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Abstract. Motivated by the increasing development along the last decades and ongoing studies in microfluidics and his 

wide range of applications on engineering such as heat transfer optimization, the present work aims a study showing 

the behavior of heat transfer by convection through an internal flow in parallel plates micro channels. The two-

dimensional steady state convection diffusion equation in primitive variables is studied under appropriate boundary 

conditions, such as prescribed temperature with and without the micro-scale effects to ensure corrects physical and 

practical conclusions, where velocity components are given as input data. The Classical Integral Transform Technique 

(CITT), is then applied in the hybrid numerical-analytical solution of the proposed formulation, as a technique for 

solving partial differential equations, by integral transforming the governing equation in one direction, preferably the 

variable belonging to the eigenvalue problem, the remaining ordinary differential equation depending on the other 

variable, is numerically calculate by computational routines. The theory is formalized and validated simulating 

laminar flow for different Knudsen numbers. Results for the temperature field are compared with benchmark and other 

numerical methods available in the literature with excellent agreement. 

 

Keywords: Microfluidics; Heat Transfer; Microchannels; Classical Integral Transform Technique. 

 

 

1. INTRODUCTION 

 

The heat exchanger project for integrated circuits and other devices of reduced size isn’t always easy. As the 

technology advances, those circuits become smaller and smaller. Some microprocessors concentrate billions of 

transistors on a small area generating a high heat concentration on a smaller area compared to the sink’s area, leading 

to the limitation of the fin system efficiency and causing high peaks of temperature on the chip that may cause damage. 

The limitation on the quantity of mass in the conduction heat transport of the utilized material prevents the heat from 

spreading over the entire sink base causing heat concentration and temperature raise on some place close to the 

component making the total use of the sink impossible (Merkel and Bellosa, 2006). Some possible solutions are: use of 

heat pipes, spreadly used by industry, Larrodé et al. (2000), and the use of superconductive materials.  

Therefore, the study of alternative solutions for the cooling of these equipments becomes increasingly important in 

view of the need for methods that can dissipate greater amounts of heat into small systems. An alternative solution 

which is the focus of research today is the thermal dissipation or cooling only to maintain a certain working 

temperature, for instance, of those chips by a flow through microchannels 

The microfluidics (application of fluids mechanics at microscopic scale, Nguyen and Wereley, (2002)) applied to 

heat transfer is a relatively new area in engineering, since it was initially introduced by Tuckerman and Pease (1984) 

and with the advancement of the MEMS technology (microelectro-mechanical systems) is paying off and showing 

significant advances in the study and application of micro heat exchangers, which makes it relevant to study of the 

transport phenomena behavior that are included in these devices and thus find viable and more efficient ways to 

optimize them. 

The equations studied here will be analyzed by  integral transforms technique where Mikhailov and Özisik (1984) 

popularized, uniting the analytical method and the numerical method for the equations solution partial differential, 

which at first did not apply the classical theory of separation of variables. This technique known as Classical Integral 

Transform Technique (CITT), Cotta (1993) is used to solve linear problems from. The idea behind the CITT is, after 

finding the eigenvalue problem of Sturm-Liouville problem, transform the original partial differential equation in an 

infinite system of ordinary differential equations uncoupled and then numerically solve it. For non-linear problems and 

more complex problems an extension of CITT, known as Generalized Integral Transform Technique (GITT) is widely 

used until today and could be revised in Perez Guerrero and Cotta (1996), Leal et al. (2000) and Cotta et al. (2013). 
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2. MATHEMATICAL FORMULATION 

  
Figure 1: Internal flow through paralel plates microchannel. 

 

 Considering a laminar and fully developed flow of an incompressible fluid with constant properties at steady state 

between parallel plates microchannel. We have the following equations and boundary conditions: 
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;    is the tangential momentum accommodation coefficient;   is the molecule mean free path. 

 The defined dimensionless groups are        (
    

  
   

  

);    
 

  
, leading to: 

 

{
  
 

  
 

   

   
                               

     

  
|
   

                             

          

     

  
|
   

  

 

 

 

 

 

  

 

 

(3) 

       Thus: 

  

     
          

 
 

  (5) 

 

 Where         is the Nusselt number,     is the characteristic length. The ratio         is the same as      
  . This ratio         is then called      and is used on heat transfer analysis. In an analog way we use the ratio 
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 After obtain the velocity fields, we go to the thermal analysis. We now consider constant physical properties, no 

energy generation, no viscous dissipation, uniform superficial temperature, uniform entry region temperature and 

pressure gradient on z axis is constant. Then, the PDE and the boundary condition are given as: 
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       where       ;    
    

  

  

   

 

  
;    is the thermal accommodation coefficient ;   is the ratio of specific heat at 

constant pressure    and at constante volume   ;     for parallel plates and     for cylindrical, where the paper 

focus is parallel plate configuration, with this formulation, the cylindrical approach is easily done. 

 The Kn (Knudsen number), thermal accommodation and tangential momentum accommodation coefficients are 

parameters widely used and necessary to simulate any flow in micro scale, they also tell us about how microscale flow 

distinguish from macroscale flow, their meaning are extensive for the purposes that this papers intends, where a basic 

knowledge about microflow is recommended, nevertheless all explanation by a physical approach could easily studied 

in Nguyen and Wereley, (2002). 

 Also, all others dimensionless groups defined here are widely used in basic theory of heat transfer (Incropera et al., 

2008) and found in literature as we could see in Mikhailov et al. (2005) as common knowledge of this field. 

     The defined dimensionless groups are        
          

      
;      ⁄  and           ⁄ , leading to the following 

PDE, boundary and initial conditions: 
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3. SOLUTION METHODOLOGY 

 

 The solution proposed for the problem is done by the Classic Integral Transform Technique and is given by:  
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 We use the Sturm-Liouville problem to solve the eigenvalues and eigenfunctions and then we define   ̃    as a 

normalized eingenfunction. The next step is to solve the transformed potential  ̅     by replacing Eq. (11) in Eq. (10, 

a): 
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 Then we use the integral transform multiplying both sides of the equation by  ̃     and integrating at      from 0 

to 1 in order to eliminate the R variable: 
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 where, from the eigenvalue problem, we introduce the orthogonality property from the Sturm-Liouville problem: 
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 As the null results are not wanted, we define    . Thus Eq. (13) becomes: 
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 To solve the problem, it makes necessary to define the initial condition for   ̅    . By replacing Eq. (13) in Eq. (10, 

d), we’re given: 

 

 ̅       ∑ ̃    

 

   

 ̅       
(16) 

 

 Again by multiplying both sides of the equation by  ̃    , integrating at      from   to 1, then using the concept 

of orthogonality property to obtain the non-null values, we define the initial condition:  
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(17) 

 

         

 Other parameters can be defined to increase the study, as the medium average temperature and the Nusselt number.  

 

4. RESULTS AND DISCUSSION 

 

It was built a computer algorithm to solve the PDE’s given by Eqs. (15) and (17). Through the solution of the 

equations we get the temperature field by Eq. (11) and its boundary condition (10, b) and (10, c) and initial condition 

(10, d) on Mathematica platform using the NDSolve subroutine. The average temperature and Nusselt number were also 

analytically handled and solved through symbolic manipulation packages (Wolfram, 1999) also on Mathematic 

platform. 

 

Table 1: Convergence behavior of ϴ. 

  

 Table 1 shows the convergence behavior for the dimensionless temperature field on several coordinates for parallel 

plates microchannel. It shows that 20 eigenvalues are enough to reach convergence up to at least three significant digits. 

 

 Figure 2 shows the velocity field for different values of Z and      . For all cases, at     or at     ,     

because the fluid temperature equals the surface temperature due the fact of the absence of temperature jump (   ). 

As Z increases,     at all points, we also note that the higher the value of     , higher the length Z necessary to 

reach    .    

 
Figure 2: Temperature profile along R for different Z at        (left),          and     (both cases) for 

parallel plates microchannel. 
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 Compared to the classic case, where       , we can note that at the same positions of Z, the temperature profile 

suffers from the microscale effects as long      increases. There is an enlargement of the temperature lines, so     

at higher distances because of the increase of the difference of velocity at the surface and the rarefaction of the flow. 

 Figure 3 shows the temperature profile for a fixed value for   and different values of and     . For all the cases, at 

    or at     ,     because the fluid temperature does not equal the surface temperature due to the temperature 

jump which directly influences the temperature profile as   differs from 0 at the boundaries for a longer extension. As Z 

increases,     at all points. 

 

 

 
Figure 3: Temperature profile along R for different Z at          (left),          and   =1(both cases) for 

parallel plates microchannel. 

 

 Figure 4 shows the Nusselt number at different values of Z at different   and     . Once again we could note that 

the flow becomes thermally fully developed at a Z lower than the one where     at all cases. For the cases where 

    the Nusselt Number stays constant and the higher     , higher the Nusselt number which means that the slip-

flow effects accentuate the convection heat transfer in order of the conduction heat transfer due to the rarefaction effects 

or the decreases of the aspect ratio of the channel.  

 

 
Figure 4: Nusselt number along Z for different      at     (left) and     for parallel plates microchannel. 

  

  

For       0.1, 0.3 and 0.6, at the developed region, the values of Nusselt are               and       . For the 

cases where     we could note the great influence of the temperature jump over the heat transfer at the problem. It 

makes that the lowest value of      shows the highest value of Nusselt number (the opposite of the last case) as the 

flow becomes thermally fully developed. For       0.1, 0.3 and 0.6, at the developed region, the values of Nusselt 

are      ,        e       for parallel plates. The values obtained are close to the ones obtained numerically by 

Mikhailov et al. (2005), (where we need to set n=0 to simulate flow between parallel plates) who found for    ,  

              e        and for    ,        ,        e       , respectively. 
 Figure 5 shows some 3D graphics showing the behavior of   in function of Z and R. All the graphics were 

purposely plotted until Z = 3 for better notion of the influence of      and   over the flow. As expected by Figure 2, 

the temperature behavior complete the analysis of how the temperature changes along the plates. 
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Figure 5: Temperature profile along R and Z for          at     and     for parallel plates microchannel. 

 

5. CONCLUSION 

 

The results presented here demonstrate good agreement with benchmark. We can conclude that the Classical 

Integral Transform Technique (CITT) revealed itself as a great tool with good performance for solving some different 

kinds of linear PDE such as the convection diffusion equation applied to microchannels.  
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