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Abstract. In this article we develop a Euler-Lagrangian model representing the two-phase flow along the pneumatic 

conveying pipeline of a shot peening equipment. Simulations of this model indicated that nozzle throat section is mainly 

responsible for the outlet particle velocity field. 
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1. INTRODUCTION 

 

Peen forming is a technique widely used in industrial activity for shaping metallic sheets and panels. It is based on 

the application of a jet of small metallic spheres (shot) propelled by compressed air against the surface of the part to be 

conformed. The greater the pressure difference along the pneumatic conveying line (consisting of an abrasive hose 

connected to a nozzle), the larger the average impact velocity and the resulting deformation of the part.   

Friction between the shot and the inner walls of the pipeline, turbulence resulting from the shot-fluid interaction and 

abrupt variations in the curvature of the pipeline cause gradual loss of load along the pneumatic conveying line. Moreover, 

at the interfaces separating the solid and gaseous phases, discontinuity occurs in the values of the physical properties of 

the flow, increasing the difficulty of the analysis.  

Much of the modeling difficulty of this class of flows concentrates on the physical behavior of the multiple and 

mobile interfaces that separate the phases. Although many advances have already been achieved in the study of solid-gas 

flows (Portela et al., 2003;  Zhu et al., 2008), combinations of geometric characteristics and physical properties give rise 

to many questions still to  be answered. 

To model multiphase flows, both Eulerian and Lagrangian approaches may be coupled; so, multiphase Euler-Euler and 

Euler-Lagrangian models are commonly found in the literature ( 

ZHU H.P et al , 2008,KUSSIN J.,2002, FRANK TH.,1993).  During the modeling, three essential points must be 

investigated: 1) interactions among the phases and the external environment; 2) number of Stokes; 3) volumetric 

fractions. 

Table 1 shows the four types of interactions that can be considered in the models. 

  
Table 1: Coupling between the phases 

 
 

The Stokes number is defined as 
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Where  F  is a fluid constant time and P  is the particle relaxation time, given by:  
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Where 𝑑𝑝 is the particle diameter, 𝜌𝑝 is the particle density and 𝜇𝑞 is the fluid kinematic viscosity. 

High Stokes numbers indicate that the discrete phase has much inertia, tending to follow its own dynamics, being little 

affected by the continuous phase velocity field (Hinds, 1982), but causing perturbations and load loss in the continuous 

medium. This is a ‘two-way’ interaction. 

Volumetric fraction is also a critical factor (see Fig.1). By increasing the fraction of the discrete phase, disturbances 

are introduced into the fluid medium (three-way interaction); in the limit, when the discrete phase becomes quite compact, 

the friction between the particles becomes a dominant force (four-way interaction) 

 

 
Figure 1: Interaction between particles, Source: Course of Computational Modeling of Multiphase Flows with ANSYS CFD. 

  

 It can be observed that the flow can be analyzed considering several forms of interaction of the medium, however 

it is remarkable that when considering a four-way interaction in the simulation the answer will be more precise, however, 

it will require a computational cost greater than the simulation in two -way due to the increase of physical phenomena in 

the analysis, in this way it is very important to analyze the limitations of these models and the applicability in the case 

under study, in order to obtain a better solution with a lower computational cost. 

 

2. MULTIPHASIC FLOW 

 

The multiphase flow consists of a flow of distinct phases, these phases being defined as an identifiable fraction of 

matter, which has a characteristic inertial response when interacting with the flow and with the potential field in which it 

is immersed, in this way solid particles of the same material, can be defined as distinct phases because they have different 

sizes (Crowen et al, 1998) 

This flow is common in nature and in various engineering areas, such as oil extraction, pneumatic transport 

equipment, internal combustion engines, among others. In this paper, we present the results obtained from the modeling 

and simulation of multiphase flows, which have been the subject of continuous research (Huber et al., 1999, Saffman et 

al., 1965, Salman et al. 2005, Morsi et al., 1972). Sommerfield et al., 1998 emphasized that the great complexity of this 

type of flow lies in the behavior of the phase separation interfaces, which interfaces can be multiple, deformable and 

mobile, producing discontinuity zones in the values of the physical properties of the flow, due to the great variety of 

classes and interactions internal to the multiphase flow and given its importance in the field of research, numerous 

expressions and combinations of mathematical methods were created in order to achieve a simplification in the resolution 

of this physical phenomenon, separating them into Lagrangean approaches and Eulerian approaches. 

 

3. EULERIAN - LAGRANGEAN  MODEL EQUATIONS  

 

In the Eulerian-Lagrangian approach the phases interact through drag forces (𝐹⃗𝑝
𝑑𝑟𝑎𝑔

) and source terms ( 𝑆𝑞  ). The 

continuous phase is provided by the Navier-Stokes equations plus the source term, as already described in the previous 

topic. The dispersed phase time evolution is obtained through the integration of the Newton’s Second Law for each 

particle (Eq.5) (ZHU et al. al., 2008), assuming, by hypothesis, that the effect of rotational motion is negligible. 

 

𝑚𝑝
𝑑𝑣⃗⃗

𝑑𝑡
= ∑ 𝐹⃗𝑝𝑞

𝑐 + ∑ 𝐹⃗𝑝𝑘
𝑛𝑐 + 𝐹⃗𝑝

𝑔
+ 𝐹⃗𝑝

𝑑𝑟𝑎𝑔
                         (Eq.3) 
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Where  

 

𝐹⃗𝑝
𝑑𝑟𝑎𝑔

=
1

2
(

𝐶𝑑𝜋𝑑𝑝
2

4
) 𝑝𝑞(𝑢 − 𝑣)|𝑢 − 𝑣|                       (Eq.4) 

 

Gas flow is naturally modeled by adopting Euler's approach. For this, the Navier-Stokes equations are solved in 

connection with the k-ε turbulence model or, with the Reynolds Stress Model (RSM) (Jones and Musonge 1988, Jones, 

1994). It is assumed that the interaction of the gas phase with the dispersed medium is represented by the drag forces and 

the turbulence effects. 

The equation of continuity, representing conservation of mass, is written as: 

 
𝜕𝜌𝑔

𝜕𝑡
+ ∇. (𝜌𝑔𝑢⃗⃗𝑔) = 𝑆𝑚                        (Eq.5) 

 

And the equation represented by the conservation of the momentum is : 

 
𝜕

𝜕𝑡
(𝜌𝑔𝑢⃗⃗𝑔) + ∇. (𝜌𝑔𝑢⃗⃗𝑔𝑢⃗⃗𝑔) = −∇𝑝 + 𝜌𝑔𝑔⃗ + 𝐹⃗𝑠                     (Eq.6) 

 

Where 𝜌𝑔, 𝑢𝑔, 𝑆𝑚, 𝜌𝑔𝑔⃗, 𝑝 and 𝐹⃗𝑆 are respectively Specific gas mass, Gas velocity (air), Source term due to 

interaction with the dispersed, Gravitational body force, Static pressure and External body forces (for example, forces 

that arise from interaction with the dispersed phase) 

 

3.1 INTERACTION WITH THE WALL 

 

According to Salman et al., 2005, in the general case the contact of a sphere on a solid surface is a complex process, 

involving the effects of elastic and inelastic properties, together with the interfacial friction that leads to a combination of 

adhesion, slipping and sliding, in this way several studies were developed in this variable (NING A., 2001, KHARAZ 

AH, 2001, SALMAN AD, 1999), arriving at some simplifications. Salman et al., 2005, noted that as the angle between 

the particle and wall trajectory is low, the particle slides and can be considered as a simple rigid body model, a study by 

Salman et al., 1997 observed that the velocity normal impact on the wall of the tube is typically the 𝑣𝑉 = 1,1
𝑚

𝑠
, of energy 

loss during the impact is very small, and it is possible to adopt the elastic collision hypothesis e_𝑒𝑁 = 1, according to 

Kharaz, 2001, in the collision there are two fundamental parameters, the tangential and normal return coefficient, in which 

the tangential restitution coefficient can be described as: 

 

𝑒𝑡 = 1 − 2𝜇𝑡𝑎𝑛𝛼𝑖                           (Eq.7) 

 

Kharaz also observed the rotation transmitted due to the impact and can be described as the following equation: 

 

𝜔𝑖 − 𝜔𝑟 =
5𝑉𝑖𝑗

2𝑟
(1 − 𝑒𝑡)                      (Eq.8) 

 

In order to observe the phenomenon of sliding between wall and particle during the impact, Ning developed a criterion 

to identify the possibility of this phenomenon during the impact, so that if the expression is real, the collision slip will 

occur: 

 

cot(𝛼𝑖) +
𝑟𝜔𝑖

𝑉𝑛𝑖
≥ 6𝜇                      (Eq.9) 

 

Where 𝜇, 𝛼𝑖, 𝜔𝑖,  𝜔𝑟, 𝑉𝑖𝑗 and 𝑉𝑛𝑖 are respectively coefficient of friction, angle of collision of the particle with the wall, 

speed of rotation before impact, rotation speed after impact, impact tangential velocity and normal impact speed 

 

3.2 LIFT FORCE 

 

According to Salman et al., 2005, the lift force is due to the action of two main factors, the velocity gradient in the 

particle and the rotation of the particle. It can be decomposed into two terms: 

 

𝐹𝐿 = 𝐹𝐿∆𝑣 + 𝐹𝐿𝑀                       (Eq.10) 

 

Where 𝐹𝐿∆𝑣 and 𝐹𝐿𝑀 are respectively Force due to the velocity gradient and Force due to rotation (Magnus Force) 
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Shaffman in 1965 equated, for low Reynolds numbers, the velocity gradient effects on the lift force (𝐹𝐿∆𝑣 ) of an 

internal particle to the flow, in 2001 Safman Li and Ahman studied the dispersion of spherical particles in a turbulent 

flow, generalizing the expression of Shaffman, 1965, in the following equation: 

 

𝐹⃗ =
2𝑘𝑣

1
2𝜌𝑑𝑖𝑗

𝜌𝑝𝑑𝑝((𝑑𝑙𝑘𝑑𝑘𝑙))
1
4

(𝑢⃗⃗ − 𝑢⃗⃗𝑝)                     (Eq.11) 

 

Where 𝐾 = 2.594 and 𝑑𝑖𝑗  is the deformation tensor  

 

In the case of the force due to rotation (𝐹𝐿𝑀), also known as magnus force, we have the following expression 

(CROWE C. ET AL, 1998): 

 

𝐹𝑅𝐿 =
1

2
𝐴𝑃𝐶𝑅𝐿𝜌𝑓 .

|𝑉⃗⃗⃗|

|Ω⃗⃗⃗|
(𝑉⃗⃗ ×  Ω⃗⃗⃗)                     (Eq.12)

      

 

Where 𝐶𝑅𝐿 is known as the rotational lift coefficient, it can be calculated by a Role-dependent Reynolds number 

expression (𝑅𝑒𝜔) and the Reynolds number of the particle 𝑅𝑒𝑃, being validated for  𝑅𝑒𝑝 < 2000 and proposed by Osterle 

and Bui Dinh, 1998: 

 

𝐶𝑅𝐿 = 0.45 + (
𝑅𝑒𝜔

𝑅𝑒𝑝
− 0.45) exp (−0.05684𝑅𝑒𝜔

0.4𝑅𝑒𝑝
0.3)                  (Eq.13) 

   

3.3 DRAG LAW (SPHERICAL PARTICLE)  

 

In the interactions between continuous and dispersed phases the influence of the drag force is determinant for the 

prediction of the velocity field and the trajectory of the particles. In pneumatic flows it is known that this force is the 

result of the relative velocity between the air current and the particles, and can be expressed as an equation in function of 

this relative velocity and the geometry of the particle:  

 

𝐹𝑑 =
𝐶𝑑

2
𝜌𝑔(𝑈𝑔 − 𝑈𝑝)

2
𝐴𝑝                                                     (Eq.14) 

 

Where: 𝐶𝑑, 𝜌𝑔, 𝑈𝑔, 𝑈𝑃 and 𝐴𝑝 are respectively, coefficient of drag, specific gas mass, gas velocity, particle 

velocity (shot) and particle surface area 

According to Zenz and Othmer (1960), for small values of Reynolds number (𝑅𝑒~0,1), one can adopt the linear 

approximation of Stokes to the coefficient of drag, that is, to adopt: 

 

𝐶𝑑 =
24

𝑅𝑒
                                                                                       (Eq.15) 

 

 In case of high Reynolds number flows (𝑅𝑒 > 108), it can be assumed that the drag coefficient (𝐶𝑑) is constant 

and close to 0.4 (MORSI et al, 1972). 

 Considering that, in many solid-gas flows of interest, the Reynolds number lies in the intermediate range between 

the values indicated above, Alexander et al. (1972) lifted the drag coefficient curve as a function of the Reynolds number 

from a series of measurements in solid-gas flows in which the dispersed phase was composed of spherical particles  

 



5th Multiphase Flow Journeys 

May 17th-18th, 2019, Rio de Janeiro, RJ, Brazil 

 
Figure 2: 𝐶𝑑 𝑥 𝑅𝑒𝑁 experimental curve (Source: Morsi, S. A. & Alexander, A. J.,1972) 

Using the graph of the previous, we arrive at the following expression of the coefficient of drag:  

 

𝐶𝑑 =
𝑘1

𝑅𝑁
+

𝑘2

(𝑅𝑁)2 + 𝑘3                       (Eq.16) 

 

 Morsi and Alexander, 1972 divided the experimental curve into Reynolds number intervals by finding the 

constants k for each chosen range, the width of the chosen region was adjusted so that the discrepancy between the 

analytical equation and the experimental curve was insignificant. coefficients 𝑘1, 𝑘2 and 𝑘3 presented in Table 2. 

 

 
Table 2: Table of constants for determination of drag coefficient ( Source: Morsi, S. A. & Alexander, A. J.,1972) 

k1 k2 k3 Numero de Reynolds 

24,00 0,00 0,00 Re < 0,1 

22,73 0,09 3,69 0,1 < Re < 1,0 

29,17 -3,89 1,22 1,0 < Re < 10,0 

46,50 -116,67 0,62 10,0 < Re < 100,0 

98,33 -2778,00 0,36 100,0 < Re < 1000,0 

148,63 -47500,00 0,36 1000,0 < Re < 5000,0 

-

490,55 578700,00 0,46 

5000,0 < Re < 

10000,0 

-

1662,50 5416700,00 0,52 10000,0 < Re < 50000 

 

4. TURBULENCE MODEL (𝒌 − 𝝎  SST) 

 

Based initially on Wilcox's model, 1998, the model consists of an empirical model based on two transport equations, 

one for the turbulent kinetic energy (k) and the other for the specific dissipation rate (ω), the model evolved in the course 

(k) and (ω), improving the accuracy of the model in solutions close to the wall. 

The k-ω sst models modifies the turbulent viscosity formulation to solve turbulent shear stress transport effects, in 

this way the model has become more accurate and reliable for a wider range of flow classes than the previous model, 

among them models of compressible flows. 

 

Then we have that the turbulent viscosity for this model is: 

 

𝜇𝑡 =
𝜌𝑘

𝜔
1

max[
1

𝛼∗,
𝑆𝐹2
𝑎1𝜔

]
                       (Eq.17) 

 

Where 𝛼∗ is a turbulent viscosity term, and is given by: 

 

𝛼∗ =
𝛼∞

∗ (𝛼0
∗+

𝑅𝑒𝑡
𝑅𝑘

)

1+
𝑅𝑒𝑡
𝑅𝑘

                      (Eq.18) 
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Where: 𝑅𝑒𝑡 =
𝜌𝑘

𝜔
, 𝑅𝐾 = 6, 𝛼0

∗ =
𝛽𝑖

3
 e 𝛽𝑖 = 0.072, it is worth mentioning that for high Reynolds 𝛼∗ = 𝛼∞

∗ = 1 

 

The term 𝑆 of (Eq.19) represents the magnitude of the strain rate and the term 𝐹2 da (Eq.19) is given by: 

 

𝐹2 = tanh(∅2
2)                     (Eq.19) 

 

∅2 = max [
2√𝑘

0,09𝜔𝑦
,

500𝜇

𝜌𝑦2𝜔
]                     (Eq.20) 

 

Where 𝑦 is the distance to the surface 

 

 

5. ANALYSIS AND MODEL 

 

The pneumatic conveying pipeline, composed by ducts, elbows and a venturi nozzle, is illustrated in Fig.2   

 
Figure 3: Schematic drawing of the simulated model 

 

As we are dealing with a multiphase flow with 1TS  we start the analysis with a ‘two-way’, Euler-Lagrange model, 

assuming that in the walls the particles undergo reflections and that the flow has   low volumetric fraction (𝛼𝑝 < 10%) as 

referred in ANSYS (2016)). The results of Table 2 confirm this last hypothesis. 

 
Table 3: Volumetric fraction calculation 

 
  

Table 3 shows the list of the essential hypotheses used in the model. 
  

Table 4: input conditions 

 
 

Firstly we simulated the single-phase air flow, admitting that no particles are inserted in the pipeline. The resulting 

velocity field is shown in Figure 3. 
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Figure 4: single phase, air velocity field 

  

It can be observed in the response that there is a region of shock in the system, also it is noticed that after the effect of 

the shock the flow is not symmetrical with respect to the central axis, this can be due to the sudden variation of speed in 

the simulation being able to propagate small errors computational, this can be better analyzed from a suitable refinement 

of the mesh in the region of the phenomenon.   

Thus, in order to obtain greater safety in the results, the velocity values in the shock region and in the nozzle outlet 

were calculated analytically, considering the isoentropic nozzle hypothesis, arriving at the following results: 

 

 
Figure 5:Speed response in the nozzle,(a) representation of the analytically calculated regions mach number before and after the 

shock,(b) velocity before and after the shock 
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Figure 6: Analytical results of the calculation in the region of the shock 

It can be noted in Figure 6 that mach number and calculated velocities are very close to the one presented in the 

simulation, showing that the simulation is not out of the expected. By introducing into the pipeline inlet section solid 

particulate under the conditions indicated in ,Table 4 and using the velocity field generated in the previous step (Fig.3), 

we finally obtained the velocity fields shown in Figure 7 and Figure 8 concerning the continuous and disperse phases, 

respectively 

 

 
Figure 7: Continuous phase velocity field affected by the disperse phase. 

 

Comparing Figure 5Figure 6 and Figure 7, we observe a velocity drop in the nozzle throat, of the order of 3 m / 

s, resulting from the dissipation of the turbulent energy of the multiphase flow. 

Analyzing the result of the dispersed medium we have Error! Reference source not found. : 
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Figure 8: Disperse phase velocity field affected by the continuous phase. 

It is noted by the answer that the presence of curves in the pneumatic line generates a loss of energy in the dispersed 

phase this occurs due to the interactions of inelastic impact between the wall and the particles. At the entrance of the 

nozzle is also seen a loss of speed due to this same phenomenon, we can also admit that the interaction with air in this 

region is not the result of the decay of the velocity of the dispersed medium, because the air velocity in this region is 

increasing as shown by Figure 7, thus, the velocity drop identified in the dispersed medium at the mouthpiece inlet is 

solely due to the particle-wall interactions. 

Analyzing the behavior of the medium dispersed in the ventur, we have seen that its throat velocity is 𝑉𝑝,𝑡ℎ𝑟𝑜𝑎𝑡 =

23,7 𝑚/𝑠, reaching an output velocity equal to 𝑉𝑆 = 47,4 𝑚/𝑠, it is also seen (Figure 8) that the greatest velocity gain 

occurs in the region between the throat of the nozzle and the shock, because in this region the air is accelerated by the 

nozzle reaching values above the velocity of the sound 𝑀 = 1,65  (Figure 5), thereby increasing the drag on the particles. 

Another characteristic of the dispersed phase behavior in the nozzle is that after the shock its velocity remains 

constant,, while the speed of the air reaches more than 450 m/s in the same section but  drops to 230 𝑚/𝑠 after the 

crash.This can be explained considering Eq.1: as 𝜏𝑝 ≫ 𝜏𝐹, then 𝑆𝑡 ≫ 1 (Eq.1) and the disperse phase response is slow, 

the acceleration of the particle  is low , which is why its velocity remains constant until the nozzle exit.  

 

 

6. CONCLUSION 

 

In this paper, we analyze a pneumatic conveying pipeline using the Euler-Lagrangian approach. The simulations 

showed that, despite the dispersed medium being influenced by the duct geometry, for a dispersed stream with low 

volumetric fraction and Stokes numbers sufficiently high, the throat to the outlet of the venturi nozzle is the region that 

most influence the speed of the particles, and is little influenced by the continuous medium when it abruptly varies its 

velocity. 

We will continue to analyse this  the problem adopting a Euler-Euler approach. Finally we will establish a model 

verification criterium based on a statistical analysis concerning the velocity and pressure fields issued by those two 

models.  
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