased computational cost which,
given the nature of this methodology, can be easily reduced by identifying and neglecting the irrelevant terms for any
given application.
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