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Abstract. Electro-osmotic flow was studied by using of numerical simulations in a nozzle. Flow through nozzles may be
useful to performing fluid mixing. In this work, we propose a numerical approximation to perform vortex simulation which
occur after the flow passes through the contraction in the nozzle. The motion of the charges in the solution is described
by the Poisson-Nernst-Planck equations and we used the generalized finite differences to solve the numerical problem.
Solutions for electro-osmotic flow were obtained for the Phan-Thien/Thanner model. Simulations for electro-osmotic flow
were performed in a nozzle. Vortex formation was verified by take into account a punctual charge perturbation model.
This perturbation was proposed in this work in order to operate on a particular neighborhood near the corners. The
results are discussed.
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1. INTRODUCTION

Channels with contractions and expansions are generally used when one is interested in mixing any solution in a
microchannel. Some studies involving this topic have been published. For instance (Olsson et al., 1997) studied the
flow in a nozzle as a micropump element. Later, (Seitz and Heinzl, 2004) published the study of microfluidic device
containing 32 nozzles. Further, (Ae and Yang, 2008) performed experiments in which the vortices formation was verified
after the flow passes near the sharp corners. Other application topic is the prodution of bubbles, which can be controlled in
a micro-mixing (Wang et al., 2013). In fact, mixing efficiency depends on the type of flow. Therefore, it is very important
to have total control of flow properties. Here the idea is trying to simulate the behavior of the fluid flow for this kind of
geometry, with special attention to electrical effects near the corners. Physical description of these effects referring to the
movement of the charges near the corners is very complex, but we can try in some way to find a coherent approximation
linking the phenomenon to numerical simulation. As experimentally found by (Ae and Yang, 2008), near the corners there
are fluctuations in zeta potential on the walls, causing velocity change in that neighborhood. Here, initially the proposal
is to put on an external perturbation on the potential, which we will physically consider to be due to punctual charges
located near the corners.

2. Governing equations

We are assuming the fluid incompressible laminar and isothermal flow. Moreover, here the treatment of the governing
equations will be given in dimensionless form. Thus, in this text we will be referring to the dimensionless flow properties,
then the governing equations that we desire to solve are given by:

V.-u=0, (1)

OJu 1 _,
— +u-Vu=-Vp+ —V°u+V-S+F 2
or TV PTReY ™ ’ @



W. S. Bezerra,
A Simple Approach to the Vortices Simulation for Electro-osmotic Flow in a Nozzle

2(1-p)
Re

where u is the velocity field, ¢ is time, p is the pressure, Re = pU H /1) is the Reynolds number, U is the average velocity,
H is the channel height, p the mass density and 79 denotes the total shear viscosity g = 7, + 7,. The rate of deformation

T= D+S, (3)

tensor D = % (Vu + (Vu)T) and T is the elastic stress. The dimensionless solvent viscosity coefficient is given by
8= Z—O The evolution in time of the polimeric stress tensor is related by

oT T 1

7= ~VT7[V "T+T-Vu| = —M(T), 4
ot WV T = [(Vu)” T4 T Vu| = 5-M(T) @
where De = AU/H is the Deborah number and A is the relaxation time of the fluid. Here we will be use a kernel
conformation tensor and then determine the stress tensor. An alternative form to describe viscoelastic models is by using
the conformation tensor, A. In general the equation for A can be written as

%? +(u-V)A - [AVu+VuTA] = DieM(A)’ 6)
where M(A) is define according to the viscoelastic model.

One of interest subject is to solve the Eq. (4) - or Eq. (§) - for high values of Deborah number De. Numerical
methods are unstable for certain critical values of De. In order to overcome such failure, Fattal and Kupferman proposed
a reformulation of the differential constitutive equations into a equation for the matrix-logarithm of the conformation
tensor. Extending the ideas proposed by (Fattal and Kupferman, 2004, 2005), (Afonso et al., 2012) presented a generic
kernel-conformation tensor transformation that allows apply various kernel functions to the matrix transformation, in
which the evolution equation for k(A ), can be expressed in its tensorial formulations as

Ok(A)
ot

+(u-V)k(A) = Qk(A) —k(A)Q + 2B + iM, (6)

where B and M are symmetric tensors constructed by the orthogonalization of the diagonal tensors. Thus, the HiG-Flow
system solves Eq. (6) instead of Eq. (4). Considering a Newtonian fluid flow, the tensor S is null and the velocity and
pressure are only updated at each step of time.

2.1 Phan-Thien/Tanner model

Here we are interested in use the PTT model to solve the constitutive equation and then determine the velocity field.
For this model, the right hand side of the Eq. (4) can be written as:

1-p

The dimensionless parameter ¢ is related to the steady-state elongational viscosity in extensional flows and ¢ is a
parameter associated with the molecular slip. If £ is null, the model reduces to the simplified PTT (sPTT). On the other
hand if ¢ is not null, there will be a non-zero second normal-stress difference in shear, leading to secondary flows in ducts
having non-circular cross-sections, which is superimposed on the streamwise flow (Phan-Thien, 1978). In fact the right
hand side for the conformation tensor Eq. (5)is given by

MD(1+€ReDetr(T))T§D6(T'D+D'T). (7)

e Re De
1-5
In this way the equations of motion can be solved for the PTT model fluid flow. Therefor the electrical contribuition

must be take into account for fully flow description. In the next section we will show how the electrical source term was
obtained.

M(A) = (1 + tr (S)) (I— A)—2¢ De (B — BA). ®)

2.2 Electro-osmotic force

The schematic representation of electro-osmotic flow is show in Fig. 1. The applied potential along the axis of the
channel provides the driving force necessary to occur the electro-osmotic flow. Due to the symmetry of the problem, the
analyzis was shown for half of the channel, that is 0 < y < H taking the origin of coordinate system at the channel axis.



25th ABCM International Congress of Mechanical Engineering (COBEM 2019)
October 20-25, 2019, Uberlandia, MG, Brazil

Applied potential

Negativaly charged walls

A
Flow

+ — °H g Local Perturbation —

l

Figure 1. Scheme of electro-osmotic fluid flow in a nozzle. Disturbance occurs after the flow passing through contraction.

For the problems subjected to the electro-osmotic forces, there exists a source term in Eq. (2), F = p.E, where E is
the electric field. The electric field appears due to two contributions, one is the applied potential ¢ and the other due to the
induced potential ¢ which changes in the transversal direction to the channel walls. Thus, E = V¢ + V). The formation
of the Debye layer occurs due to the spontaneous movement of the charged species near the channel wall, causing a
charge redistribution in the fluid that originates the electrical double layer (Grahame, 1947). Therefore, the equations to
be solved for these potentials are given by

Vi =0, )
V3 = —p., (10)

where p. = §(n™ — n7) is the charge density, § = ngezH? /ey with ng the reference concentration, e is the elementary
charge, z the charge valence, € the dieletric constant and ( the potential on the wall. Moreover the density charge is
related by n™ and n~ which are respectivaly positive and negative ionic concentration. In this work we solve numerically
the Nersnt-Planck equation for the ionic concentration:

on*

o= ot Lozt l oot
5 = U Vn +P6Vn +—aV- [n* V(¢ +1)], (11)

Pe

where Pe = UH/D is the Peclet number that depends on ionic diffusion D. The potential to thermal energy ratio is
given by o = ez(o/kpT with kp the Boltzmann’s constant and 7T is the absolute temperature. The set of Eqs (9), (10)
and (11) are solved to obtain the electrical force.

We are interested on the vortices formation in the nozzle. The proposal is to put on an external perturbation on the
potential, which we will consider to be due to punctual charges located near the corners. Let us consider that the charges
are very distant from each other, so we will be not take into account the isolated interaction by themselves. In addition, we
consider that the interaction of the perturbation charges with the region before the contraction is negligible, assuming that
the concentration of ions in this place remains stable, that is, the ionic depletions starts when the fluid arrives inside the
contraction, where the ions feel intense electric gradient. It is known from the electromagnetism theory that the potential
©(z,y) due to an elementary point charge is given by

Ke
(r —20)? + (y — 3/0)27

oz, y) = 7 (12)

where P(x, yo) is the place of the point charge is located, K is the dielectrical constant and e the elementary charge. In
this way, the potential 1), on the walls near the cornners is the sum of reference zeta potential with perturbation potential,
1, = (o + ¢, and one can be write:

w

V(@ —0)? + (y — 0)?

where we defined w = KeHV¢/(2 as a constant which depends on external applied field V¢, that is, increasing V¢,
increases the electro-osmotic velocity and the perturbation effect on the standard potential v is consequently accentuated.
On the other hand, increasing the distance from the wall, decreases the potential due the perturbation resulting v, — (o
from Eq. (13). By making ¢, = 95¢o, * = *H e w = w" H, one can write the expression for dimensionless potential:

Yp=Co [1+ (13)
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According with (Probstein, 2005), the potential on the corners have a inverse square root of ionic concentration
dependence, v, ~ n~1/2. In this way, the ionic concentration depends on inverse square of potential, lead to write the
following relation:

Y, =1+ (14)

np = nbcizv ( 5)
Yy
where ny, is the value of ionic concentration on the channel wall without perturbation effect. When ), approaches the
zeta potential, perturbation effects are negligible then the ionic concentration is given by n,, = n.. On the other hand, if
1), increases due the perturbation effect, then the ionic concentration decreases representing depletion of charges near the
corners. Using the expression for v, one can writing Eq. (15) in dimensionless form:

e i . (16)

p
*

1 w
( " V(@* —a5)? + (y* —y8)2>

For this proposal, the Egs. (14) and (16) were implemented on the boundaries near the corners.

3. Computational procedures

The HiG-Flow/HiG-Tree system (Sousa et al., 2018) was used to obtain numerical solutions reported in this work.
Computational domain to the simulation is obtained through HiG-Tree compartment, which generates a hierarchical mesh.
For bi-dimentional case, this mesh is a generalized quad-tree (Finkel and Bentley, 1974). Hierarchical meshes impose
difficulties in the numerical scheme based on cartesian approximations, and requires the use of spatial interpolations at
unknown points of the stencil. The interpolations of the properties in the center of the faces and in the center of the
cells are made by the technique of moving least squares, which uses a given set of points where the property is known
to estimate a unknown value in a neighbor point. Differential equations are discretized by the finite-differences method.
Solvers using the PETSc library (Portable, Extensible Toolkit for Scientific Computation) (Balay et al., 2017) are used
to solve linear systems. The machine used to perform numerical simulations has a Core i7 2.0 GHz CPU, 16 Gb memory.
The mesh with refinements along the channel were obtained using HiG-Tree. The total length of the mesh is 20H. Near
the walls the minimum size is Az, /H = 6.250 x 1073, Figure 2 shows the mesh used to simulate the electro-osmotic
flow in a nozzle. A typical simulation with dimensionless At = 1076, Re = 1073, Pe = 1072 and De,, = 2.0 takes
approximately one day.

Figure 2. Illustration of the mesh to perform the electro-osmotic simulations in a nozzle. This mesh has 4 levels of
refinement.

4. Results

Results are obtained for some perturbation values. We firstly show the images of flow properties in the nozzle.

Results provided by imposed perturbation are show in Figs 3-8. Figures 3 and 4 show the ionic concentrations n*
and n~ respectivaly, in (a) for zero perturbation w* = 0.0 and (b) for strong cornner effect by imposed w* = 0.006,
where accentuated changes on n* was observed. These changes are directly linked to the ¢ changes and in fact occurs
due to the coupling of Poisson-Nernst-Planck equations. The perturbation effect increases as w* is increased, as show in
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Figure 3. Tonic concentration n™. a) w* = 0.0 and b) w* = 0.006.
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Figure 4. Ionic concentration n~. a) w* = 0.0 and b) w* = 0.006.

(@) (b)
Figure 5. Potential 9. a) w* = 0.0 and b) w* = 0.006.

(a) (b)
Figure 6. Pressure p. a) w™ = 0.0 and b) w* = 0.006.

Fig. 5. Therefor, the perturbation make changes on the pressure and velocity near the cornners as show in Figs. 6 and 7 .
Increasing the perturbation parameter w*, the flow is concentrate in the center of the channel as show in Fig. 8, reducing
the cross-section area of the fluid flow, contributing in the case of fluid mixing to be more efficiently process.

Figure 9 shows the curves of potential ¢ as a function of the applied perturbation. For w* = 0, there is no perturbation
and the potential curves represented by squares are similar to that curve obtained for the parallel plate channel. The curves
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(a) b)

Figure 7. Downstream velocity, in a) without perturbation, that is w* = 0.0 and b) w* = 0.001.

(a) (b)
Figure 8. Downstream velocity, in a) w* = 0.003 and b) w* = 0.006.
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Figure 9. Potential v inside the contraction and right after the flow passes through it. Results for perturbation parameter
w* = 0.0, 0.001, 0.003 and 0.006.

represented by circles were imposing w* = 0.001, then noticed an increase in the absolute value of 1 in the contraction
and after the flow passing through it, and further up 1) approaches zero again indicating the decrease of perturbation effect
out of the contraction. Increasing the perturbation parameter, w* = 0.003 represented by up-triangles, can be seen an more
accentuated increment in the potential within the contraction and out of it. For w* = 0.006 represented by down-triangles,
perturbation effect changes the potential to have approximately the same value in the plateau within the contraction and
out of it.

The ionic concentration curves is shown in Fig. 10. For w* = 0 represented by squares, the behavior is similar to the
obtained for parallel plates channel. For w* = 0.001 represented by circles, we observe a decrease in concentration n™"
and an increase of n~ within the contraction and this effect is smaller after the channel expansion. When w* = 0.003 the
concentration nT decreases while n~ increases and the curves are inverted relative to the reference concentration ng, as
shown in Fig. 11. This effect is even more pronounced for w* = 0.006. In this way, the coupling between the potential
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Figure 10. Ionic concentration n* inside the contraction and right after the flow passes through it. Results for perturbation
parameter w* = 0.0 and 0.001.
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Figure 11. Tonic concentration n inside the contraction and right after the flow passes through it. Results for perturbation
parameter w* = 0.003 and 0.006.

and ionic concentrations is related in Figs. 9, 10 and 11, indicating that the ionic concentration variation is affected by
the potential increment due to perturbation. It is natural to expect that the perturbation imposed on the nozzle will cause
numerical instabilities in the ionic concentration and potential 1), since we are forcing a new distribution of charges for
the problem, but if the perturbation is sufficiently small, the numerical method is stable. The velocity profiles are affected
by both the perturbation and the variation of the pressure within the contraction. These curves were obtained at the
center of the contraction and Fig. 12 shows the newtonian and viscoelastic profiles. The curves represented by squares
correspond to w* = 0, that is, velocity profile variations occur due to the variation of the pressure in the contraction, and
tends to form a crest before to the velocity curve decay and then decreases until zero on the wall, where fully-squares
correspond to the velocity for the Newtonian fluid. This effect is accentuated for the viscoelastic fluid, as can be seen in the
curve represented by empty-squares. Increasing the perturbation effect, w* = 0.001, the crests are suppressed as shown
the curves represented by full and empty circles corresponding to the newtonian and viscoelastic fluid respectively. If
w* = 0.003 the profile forms a crest in the center of the channel and increases the distance from the center, so the velocity
tends to zero quickly, as shown the curves with up-triangles. This effect is similar to the applying a pressure gradient
on a parallel channel ends, as observed by (Afonso et al., 2009). Finally, if w* = 0.006, it is observed the existence
of negative velocities near the wall, represented by the down-triangles. The polymeric tensor is shown in Figs. 13 and
14. These curves corroborates with the results obtained by (Afonso ef al., 2009) in order to show the similar effect to
of applying a negative pressure gradient when the fluid enters in the contraction, represented by the fully points and a
positive pressure gradient after the expansion of the channel represented by the empty points in graphic.
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Figure 12. Perturbation effect on the velocity profile for sSPTT model. Results for De,, = 2.5, ¢ = 0.1 and perturbation
parameter w* = 0.0, 0.001, 0.003 and 0.006.
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Figure 13. Normal stress inside the contraction and right after the flow passes through it. Results for De,, = 2.5, = 0.1
and perturbation parameter w* = 0.0, 0.001, 0.003 and 0.006.

5. Conclusions

Computational experiments were performed using the HiG-Flow system to obtain the solution of electro-osmotic
flows. The sPTT model was used for viscoelastic flow simulation. Further, it was observed the vortex formation in a
nozzle by imposed perturbation near the corners. This perturbation was adopted on some physical conditions and the
results show similar behavior to the experiment performed by (Ae and Yang, 2008). The contraction in the channel
naturally imposes a pressure gradient on that neighborhood. It was found that the imposed perturbation near the corners
causes a similar effect. It is obvious that the imposition of the perturbation causes instabilities on the solution, as can be
seen in the concentration results for the highest w attempted. It is expected because one is imposing conditions unknown
to the flow. However for weak perturbation the numerical solution keep stable.
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Figure 14. Shear stress inside the contraction and right after the flow passes through it. Results for De,, = 2.5, ¢ = 0.1
and perturbation parameter w* = 0.0, 0.001, 0.003 and 0.006.
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