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Abstract. Drill-strings are slender tubular structures used in drilling operations. This structure is often subjected to severe
vibrations that can cause even the complete failure of the structure. One of the most harmful vibrations is the torsional
one. Many authors have proposed lumped parameter models to describe the torsional dynamics of drill-strings, but there
is still a lack of investigations about the comparison between the modeling strategies proposed. These investigations
usually focus on the bit-rock interaction but neglect the discretization and other subjects. The objective of this work is to
investigate different discretization strategies and compare them in terms of the natural frequencies. Also, the advantages
of using dimensionless equations are discussed. It is concluded that a better discretization of the drill-pipes is more
helpful and the use of dimensionless quantities generate results less sensitive to changes in drill-string properties.
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1. INTRODUCTION

Drill-strings are slender tubular structures used to drill holes in the earth’s surface in order to reach petroleum reser-
voirs. It is composed of two main sections: the drill-pipes (DPs), which are slender tubes that can reach several kilometers,
and; the bottom-hole-assembly (BHA), which have several hundred meters and is composed of thicker tubes and other
equipment. This structure is subjected to severe vibrations during the drilling operation and these vibrations are classified
into axial, torsional and lateral vibration. The torsional vibration is one of the most harmful ones and can cause different
problems during operation, even the complete failure of the drill-string. The severest torsional vibration is commonly
referred as ’stick-slip” and it describes the situation in which the bit presents a very large variation in rotational speed
while the top fo drill-string rotates at an almost constant rotational speed.

Several models have been proposed in the literature to describe the torsional dynamics of drill-strings (Saldivar et al.,
2016). Some of these models consider only the torsional dynamics (Ritto et al., 2017; Navarro-16pez et al., 2004), while
others consider also the coupling with axial and lateral dynamics (Hong et al., 2016; Richard et al., 2007). Despite its
simplicity uncoupled torsional models can describe pretty well the torsional dynamics of drill-strings when the other
vibrations are small (Ritto er al., 2017). Regarding torsional dynamics, two kinds of model are found in literature:
continuum models and lumped-parameter models. Although lumped-parameter models are very simple, they are very
useful and can describe a lot of important phenomena that happen during drilling. In addition, some models consider only
one degree of freedom (DOF) (Richard et al., 2007) for torsional dynamics, while others consider more DOFs to describe
the BHA (Ritto et al., 2017; Hong et al., 2016; Navarro-Lépez and Cortés, 2007). Although there are many models
available in the literature, there is still a lack of discussion about what is the best strategy to discretize the drill-string in
order to use lumped-parameter models.

Besides, although many authors consider dimensional quantities in the model (Lobo et al., 2017; Kamel and Yigit,
2014; Tang et al., 2015), the use of dimensionless quantities can elucidate important relations of the problem (Nandaku-
mar and Wiercigroch, 2013; Yigit and Christoforou, 1998; Germay et al., 2009). Despite this, the advantage of using
dimensionless quantities in pure torsional models has never been assessed.

Motivated by the above findings, the objectives of this work are: (i) to study the different strategies used to model
the torsional dynamics of drill-strings using lumped-parameter models, and; (ii) to propose a dimensionless equation of
motion in order to assess the advantage of using dimensionless quantities.

This article is organized as follows. In section 2, the mathematical model is presented and the discretization strategies
are explained. In addition, the dimensionless quantities are defined and the dimensionless equation of motion is presented.
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In section 3, the natural frequencies obtained using lumped parameter models are compared with the ones obtained with
the finite element method. Also, the advantage of using dimensionless quantities is discussed through the map of torsional
vibration severity, which is evaluated for the model using dimensional and dimensionless quantities.

2. MATHEMATICAL MODEL

The mathematical model used in this work is illustrated in Fig. 1, which compares the continuum case with the discrete
case. A constant rotational speed 2 is applied at the top of drill-string (¢ = 0) and the bit-rock interaction is included by
a torque T3;; on the last inertia (z = N).
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Figure 1: Schematic view of torsional lumped-parameter model.

In the case with 1 degree-of-freedom (dof), i.e. + = 1, the equation of motion is written as:

I0pit () + Byt (t) + kOpit (t) = —Thit (Opie () + e + kQt )

where 0y, (t) is the rotational angle of the bit; / is the moment of inertia, and; k and c are the stiffness and damping that
connect the lumped elements ¢ = 0 and < = 1. Note that the motion is prescribed in ¢ = 0 and, thus, it does not represent
a dof. Ty;+(0pic(t)) is the torque due to bit-rock interaction, which is modeled according to Tucker and Wang (1997):

: : Oz (
Tt (Opit(t)) = Wop Reirao (tanh(alebit(t)) + %) , (2)

where W, is the weight-on-bit; Ry;, is the equivalent radius of the bit, and; a( to a3 are constants obtained from calibra-
tion. In the case with multiple degrees-of-freedom, the dimension of the equation of motion increases and it becomes:

019 + klgt
0

[1{6(1)} + [CHO)} + [KI{O(t)} = : 3)
0
~Thit (Bpie (1))

where [I] is the inertia matrix; [K] is the stiffness matrix; [C] is the damping matrix, which is assumed to be proportional
to inertia and stiffness matrices, i.e. [C] = a[I]+ 8[K]; ¢; and k; are the damping and stiffness in the connection between
lumped elements ¢ = 0 and ¢ = 1. Note that the terms with k; and c; arises from the boundary condition of constant
speed at the ¢ = 0.
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2.1 Stiffness calculation

The torsional stiffness k; connecting each pair of lumped elements is defined as:

1<j<N, “)

where G is the shearing modulus, J; is the polar moment of inertia and L is the length of the section j between elements
i=jandi=j — 1.

2.2 Inertia calculation

Although the calculation of stiffness is pretty straightforward, there are three main strategies used to calculate the
moment of inertia I; of the degree of freedom 7. The first strategy (called A in this work) is a very common strategy used
for 1-DOF models. This strategy assumes the BHA as a rigid body and the moment of inertia is expressed as:

1
I= §IDP+IBHA7 )

where Ipp is the moment of inertia of the drill-pipes and I 4 is the moment of inertia of the BHA. This strategy has
been extensively used in the literature Lobo et al. (2017); Navarro-16pez et al. (2004); Richard et al. (2007) when the
torsional dynamics is represented by a single lumped element. The proof of this approximation is available in J. P. Den
Hartog (1947).

The second strategy (B) consists on assigning half of the moment of inertia of section j to the lumped elements on the
extremities of this section (¢ = j and ¢ = j — 1). The moment of inertia (1 j* ) of each section j is written as [ J* = pJ;L;
and the inertia matrix can be written for N DOFs as:

I7)2+ I3 )2 0 0 0
0 I3)2+ 132 - 0 0
1] = : : : : ©)
0 0 e I J2415/2 0
0 0 0 I%)2

The third strategy (C) is very similar to strategy B, but it considers the BHA as a rigid body. This is motivated by the
hypothesis made in strategy A, which is adopted in many works. Considering the BHA as rigid, the BHA inertia is added
to the last term of inertia matrix:

I )24 13 /2 0 0 0
0 )24+ 15/2 - 0 0
1] = : : : : (7)
0 0 e T, /2 4+ T3)2 0
0 0 0 I /2+ Ipma

In the case of 1-dof model, this strategy would give the following inertia:

1
I= §IDP+IBHA- ®)

2.3 Dimensionless formulation

The next step is to transform Eq. 3 into a dimensionless equation. To do this, we define the following equivalent
stiffness:

1
[K]N'y

where [K ]NlN is the last term in the diagonal of the inverse of the stiffness matrix. The equivalent stiffness k.4 is the
stiffness of a 1-DOF model that would give the same total torsion as the N-DOF model if a constant torque is applied at
the last element. In addition, we define the equivalent inertia

keqg =

, €))
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qu = s (10)

where w; is the first torsional natural frequency. Introducing the dimensionless time 7 = w; ¢ in Eq. 3 and dividing by the
equivalent stiffness k.4, we obtain the dimensionless equation:

C1H1 —+ K1H1T

0
[I{0(r)} + [CI{6(7)} + [K]{0(7)} = 5 (1)
0
_ ) b26(r)
b() H2 (tanh(blb’(T)) + 1+;30-2 (7_)>
where [I] = % is the dimensionless inertia matrix; [C] = % is the dimensionless damping matrix; [K] = % is
the dimensionless stiffness matrix; C; = % and K; = lf—lq are the dimensionless damping and stiffness of the first

section; IT; = 5—21 and I, = W"”ka” are dimensionless quantities; by = ag, by = wiai, by = as and by = wias are the

dimensionless constants of bit-rock interaction model.
3. RESULTS
The results presented in this section consider the drill-string data depicted in Tab. 1 and the following properties:

G = 85.3 x 10° Pa; p = 7800 kg/m?; ap = 0.221; a; = 0.2's; az = 0.89 s; a3 = 0.06 s. The drill-bit is considered
rigid in all the cases studied. The equations of motion are solve using "ode45" in MATLAB.

Table 1: Drill-string data used in simulations. Adopted from (Ritto ez al., 2017).

Section  Description Doyt [m]  D;,s [m] L [m]
DP Drill pipes 5 1/2" 0,140 0,119 4733,6
BHA1 HWDP5 12" 0,140 0,076 171,30
BHA 2 Drill collars, MWD tools & LWD tools 6 3/4" 0,171 0,071 294,90
BIT Drill-bit 8 1/2" 0,216 0,057 0,25

The strategies A, B and C were used to discretize the drill-string into a lumped parameter model. The natural frequen-
cies are obtained by solving the following generalized eigenvalue problem and compared with the ones obtained by using
the finite element method (FEM) in ABAQUS with 2430 elements. Using strategy A, i.e. with 1 DOF and rigid BHA,
the first natural frequency obtained (1.1344 Hz) returned a difference of 2.8 % in respect to the FEM result (0.1307 Hz).
A comparison between the mode shapes calculated with this strategy and with the FEM is presented in Fig.2. The mode
shapes are very similar, especially in the BHA. Although this strategy cannot capture all the details of the mode shape in
the DPs, the difference to the FEM result is small. Thus, this strategy presents a good simplification of the problem.
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Figure 2: Mode shape of the first mode when the strategy A is used (BHA is rigid and DP has 1 DOF).
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Using strategy C, one can discretize the DPs in multiples DOFs, maintaining the BHA as a rigid body. Figure 3(a)
shows a comparison between the natural frequencies obtained with strategy C with the ones obtained with FEM for the
first three vibration modes. It is shown that the first natural frequency is predicted very well with few DOFs and the 2nd
and 3rd natural frequencies converge to the ones calculated with FEM. Thus, strategy C works pretty well for the lowest
vibration modes. The mode shapes of the first and second modes are shown in Fig. 3(b) for the case in which the DPs are
discretized in 5 DOFs. The compatibility between the mode shapes calculated by using strategy C and FEM is verified.
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Figure 3: (a) Comparison between natural frequencies obtained with the lumped parameter model (LP) and the ones
obtained by FEM (horizontal dashed lines). The BHA is rigid and only the DPs are discretized. (b) Mode shapes calculated
for the first and second modes with the DPs discretized in 5 DOFs and BHA rigid.

A common approach used in literature is to discretize the BHA in multiple DOFs and keep the DPs with one DOF. It
is maybe motivated by the fact that the BHA is composed of many different sections. This approach is equivalent to use
strategy B with only 1 DOF in the drill-pipes (DP). Figure 4(a,b) shows the comparison between the natural frequencies
obtained using this strategy with the ones obtained with FEM. It is noticed that the second natural frequency converges
to a frequency which does not exist in FEM results. The third natural frequency converges to a value closer to the result
obtained with FEM. Note that the second and third modes here comes from the second and third eigenvalues calculated
with strategy C and they do not correspond to the second and third frequencies obtained with FEM. The first natural
frequency is not shown because the discretization of BHA does not affect the first natural frequency, which remains with
a difference of 8% with respect to the FEM results. The mode shapes are shown in Figure 4(c) and it is noticed that
the shape is pretty well captured in the BHA, but there are high amplitudes in the DPs which are neglected. Thus, it is
concluded that the discretization of the BHA is not worth it when the DPs are not discretized as well.
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Figure 4: (a,b) Comparison between natural frequencies obtained with the lumped parameter model (LP) and the ones
obtained by FEM (horizontal dashed lines). The DPs are discretized in 1 DOF and the BHA is flexible. (b) Mode shapes
calculated for the first and second modes with the DPs discretized in 1 DOF and the BHA in 50 DOFs.

If more DOFs are used in both DP and BHA, the lumped parameter model can capture other natural frequencies with
a good prediction quality. To show this, Fig. 5(a) shows the convergence of the 15t" and 25" natural frequencies when
both DPs and BHA are discretized. The number of DOFs in x-axis is the sum of the DOFs in DPs and BHA. The mode
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shape of the 25" mode is shown in Fig. 5(b) when 120 DOFs are used in the DPs and 30 DOFs in the BHA. Good
correspondence is obtained between the mode shape obtained with strategy B and the one from FEM.
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Figure 5: (a) Comparison between natural frequencies obtained with the lumped parameter model (LP) and the ones
obtained by FEM (horizontal dashed lines). The DPs and BHA are considered flexible and discretized in multiple DOFs.
(b) Mode shapes calculated for the 25t" mode with the DPs discretized in 120 DOF and the BHA in 30 DOFs.

The severity of torsional vibration is often assessed by using the following coefficient:

max (O (t)) — max (G (1))
20 ’

Sss = (12)
which measures the variation of bit rotational speed in the steady-state. In this work, the torsional vibration is considered
severe when Sgg > 80%. Using this coefficient, it is possible to construct a map which presents the torsional severity for
each pair of applied W, and €). From this map, the critical value of W ., can be defined for each rotational speed {2
applied at the top such that W, values higher than this produces severe vibrations. Figure 6(a) plots the critical value of
Wop,er for the dimensionful model. Different parameters of the drill-string are changed in order to evaluate the effect on
the graph and it is noticed that curves change significantly. Figure ??(b) shows the same graph but for the dimensionless
model, using the dimensionless quantities II; and II,. It is noticed that the use of these dimensionless quantities can
reduce the sensitivity of torsional vibration severity analysis on drill-string parameters variations.

350 0.16
| —D,=5"
I 0.14 —D,=578"
300 0.12 ——D,=65/8"
—E, =198 GPa
= 2507 0.1+ E, =220 GPa
X 5 ——E,=242GPa
g’. 200 ¢ l:iN 0.08 p, = 7020 kg/m®
;O 0.06 ——p, = 7800 kg/m®
150 ¢ p, = 8580 kg/m®
0.04 ——L,=1800m
100 ——L,=3000m
0.0271 —1,=5500m
50 : : . 0 . . . . |
60 90 120 150 8 13 18 23 28 3335
Q (rpm) I

Figure 6: Torsional vibration severity map. (a) Dimensionful model, and; (b) Dimensionless model.

4. CONCLUSIONS

According to the results, lumped parameter models can efficiently describe the first mode with only one DOF if a
proper strategy is used. Also, the increase of the DOFs in the drill-pipes is useful to describe more modes, but an increase
only in BHA can mislead the conclusions. The use of more DOFs in both drill-pipes and BHA allows the calculation of
more modes with good accuracy. In addition, the use of a dimensionless equation of motion could reduce the sensitivity
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of torsional severity map to changes on drill-string parameters. Therefore, the use of dimensionless equations can lead to
more general conclusions.
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