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Abstract. The purpose of the present work is to develop aitiydnalysis of the mutual interaction between flamd magnetic
(external and induced) fields of an electric corihecfluid inside a parallel-plate channel. Theeattive will be achieved with the
application of the so-called Generalized IntegredriBform Technique (GITT) on the equations thategovthe flow of the
conductive fluid and the transport of the magnfiilt within this flow field. The conductive fluidan enter the channel under any
velocity profile and will have its natural developnt within the channel changed by the applied mégfield (due to the Lorentz
force). Electric currents are induced within thewfland they can be used to power generation, psigoyllevitation and other
applications. Due to these electric currents, migfields will also be induced and superposechtt bne externally applied. This
makes the flow and the magnetic fields stronglypted. These phenomena add new challenges to theutational method
adopted for solution, in view of the presence of meuplings, nonlinearities and boundary conditiforsthe magnetic field. The
study of these interactions will be performed thlylouthe two-dimensional Navier-Stokes equations hHa stream-function
formulation, coupled with the transport equatiohthe magnetic fields. The choice of the simplergety is driven by the easy of
generation of benchmark results, in contrast toafisephysical model, more difficult to numericed¢datment. Results for the main
potentials are presented and compared to thetliterdor various values of the governing parameténe proposed study placed
here falls within the current scenario of use aadetbpment of new technologies to alternative sesinf energy generation.
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1. INTRODUCTION

Magnetohydrodynamics, or shortly MHD, is the arés@ence that deals with the interaction betwdewd of
electric conductive fluids and magnetic fields. Manatically, it seeks for solutions to the coupklations of
electrodynamics and fluid mechanics for typicallgws macroscopic interactions between the magnéid fand the
fluid flow. In this way the Maxwell's displacemerttrrent is neglected and the coupling between amqsats through
the current density and the generalized Ohm's [Blerefore, the equations of the MHD disregard néktic
corrections, quantum effects, retain mass, enargyneomentum.

The flow of electrically conductive fluids withirgpallel plate channels is the main model usedudysthe MHD in
typical applications. An important work that rekathe problem of solution of hydrodynamics entryhie presence of a
magnetic field, considering the Navier-Stokes eiguat was reported by Brandt and Gillis (1966), wised the
streamfunction formulation associated to a finitfedence scheme to solve the problem without rasgrto any
simplifying resources. This reference will be takesrthe basis for the present work.

Currently, it is also essential the development application of mathematical methods that maintiranalytical
character in obtaining the solution of equationssamious fields of science. Among the methods whsatisfy this
requirement, at least partially, it is the methatbwn as Generalized Integral Transform Techniq@TFT (Cotta,
1993; Cotta, 1998; Sant@s al, 2001). This is a hybrid numerical-analyticalhlteijue that has been developed in
parallel to the purely numerical methods and whiddintains in its application, all the charactecistof an analytical
solution, similar to the variable separation methaskociated, on the other hand, to the strengfiuly numerical
methods for solution of ordinary differential eqoas. This will be the method adopted in the solutbf the problem
proposed herein.

Regarding to works that employed the integral fiams approach in MHD channel flows, Line al (2007) and
Lima and Régo (2013) were pioneers, although tlesiricted their attention to the one dimensionaitesdy flow or
used the boundary layer simplifications, respebtivie an effort to extend those analyses, Poated. (2015) studied
the developing laminar heat and fluid flow insidet®nnel considering the two-dimensional versiorthef Navier-
Stokes equations in the streamfunction formulatid@spite of improving the previous hybrid effortey did not take
into account the two-way interaction between thadfiflow field and the magnetic field.e., they admitted that the
external magnetic field applied in the normal di@t to the flow remained uniform, not being infheed by any
induced internal magnetic effect inside the magadl§i modified flow field.
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Therefore, the main objective of the present stisdyre application of the integral transform appfto& order to
solve the coupled interaction between both fiefitlsM and magnetic) in terms of scalar functions thoe velocity field
(the stream functiong), and for the magnetic field (the magnetic funetiB).The physical phenomenon is based on a
two-dimensional, incompressible, and steady-stateirlar flow of an electric conducting newtonianidluinside a
parallel plate channel. The mathematical model lisaioed from the Navier-Stokes equation and thes laf
electromagnetism. The physical properties are enhsind the flow is submitted to an external trensy magnetic
field, also constant, but that is modified insile thannel while flow is developing. This behawbaracterizes a two-
way coupled interaction.

2. MATHEMATICAL FORMULATION

Consider a parallel plate channel where the hot&#qulates are insulating and the vertical onescareductors,
which consist of electrodes for measuring voltagerent or for connecting a resistive load. An exé¢ magnetic field,
constant and uniformé; , will be transversally imposed in tlye direction. Inside the channel, the flow influentes

development, transport and shape of the magnedlit fines, and which, in turn, reciprocally inflienthe flow field.
Figure 1 shows the main characteristics of the fitve geometry of the studied problem and its bamndonditions, in
its dimensional forrh
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Figure 1: Scheme of the region under study and deynconditions.

From the simplifications adopted and given a fomtioh based on the Navier-Stokes equation, the rgonge
equations, in its dimensionless form, can be writs:

2 2
G, QU 0P 1(0% 0] 1, 0<y<h, x>0 @)
ax ay ax Rel 0x2 dy’) Re
2 2
GOV _oP 1 6V+0 +i~]zﬁ O<y<h, x>0 2
ax ay dy Relax® oay? Re
2
(B2 Bl%iﬂ 2’8, 0<y<h, x>0 (2
x? ay
2
(EE ﬁ)+i082 °B, 0<y<h, x>0 (4)
x> oy

Where the current density, associated to the Lerfemnte in the last terms of Egs. (1) and (2piv@n by:

08, 08
ox ayj (5)

J,=E,+uB- va-l[

These equations are subjected to following boundanglitions:

u(0,y)=u.(y) U(x - o, y) = U, (Y u(x0)=0 u(x1)=0
= — 00 = ,0 =0 =
K=0- v(0,y)=0 o V(X - ,})=0 ; y=0 v(x,0) ) L ye1 v(x1)=0 (5.a-p)
B (0,y)= B(Y) B (X~ ©,y)=B.(Y B (x,0)=~-B, (X B, (x1)= By, (%)

B,(0,¥)= B, (Y) By(X —~ ,¥) = B, () B,(x0)= Ha B,(x1)= Ha

In the above formulation, the following dimensisgegroups were employed:

! Quantities that present the superscript "*" areatigional, conversely, quantities that don't preseetdimensionless.
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Here,h is the height of the channeu., is the average flow velocity at the channel emteahla is the Hartmann
number,Reis the Reynolds numbeRg, is the magnetic Reynolds numbdy, is the magnetic diffusivityy, is the
magnetic permeabilityy is the electrical conductivity arif} is the electric field imposed on the wall-elecesd

2.2. Formulation in scalar functions

In previous research, which was employed the Glppraach, the use of the stream function formulasbawed
more pronounced numerical convergence rates thasettemploying the primitive variable formulationhus,
considering the following scalar streamfunction amanetic function,

L v B o a
) e (e

Equations (1) to (4), subjected to boundary coadgi(5a-p), are now rewritten as:

DL AR A AT LT A A [aﬁ[ o8 ob) aeF, oF ﬂ @

dyl o 00y’) ox|dy 09YxX) RelaxX¥ 9y ay) ReRe|oxlaDyay oy 9§
%%—%%:i 027'B+@ +E (9)
dy 0x 0x dy Re,| ox* ay? z
#(0,y)= ge(y) Y(x - o, y)=g,(y)
x=0: a—l’”(o,y)=0 . X = o a—l’[/(x_>o<>, y)=0 (10.a-f)
ox ox
B0,y)=h(y) B(X - w,y)==Hax, + (Y
¥(x,0)=0 w(x1)=1
= % = = a_[/j = -
y=0 oy (x0=0 y=1 5y (x)=0 (10.g-1)
B(x,0)=-Ha.x B(x,1)=-Hax+ h 1)

Whereg,.(y) andh,,(y) are functions related to the flow and magneg&s on the fully developed region (Assadl6).

3. SOLUTION METHODOLOGY
3.1. Splitting of scalar functions

The use of the governing equations in terms ofasdainctions ¢ and ) reduces the number of equations to be
solved, eliminates the terms associated with thesqure and facilitates the numerical solution @& groblem.
Nevertheless, this formulation still brings non-taganeous boundary condition, undesirable in thd lig the integral
transformation approach. To eliminate these nondgmneities, each original potential is split-uptivo parts: a
filtered field, which possesses homogeneous boyrmarditions, and a filter that carries the originan-homogeneity:

Yxy) =t (x N+ (Y, B(xY) =By (% Y+ 5 (¥ ) (11.a,b)

® Note that, in reality, the terr’(')O is not dimensionless, rather, it has dimensiomeagnetic field. However, it is shown together the
dimensionless groups because it is important imditmensionless process.
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In the previous equations, the subsciipts related to the filtered (homogeneous) field @ne subscripf is
associated to the filter expression. For the stfeaction potential, the filter employed is exacthe solution of the
fully developed flow field ¢&(y) = ¢(y). On the other hand, for the magnetic fieldfitier is an expression that seems
similar to the solution of the magnetic field ftvetfully developed region, differing in the ternathakes into account
the local axial position being solved. i.¢(Y;X) # So(Y.X.). Only for longitudinal positions far from the cireel
entrance, this filter will equal the expressiontioe fully developed solution.

We(Y) =t () = 0.(Y; e (y: x) =—Hax+ (Y (12.a,b)

3.2. Integral Transform

After all boundary conditions in the integral tréoren direction ) are made homogeneous, the integral
transformation of Eqgs. (8-10), after Eqgs. (11) &hd), can be performed. The first step is to chabseauxiliary
eigenvalue problems that will be used as basith®eigenfunction expansions. Such eigenvalue pnoblare obtained
from homogeneous versions of the original problesmnsl are well described in the works of Lietaal (2013), among
others. For the streamfunction field, the auxiliaigenvalue problem has the following properties:

Bl = [ YO0 (x ) o

Integral Transform / Inverse Pajr: ° © (13)

(
Eingenfunctions:y (y) = Co{é) cosrﬁzijl (14)
2

oo N =1, i=j
The eingenvalues are the roots cosy coshy = ; Norm: J Y (y)¥(y dy= { 0' I_ij_ (15, 16)
0 , I#]
Now, for the magnetic field, the eigenproblem Heesfollowing properties:
J— 1 -
5,09 = [ A0 (x ) @
Integral Transform/ Inverse Pait: ° © an
Bulxy) = D RNA(
i=1
: - H, _
Eingenfunctions: H, (y) :#:\Eser(ai y) Eingenvalues.a, =i, i=12,3,. (18, 19)
! 1
Norm: M, :j HZ(y) dy=" (20)
0

The next analytical step of the method is the irgegransformation of the governing equation andiratary
conditions. This is performed by multiplying eaabvgrning equation (Eqgs. 8, 9) by its respectiveerignction (Egs.
14, 18) and then integrating them in thdirection. Then, after considering the orthogdmabroperties (Egs. 16, 20)
and the boundary conditions, the following coup®atem of ordinary differential equations in tkelirection is
obtained, in conjunction with the integral coeféiats:
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The inlet and the outlet boundary conditions angadly transformed to yield:

@n,0)=g =J. Y (V¢ (0, y)dy= j YOY a(y 9y c
0 0

L/

=0
dX |4z

B (0)=h = J. HW[R(W- R (Y] dy
0

a) For the transformed streamfunction, the coeffits are defined as:
1~ & ~1 1~ ~n ~
A=l YOY(YYCya B =[N(NY(IY(yd

of. = [T (DY (90 o =[NY (VYo

of =[N.(NY'(Y o i, =[5 (9 T4 gy

dy*

4 _H(ym"(y)%(g;x) dy K =LNONR (D gy

M =[N0 P (20 gy

b) And for the transformed magnetic function

A = A A ()% () dy 8 = [, Y (W2 (v dy
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These coefficients were evaluated through Gausgisdrature by using the routine QDAGS from the IMSL
package (IMSL, 2010). A criterion of T®was used as relative error target for each caefficAdditionally, since the
length along the channel to reach the fully devetbponditionx., is not known a priori’, the following change of
coordinates is implemented in the numerical prooettu transform the domain frox [0, x,;] to domains: [0, 1]:

p=1-e, I_q_, (26.a,0)
dx

In these expressions,is a contraction scale factor, a positive paramétat governs the amount of contraction
imposed to the coordinate.

3. RESULTS AND DISCUSSION

To obtain the numerical results, a computer code developed in FORTRAN 90 language. From the IMSL
package (IMSL, 2010), subroutine BVPFD, which ipeasally suitable for solving systems of stiff ardry differential
equations, was employed to solve the coupled sysks. (21-24). A relative error target of lvas employed as
criterion for convergence of the transformed pagdsit

First of all, a convergence analysis is performadlie longitudinal velocity component at the cemtiethe channel,
uc(x), for the upper-wall velocity gradienﬁ,u/ay|y=1 = f, R¢2, and for the difference of the magnetic functi@ivieen

the channel centerline and the wal|3(x) , at different longitudinal positions and physiparameters.

AB(X) = B(x,0.5)= B (x,1) (27)

Tables 1 illustrates the convergence behavior @fdhpotentials fdRe= 20;Ha = 2; E, = -2 and different values of
magnetic Reynolds numbeRg,=10* 1 and 50). In addition to the convergence behawip exam of this table also
reveals the influence of the coupling parametewbenh flow and magnetic fielde., the magnetic Reynolds number,
Re,, on the flow and magnetic fields development.Hese tabled\N = N¢= NS is the number of terms employed in
the expansions for the streamfunction and the ntagfumction series.

Table 1. Convergence behavior of some potentiadifiarent axial positions, foRe= 20,Ha=2,E, = -2

Re, = 10*
X w/| =¢R BB(X) 12
(X /0y‘y:l <R Re,
N 01 02 03 04 x, | 01 02 03 04 x 0.1 0.2 0.3 04 x.

5 1.108 1.097 1.149 1.224 1.4Y@8.95 1451 11.22 9.179 6.389 0.8479 1.624 2.404 1393. 6.051
10 | 1.012 1.082 1.163 1.244 1.4y@85.73 14.13 10.08 8.390 6.389 0.8276 1.661 2.4812303. 6.051
30 | 1.022 1.082 1.164 1.246 1.4y84.30 13.15 9.798 8.288 6.389 0.8269 1.671 2.4942433. 6.051
50 | 1.021 1.082 1.163 1.246 1.4y83.73 13.09 9.784 8.283 6.389 0.8269 1.671 2.4952433. 6.051
Re, =1
X ou ‘ =f R Aﬁi(x) X 102
w(¥ Vo, =2 =

N 01 02 03 04 x, |01 02 03 04 x 0.1 0.2 0.3 0.4 X

5 1.108 1.476 1.476 1.476 1.4Y@8.95 1450 11.22 9.170 6.389 0.6695 5.986 6.0460516. 6.051
10 | 1.012 1.082 1.163 1.245 1.4y@5.73 14.12 10.07 8.380 6.389 0.6442 1.346 2.0817872. 6.051
30 | 1.022 1.082 1.164 1.246 1.4y84.30 13.14 9.790 8.278 6.389 0.6428 1.355 2.094 8012. 6.051
50 | 1.021 1.082 1.164 1.246 1.4y@3.73 13.09 9.776 8.273 6.389 0.6429 1.355 2.0948012. 6.051
Reg, = 50
X 6y ‘ =f R BB(N) 12
(X oy, = % Re,

N\[01 02 03 04 x |01 02 03 04 x | 01 0.2 03 04 x,

5 ]1.108 1.097 1.150 1.228 1.4Y@8.94 14.48 11.18 9.114 6.389 0.0656506851 0.095130.1548 6.051
10 | 1.012 1.083 1.164 1.248 1.4y85.72 14.10 10.05 8.345 6.389 0.0129803076 0.079820.1556 6.051
30 | 1.022 1.082 1.165 1.249 1.4(84.29 13.13 9.772 8.250 6.389 0.00538202993 0.081500.1581 6.051
50 [1.022 1.082 1.165 1.249 1.4y83.73 13.08 9.758 8.245 6.389 0.00536902994 0.081500.1581 6.051
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From this table, one clearly observes the strongveence rates for the selected potentials olutaivigh the
integral transform approache., with only few termsi = 10) a convergence in the third digits is alreatigined.

Now, results obtained with the present methodolagy compared with the numerical results of Bramdt &illis
(1966), who employed the finite difference methodanalyze the same problem through the same fotimularo
verify the code developed, comparisons are injtiptrformed for the case of non-MHD flowldd = 0) for different
Reynolds numbers. Figure 2.a and 2b show these aisops by illustrating the development of the itundjnal
velocity along the channel féte= 20 andRe= 500, respectively.

O Brandt & Gillis (1966) - FDM
—— Present work - GITT
& 4 s

O Brandt & Gillis (1966) - FDM
—— Present work - GITT
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Figure 2 — Development of the axial velocity comgoinprofile forHa = 0: a) Re = 20 and b) Re = 500.

These figures show the strong effect of the Reyaldmber on the flow development along the chaaxisl The
greater the Reynolds number the flatter is theilgrof the longitudinal component velocity, makirag expected, the
wall velocity gradient much more elevated. Anotheeresting feature visualized on these figurethés well-known
pronounced M-shape (concavity) of the velocity pecét the inlet region, especially for higher Relds number. This
effect is not captured in the boundary layer foratioh, being the explained by the additional tefraxaal diffusion of
momentum present in the Navier-Stokes formulation.

On its turn, Figure 3.a and 3.b illustrate the @draof the longitudinal velocity component proBlalong the-axis
for different magnetic Reynolds numbeRe( = 10* andRe, = 50, respectively). For the first case, comparssare
still performed with the results of Brandt and Gil[1966).

O Brandt & Gillis (1966) - FDM
Present work - GITT

Present work - GITT

1.0 A4 10 I I I
08- Re=20 - 08 Re=20
Ha =20 Ha=20
06 Re,=10" g 06 - Re,=50
- x=0Q x=01¢ x=02¢ x=03} x=049 x EN =0 x=05
0.4 04
024 @ 024 ()
0.0 + = 0.0 T T T
x=0 x=0.1 x=0.2 x=0.3 x=0.4 x=0.5, x> =0 x=0.1 x=0.2 x=0.3 x=04 x=0.5, x>0

u(x, y)

u(x, y)

Figure 3 — Development of the axial velocity com@eainprofile forRe= 20,Ha = 20: a)Re, = 10* and b)Re, = 50.

From these figures, it seems that the effect oftlagnetic Reynolds number is more intense in aregfter some
distance from the inlet and before the exit of ttm@annel. Apparently, it seems that the flow develept is not
perturbed by the magnetic field when they are netttb channel inletx(= 0.1 andx = 0.2). Maybe, in this region, the
induced magnetic field is not strong enough tordhe characteristic of the flow field. It alsoirgeresting to note that
the development of the centerline velocity presantevershooting behavior along the channel foreising magnetic
Reynolds number.

1.50

# Re,

> 0 (Ha = 0)

149 4

148 =

Hartmann Flow
uelx) = 1476246 § & £

u(x)

147

o] Brand & Gillis (1966) - FDM

146

ork - GITT

145

LN N e N B S e S e B B S B S B R
o o5 1 15 2 25 3 35 4 45 5

Figure 4 — Development of the centerline velooityRe= 20 and, aRe, = 10* and various values ¢fa. Dashed
curve is forRe= 20,Ha = 2 andRe, = 50. Dash-dot curve is féte= 200,Ha = 2 andRg, = 1; b)Ha = 2 and various
values ofRe,. The curve markeRe, —» « is forHa = 0.
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According to Fig. (3.b), the centerline velocitgigaases from axial positions from 0 to 0.5 and tieereases to the
fully developed value. This could be explained alfofvs: as the flow is developing, the vertical gmment of the
magnetic field is reduced and the axial componsgrihdreased, the same happens with the longitudindlvertical
components of the Lorentz force. Therefore, the flield, nearby the centerline, is less influenbgdthe longitudinal
component of the Lorentz force, and its magnitumbesases.

To better clarify this behavior, Fig. 4 illustratd®e development of the centerline velocity compuradong the
channel for values of Hartmann and magnetic Reynalgmber. Figure 4.a illustrates the developmenRi®= 20,
Re, = 10* and different values of the Hartmann numiba, Figure 4.b shows the developmentRe= 20,Ha = 2 and
different values of the magnetic Reynolds numBey, These figures clearly shows that, for increasiagandRe,, the
overshooting phenomenon is established, confirrthiagprevious statements about Fig. 3.

Finally, the behavior of development of the magndeld is illustrated in Fig. 5, through the diféece of the
magnetic function between the channel centerlimetha wall, AB(x) . For improvement of visualizations this variable

is plotted normalized by the magnetic Reynolds nemte,.

Re=20, Ha=2

Brandt & Gillis (1966)FDM

0.06

o

AB(X)/Remn

- o
000 =TT T
0 05 1 15 2 25 3
X

Figure 5 — Development of magnetic scalar functiorthe centerline. Solid curves are Re= 20,Ha = 2
and various values &g,. The dashed curve is f&e=200,Ha = 2 andRe, = 1.

3. CONCLUSIONS

The Generalized Integral Transform Technique (GIWa}p successfully applied in the solution of thapted flow
and magnetic fields inside a parallel-plate chanttsl main hybrid characteristics and numerical awér were
analyzed and results were compared with, previoteghyprted, numerical data for different values lod governing
parameters. It should be here emphasized thataat to the authors knowledge, no works that enegldfie integral
transform approach as the mathematical tool fowisglthe governing equations have considered thepled
phenomenon in its full MHD formulation (the NaviStekes equations coupled to electromagnetism omégyefore,
the present works represents an advance in theodwtigy application. An extension of the presentlkytaking into
account the forced convection and different magnbtiundary conditions (for magnetohydrodynamic g&toe or

motor), is presently in preparation.
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