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Abstract: This paper presents a procedure for shape optimization in plane elasticity problems solved using the finite 

element method. The strategy uses a B-Spline or a NURBS surface parameterization, which is differentiated with respect 

to boundary control points before discretization to obtain the velocity field. The position of domain control points can 

be made dependent on the coordinates of the boundary control points giving more flexibility to the method. By 

construction, the velocity field that outcomes from this approach is not affected by the finite element mesh quality. 

Furthermore, for a given mesh topology, this velocity field is shown to introduce reduced mesh distortions up to 

moderately large geometry modifications. This property is fundamental for a consistent shape optimization procedure, 

which must preserve the same mesh topology throughout the whole optimization process. The effectiveness of the method 

is compared to velocity fields obtained via Laplacian smoothing schemes. Since the NURBS based velocity field is 

performed in a parameterized domain, the approach can be directly extended for applications in the optimization of 

arbitrarily shaped shells. 
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INTRODUCTION  

Shape optimization deals with finding the best boundary contour of a given domain in order to maximize a 

performance measure while satisfying design constraints. In order to ensure mathematical consistency of the discretized 

version of the problem, the associated mesh topology must not be modified throughout the optimization process 

(Schleupen, 2000). To this end, in this paper we propose to use a velocity field based on a B-spline or a NURBS surface 

parameterization, which has shown robustness with respect to mesh distortion when compared to Laplacian smoothing 

techniques. The strategy is applicable without adaptations to plane problems and 3D surfaces. 

DEFINITION OF THE SHAPE OPTIMIZATION PROBLEM 

We state the 2D shape optimization problem as to find the optimal boundary shape of a mechanical component, aiming 

at weight minimization subject to nonlinear constraints, that is, 

𝑚𝑖𝑛  𝑊(𝒂) = 𝜌 𝜓(𝒂) 

𝑔𝑗(𝒂) = 0, 𝑗 = 1,𝑚𝑒 

𝑔𝑗(𝒂) ≥ 0, 𝑗 = 𝑚𝑒 + 1,𝑚 

𝒂𝑙 ≤ 𝒂 ≤ 𝒂𝑢  

(1) 

where 𝜌 is the density of the material (in this work made equal to unity), 𝜓 denotes the volume, 𝒂 is the vector of design 

variables, 𝑔𝑗(𝒂) is the 𝑗 -th design constraint, 𝑚𝑒  is the number of equality constraints, 𝑚  is the total number of 

constraints and 𝑎𝑙 and 𝑎𝑢 are the upper and lower limits of the design variables, respectively. In this work we consider 

stress and geometric constraints using a cluster strategy to be described. 

The first step towards shape optimization is a proper geometry parameterization. Once the optimization method has 

been established for a given geometric description, it is necessary to evaluate the gradients of the objective function 𝑊(𝒂) 
and the constraints 𝑔𝑗(𝒂) with respect to the vector of design variables 𝒂. The calculations of these gradients is known as 

sensitivity analysis. In this work, we perform such sensitivity analytically. 

GEOMETRY PARAMETERIZATION 

NURBS surfaces arise from the tensor product between two NURBS curves. The expression for a NURBS surface 

has the form (Piegl and Tiller, 1997), 

𝑆(𝑢, 𝑣) =
∑ ∑ 𝑁𝑖𝑝(𝑢) 𝑁𝑗𝑞(𝑣) 𝑤𝑖𝑗  𝑃𝑖𝑗

𝑚
𝑗=0

𝑛
𝑖=0

∑ ∑ 𝑁𝑖𝑝(𝑢) 𝑁𝑗𝑞(𝑣) 𝑤𝑖𝑗
𝑚
𝑗=0

𝑛
𝑖=0

, [𝑢, 𝑣] = {𝑥 ∈ ℝ: 0 ≤ 𝑥 ≤ 1},     (2) 
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where 𝑆(𝑢, 𝑣) returns a continuous field for the coordinates x, y and z belonging to the NURBS surface, evaluated at the 

parametric coordinates (𝑢, 𝑣), 𝑁𝑖𝑝 and 𝑁𝑗𝑞  are the base functions for NURBS curves of order  𝑝 + 1 and 𝑞 + 1, which are 

obtained recursively as described in Piegl and Tiller (1997), 𝑃𝑖𝑗  is a control point of the 𝑷 matrix of the (𝑛 + 1) × (𝑚 +

1) control points and 𝑤𝑖𝑗  is a weight value assigned to the control points. In addition to the control points, the definition 

of the NURBS surface requires that two knot vectors 𝑼 and 𝑽 be given, with  𝑼 = {𝑢0, . . . , 𝑢ℎ}, such that 𝑢𝑙 ≤ 𝑢𝑙+1, ℎ =
𝑝 + 𝑛 and 0 ≤ 𝑢𝑙 ≤ 1. In a similar way, 𝑽 = {𝑣0, . . . , 𝑣ℎ} where 𝑣𝑙 ≤ 𝑣𝑙+1, with ℎ = 𝑞 +𝑚, e 0 ≤ 𝑣𝑙 ≤ 1. 

In order to parameterize the nodal coordinates of a finite element mesh with respect to the corresponding geometry 

described by a B-Spline or NURBS surface, it is necessary to identify the parametric coordinates 𝑢 and 𝑣 of the nodes 

through parametric recovery. 

Parametric recovery 

This problem is solved adapting the procedure proposed by Augusto (2012) so that plane or curved surfaces can 

be dealt with in a unified way. 

For a finite element mesh, we want to know the parametric coordinates 𝑢 and 𝑣 in ℝ2 that correspond to the 

coordinates 𝑥, 𝑦, 𝑧 of 𝑘-th node in the ℝ3 space. Therefore, the following equation must be satisfied,  

𝒇(𝑢𝑘, 𝑣𝑘) = 𝒇𝑘 = [

𝑆𝑥(𝑢, 𝑣)𝑘
𝑆𝑦(𝑢, 𝑣)𝑘
𝑆𝑧(𝑢, 𝑣)𝑘

] − [

𝑥𝑘
𝑦𝑘
𝑧𝑘
] = 0     (3) 

where 𝑆𝑥(𝑢, 𝑣)𝑘 , 𝑆𝑦(𝑢, 𝑣)𝑘  and 𝑆𝑧(𝑢, 𝑣)𝑘  are the coordinates 𝑥 , 𝑦  and 𝑧  of the 𝑘-th node, which correspond to the 

implicit and unknown parametric coordinates 𝑢, 𝑣 in accordance to Eq. (2). We solve Eq. (3) by the Newton-Raphson 

method expanding  𝒇𝑘 in a Taylor series truncated at first order terms. The linearized version of Eq. (2), evaluated at an 

arbitrary point (𝑢, 𝑣)𝑘
∗  is given by 

𝒇𝑘 ≅ 𝒇𝑘
∗ + ∇𝒇𝑘

∗ [
𝑢 − 𝑢∗

𝑣 − 𝑣∗
]
𝑘
= 0     (4) 

where  

∇𝒇𝑘 = [

 𝑆𝑥,𝑢 𝑆𝑥,𝑣
𝑆𝑦,𝑢 𝑆𝑦,𝑣
𝑆𝑧,𝑢 𝑆𝑧,𝑣

]

𝑘

     (5) 

and the comma stands for partial differentiation. The derivative of 𝑆 with respect 𝑢 and 𝑣 can be found in Piegl and Tiller 

(1997). Pre-multiplying Eq. (4) by (∇𝒇𝑘
∗ )𝑇 

(∇𝒇𝑘
∗ )𝑇𝒇𝑘

∗ + (∇𝒇𝑘
∗ )𝑇  ∇𝒇𝑘

∗ [
𝑢 − 𝑢∗

𝑣 − 𝑣∗
]
𝑘
= 0,     (6) 

we have a 2×2 dimension system which, in recursive form returns 

[
𝑢
𝑣
]
𝑘

𝑖+1

= [
𝑢
𝑣
]
𝑘

𝑖

− [(∇𝒇𝑘
𝑖 )
𝑇
∙ ∇𝒇𝑘

𝑖 ]
−1

∙ (∇𝒇𝑘
𝑖 )
𝑇
𝒇𝑘
𝑖      (7) 

which is iterated until satisfaction of  

{[
𝑢
𝑣
]
𝑘

𝑖+1

− [
𝑢
𝑣
]
𝑘

𝑖

} ≤ 𝜖     (8) 

where 𝜖 is the convergence tolerance. 

DISCRETIZED OBJECTIVE FUNCTION AND CONSTRAINTS 

In a finite element framework, a normalized version of the objective function defined in Eq. (1) is given by 

𝑊(𝒂) =
1

𝑀0

𝜌∑∫𝑡 |𝑱|𝑒 𝑑𝜉𝑑𝜂

𝑛𝑒

𝑒=1

 (9) 

where the 𝑀0 is the initial mass, 𝑡 is the element thickness, |𝑱|𝑒 is the 𝑒-th element jacobian (which relates a differential 

area in the parametric element domain (𝜉, 𝜂 ) to its counterpart in the “physical” domain (𝑥, 𝑦) ) and 𝑛𝑒 is the total number 

of elements. 

The stress constraints are evaluated on the whole domain using a modified P-norm and the cluster approach proposed 

by Holmberg et al. (2013). In this strategy, the stresses are evaluated, sorted and grouped in 𝑛𝑐 stress clusters of equal 

size. For each stress cluster we define a constraint 𝑔𝑐 
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𝑔𝑐 = −[
1

𝑁𝑐
∑ (

𝜎𝑘
𝑣𝑀

𝜎𝑎𝑙𝑤
)

𝑝

𝑘 ∈ 𝛺𝑐

]

1 𝑝⁄

+ 1 ≥ 0, 𝑐 = 1, 𝑛𝑐   (10) 

where 𝑁𝑐 is the size of the 𝑐-th set Ω of clustered stress points, 𝜎𝑎𝑙𝑤  is the allowable design stress and 𝜎𝑘
𝑣𝑀 is the von 

Mises stress in 𝑘-th node, 

𝜎𝑘
𝑣𝑀 = (𝜎11

2 − 𝜎11𝜎22 + 𝜎22
2 + 3𝜎12

2)
𝑘

1
2⁄ . (11) 

The components of the stress tensor 𝝈̅ in Eq. (11) are obtained via global L2 smoothing, as described in Wildemann and 

Muñoz-Rojas (2005), 

∫ 𝑵𝑇𝑵 |𝑱| 𝑑𝛺𝑒  𝝈̅ = ∫ 𝑵𝑇𝝈 |𝑱| 𝑑𝛺𝑒   
𝛺𝑒𝛺𝑒

 (12) 

where 𝑵 is the matrix of the interpolation functions of element 𝑒  and 𝝈 are the stress components evaluated at the 

superconvergent points, according to 

𝝈 = 𝑬 𝑩 𝒖. (13) 

In Eq. (13), 𝑬 is the constitutive matrix and 𝑩 is the strain-displacement matrix, which relates the element nodal 

displacements 𝒖 with the strain tensor components. The element nodal displacements 𝒖 are extracted from the global 

displacements vector 𝑼, which is known by previous solution of the classical linear finite element system 

𝑲𝑼 = 𝑭 (14) 

where 𝑲 is the global stiffness matrix obtained by assembling a global system from the elements stiffness 𝒌𝑒, 

𝒌𝒆 = ∫ 𝑩𝑇𝑬𝑩 |𝑱| 𝑑𝛺𝑒
𝛺𝑒

 (15) 

 and 𝑭 is the load vector. Evaluating Eq. (12) in each element and assembling a global system, a linear system is obtained  

𝑴 𝝈̅ = 𝑷, (16) 

where 𝑴 is known as mass matrix and 𝑷 is the pseudo-load. 

In this work an analogous approach is proposed for the geometric constraints, that is, 

𝑔𝐺 = −[
1

𝑁𝐺
∑ (

𝜒𝑚𝑖𝑛
𝜒𝑘

)
𝑝

𝑘 ∈ 𝛺𝐺

]

1
𝑝

+ 1 ≥ 0, 𝐺 = 𝑛𝑐 + 1, 𝑛 (17) 

where 𝑔𝐺 is the 𝐺-th coordinate constraint and 𝑁𝐺 is the size of the set Ω𝐺 , 𝜒𝑚𝑖𝑛  is the minimum allowable coordinate 

value for the points in the set Ω𝐺  and 𝜒𝑎 is the nodal coordinate of a parametric position which belongs to ΩG.  

The clusters can either be updated or kept constant during optimization iterations. For 𝑛𝑐 > 1, updating the clusters 

may be favorable for satisfying constraints, however this is not rigorously consistent as it changes the mathematical 

optimization problem being solved, and can theoretically lead to convergence difficulties. Following Holmberg et al. 

(2013), we do adopt this updating in the present work but we remark that this effect should be better investigated in future 

developments. 

SENSITIVITY ANALYSIS 

Sensitivity analysis refers to the relationship between design variables and structure responses that are determined by 

the laws of mechanics (Haug et al., 1986). Three differentiation methods can be applied to evaluate sensitivities: 

numerical, semi-analytical or analytical. The main factors that may affect the sensitivity analysis are the mesh quality, the 

velocity field and the differentiation method (Beckers, 1991; Barthelemy, et al., 1988). In this paper we adopt the 

analytical sensitivity approach. 

Objective function and constraints sensitivities 

The normalized sensitivity of the objective function in Eq. (9) with respect to the design variables is obtained by 

partial differentiation as 

𝑊,𝑎𝑧 =
1

𝑀0

𝜌∑∫ 𝑵𝑇𝑵
𝜕|𝑱|

𝜕𝑎𝑧
 𝑑𝛺𝑒

𝛺𝑒

𝑛𝑒

𝑒=1

 (18) 
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where the analytical sensitivities of the |𝑱| with respect the design variables can be found in Olhoff et al. (1993) and Wang 

et. al. (1985).  

The sensitivity of the constraints in Eq. (10) and (17) are, 

𝜕𝑔

𝜕𝑎𝑧
= −(

1

𝑁
)

1
𝑝
[∑ (𝐴𝑘)

𝑝

𝑘 ∈ 𝛺

]

1
𝑝
−1

(∑ 𝐴𝑘
𝑝−1

 𝐵𝑘
𝑘 ∈ 𝛺

) (19) 

where 

𝜕𝑔𝑐
𝜕𝑎𝑧

 

{
 
 

 
 𝐴𝑘 =

𝜎𝑘
𝑣𝑀

𝜎𝑎𝑙𝑤

𝐵𝑘 =
1

𝜎𝑎𝑙𝑤
[
𝜕(𝜎𝑘

𝑣𝑀)

𝜕𝑎𝑧
]

 ,               
𝜕𝑔𝐺
𝜕𝑎𝑧

 {

𝐴𝑘 =
𝜒𝑚𝑖𝑛
𝜒𝑘

𝐵𝑘 = −
𝜒𝑚𝑖𝑛

𝜒𝑘
2 (𝑉𝑘𝑧)

  .  (20) 

The term 𝑉𝑘𝑧 is the sensitivity of the 𝑘-th nodal coordinate 𝜕𝜒𝑘 𝜕𝑎𝑧⁄ , also known as velocity field, and its calculation 

will be detailed in the next Section. The term 𝜕(𝜎𝑘
𝑣𝑀) 𝜕𝑎𝑧⁄  is obtained by differentiating Eq. (11), which yields  

(𝜎𝑘
𝑣𝑀),𝑎𝑧 =

1

4𝜎𝑘
𝑣𝑀 [

𝜕𝜎11
𝜕𝑎𝑧

(2𝜎11 − 𝜎22) +
𝜕𝜎22
𝜕𝑎𝑧

(2𝜎22 − 𝜎11) + 6
𝜕𝜎12
𝜕𝑎𝑧

𝜎12]
𝑘

. (21) 

The sensitivity of the smoothed stress components 𝜕(𝝈̅) 𝜕𝑎𝑧⁄  in Eq. (21) is obtained by differentiating Eq. (16) 

𝑴
𝜕𝝈̅

𝜕𝑎𝑧
=
𝜕𝑷

𝜕𝑎𝑧
−
𝜕𝑴

𝜕𝑎𝑧
𝝈̅, (22) 

where 

𝜕𝑴

𝜕𝑎𝑧
= ∫ 𝑵𝑇𝑵

𝜕|𝑱|

𝜕𝑎𝑧
 𝑑𝛺

𝛺

 (23) 

and  

𝜕𝑷

𝜕𝑎𝑧
= ∫ 𝑁𝑇 (

𝜕𝝈

𝜕𝑎𝑧
 |𝑱| +

𝜕|𝑱|

𝜕𝑎𝑧
 𝝈)  𝑑𝛺.

𝛺

 (24) 

Notice that the stress sensitivity with respect to the design variables (𝜕𝝈 𝜕𝑎𝑧⁄ ) in Eq. (24) can be obtained by 

differentiating Eq. (13) 

𝜕𝝈

𝜕𝑎𝑧
= 𝑬

𝜕𝑩

𝜕𝑎𝑧
𝒖 + 𝑬𝑩

𝜕𝒖

𝜕𝑎𝑧
 (25) 

where the procedure for evaluating the analytical sensitivity 𝜕𝑩 𝜕𝑎𝑧⁄  will be omitted here for conciseness but can be 

found in texts as Olhoff et al. (1993). As the stresses depend on the nodal displacement 𝑼, the sensitivity of the nodal 

displacements is obtained by differentiation of Eq. (14), yielding 

𝑲
𝜕𝑼

𝜕𝑎𝑧
= (

𝜕𝑭

𝜕𝑎𝑧
−
𝜕𝑲

𝜕𝑎𝑧
𝑼). (26) 

Solving Eq. (26) for  𝜕𝑼 𝜕𝑎𝑧⁄  requires to calculate 𝜕𝑲 𝜕𝑎𝑧⁄ , which is obtained by assembling a global matrix from the 

differentiation Eq. (15), 

∂𝒌𝒆
𝜕𝑎𝑧

= ∫ {[(
𝜕𝑩

𝜕𝑎𝑧
)
𝑇

𝑬 𝑩 + 𝑩𝑇𝑬 (
𝜕𝑩

𝜕𝑎𝑧
)] |𝑱| + 𝑩𝑇𝑬𝑩 

𝜕|𝑱|

𝜕𝑎𝑧
} 𝑑𝛺𝑒

Ωe

. (27) 

Velocity fields  

In our shape optimization problem the design variables are boundary control points, whose positions affect directly 

the contour shape. When the boundary changes, each parameterized domain point is mapped to a new position in the (x, 

y, z) coordinate system, so that a smooth mesh transition to the new geometry is achieved without changing the mesh 

topology. The velocity field is given by the sensitivity of given domain position (nodal coordinates) with respect to the 

design variables. Hence one way to obtain the velocity field is via direct differentiation of the NURBS surface, evaluating 

it at the nodal coordinates after parametric recovery. In this case the result depends only on the geometric model, not 

being affected by the mesh. Another possibility is to use Laplacian smoothing schemes as proposed by Duysinx et al. 

(1993), but in this case the mesh density and distortion has a strong influence on the result. Laplacian schemes are used 

for comparison with the method proposed here. 

Velocity field based on a NURBS surface 

For the NURBS surface given by Eq. (2), the velocity field is obtained by 
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𝑉𝑘𝑧 =
𝜕𝜒𝑘
𝜕𝑎𝑧

=
𝜕𝑆(𝑢𝑘 , 𝑣𝑘)

𝜕𝑎𝑧
=
∑ ∑ [𝑁𝑖𝑝(𝑢𝑘) 𝑁𝑗𝑞(𝑣𝑘)

𝑑(𝑃𝑖𝑗)
𝑑𝑎𝑧

]𝑚
𝑗=0

𝑛
𝑖=0

∑ ∑ 𝑁𝑖𝑝(𝑢𝑘) 𝑁𝑗𝑞(𝑣𝑘) 𝑤𝑖𝑗
𝑚
𝑗=0

𝑛
𝑖=0

 
(28) 

where 𝑉𝑘𝑧 is the velocity field associated with the design variable 𝑎𝑧 (the coordinate of a given boundary control point) 

and 𝜒𝑘 denotes generically the nodal coordinates 𝑥𝑘 , 𝑦𝑘  and 𝑧𝑘. The expression is evaluated at the parametric coordinates 

𝑢 and 𝑣 of node 𝑘, which are previously known from parametric recovery by Eq. (7). Notice that the NURBS surface is 

a function of the whole set of control points and that the parametric coordinates 𝑢 and 𝑣 of all the mesh nodes are held 

constant throughout an optimization. 

In the method proposed here, the basic velocity field scheme is obtained when the design variable 𝑎𝑧  is a given 

boundary control point 𝑃𝑖𝑗  and there is no influence of its position on any other control point. In this case, when  𝑃𝑖𝑗 =

𝑃𝑖𝑗  , then the derivative in Eq. (28) results 𝑑(𝑃𝑖𝑗) 𝑑𝑎𝑧⁄ = 1,  otherwise, 𝑑(𝑃𝑖𝑗) 𝑑𝑎𝑧⁄ = 0. Alternatively, the position of 

the domain control points can be made dependent on the boundary control points defined as design variables, that is, 

where 𝐹 is a motion propagation function that depends on a weight factor 𝜆 and on the distance 𝐿 between the domain 

control point (𝑃𝑖𝑗
𝑑) and the 𝑧-th design variable. When 𝜆 =  0, the basic scheme of the velocity field is recovered. 

In order to illustrate the weighing idea, we consider a geometry parametrization in which all the boundary control 

points are taken as design variables. Taking the set of the 𝑛𝑏 boundary control points, the function 𝐹(𝐿, 𝜆) in Eq. (29) is 

calculated for the 𝑑-th domain control point by 

𝑑(𝑃𝑖𝑗
𝑑)

𝑑𝑎𝑧
=∑(𝛾𝑧)𝑖𝑗 ∙ 𝛼𝑧  

𝑛𝑏

𝑧=1

, (30) 

where the subscripts 𝑖𝑗 in the right side of the equality correspond to the point  𝑃𝑖𝑗
𝑑 and 𝛾 is a motion parameter dependent 

on 𝜆 according to 

(𝛾𝑧)𝑖𝑗 =  𝜆 𝐿/𝐿𝑚𝑖𝑛   , 0 ≤ 𝜆 < 1. (31) 

𝐿 is the distance from the z-th design variable to the control point 𝑃𝑖𝑗  and 𝐿𝑚𝑖𝑛  is the distance to nearest 𝑃𝑖𝑗  control point. 

The vector 𝜶  in Eq. (30) can be found by using the information known for the boundary controls points, that is, 

𝑑(𝑃𝑖𝑗
𝑏) 𝑑𝑎𝑧⁄ = 0 when 𝑃𝑖𝑗

𝑏 ≠ 𝑎𝑧 and 𝑑(𝑃𝑖𝑗
𝑏) 𝑑𝑎𝑧⁄ = 1 when 𝑃𝑖𝑗

𝑏 = 𝑎𝑧 . This leads to the linear system  

∑(𝛾𝑧)𝑖𝑗 ∙ 𝛼𝑧  

𝑛𝑏

𝑧=1

=
𝑑(𝑃𝑖𝑗

𝑏)

𝑑𝑎𝑧
, (32) 

or in matrix form 

[𝜸𝒃𝒃] {𝜶} =
𝑑𝑷𝒃

𝑑𝑎𝑧
, (33) 

where 𝑷𝒃 is the vector of boundary control points and 𝜸𝒃𝒃 is a matrix containing the propagation factors of the boundary 

control points on the boundary control points. Solving for 𝜶, the derivative 𝑑(𝑃𝑖𝑗
𝑑) 𝑑𝑎𝑧⁄  in Eq.(30) can be solved for all 

domain control points, in matrix form 

𝑑𝑷𝒅

𝑑𝑎𝑧
= [𝜸𝒃𝒅] {𝜶} (34) 

where 𝛄𝐛𝐝 is a matrix containing the motion propagation factors of the boundary control points on the domain control 

points. 

The influence of a boundary control point on the domain ones (and, by extension, to the domain nodal coordinates) 

can be controlled using different 𝜆 values. However, it is important to note that such influence does not always increase 

monotonically when increasing 𝜆, but may have a maximum for a given value of 𝜆 in the interval [0,1], after which, the 

influence decreases. For a fixed value of 𝜆 the influence of a boundary control point on the domain ones can be controlled 

using an additional parameter 𝜑, such that 

𝑑(𝑃𝑖𝑗
𝑑)

𝑑𝑎𝑧
= (∑(𝛾𝑧)𝑖𝑗 ∙ 𝛼𝑧  

𝑛𝑏

𝑧=1

)

𝜑

, (35) 

where 0 < 𝜑 < 1 allows to increase monotonically the desired influence. This can be important to prevent excessive 

mesh distortions in the vicinity of the contour for large shape modifications. 

𝑑(𝑃𝑖𝑗) 𝑑𝑎𝑧⁄ = 𝐹(𝐿, 𝜆) ≠ 0 (29) 
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(b) 

Velocity fields based on Laplacian smoothing techniques 

As described by Duysinx et al., (1993), in Laplacian smoothing techniques a given node 𝑖 has its position 𝑄𝑖  smoothed 

according to the way it is connected to its neighboring nodes, following the scheme  (see Tab. 1),  

𝑄𝑖 =
1

∑𝑘𝑖𝑗
∑𝑘𝑖𝑗𝑄𝑖

𝑗

𝑁𝑖

𝑗=1

 (36) 

where 𝑁𝑖 is the number of nodes around the node at the position 𝑄𝑖 , 𝑘𝑖𝑗  is a stiffness term introduced between node i and 

its j-th neighboring node connected by a finite element edge or its diagonal. From Eq.(36) we obtain a system of linear 

equations, where the contour and domain points are denoted by sub-indexes 𝑏 and the d, respectively 

[
𝑲𝑑𝑑 𝑲𝑑𝑏

𝑲𝑏𝑑 𝑲𝑏𝑏
] {
𝑸𝑑
𝑸𝑏
} = {

0
𝑹𝑏
}. (37) 

𝑲𝑑𝑑  is the submatrix that relates domain to domain nodes, 𝑲𝑑𝑏  relates domain to boundary nodes and 𝑲𝑑𝑏  relates 

boundary to boundary nodes. The vectors 𝑸𝑑 and 𝑸𝑏 denote the position of the domain nodes and boundary nodes and, 

by extension, the velocity field that is denoted by 𝑽𝑑 and 𝑽𝑏. Taking the first row of Eq.(37), one has 

[𝑲𝑑𝑑] 𝑽𝑑 = −𝑲𝑑𝑏𝑽𝑏 (38) 

where the velocity field in the contour 𝑉𝑏 is obtained analytically by parameterization of the contour by a NURBS curve, 

therefore the field of velocities in the contour is the same obtained by Eq. (28). Laplacian smoothing methods differ by 

the type of stiffness assigned to 𝑘𝑖𝑗 in Eq. (36), as described in Tab. 1. 

 
Table 1– Laplacian Smoothing schemes. 

Pure Laplacian 𝑘𝑖𝑗 = 1.  If 𝑖 and 𝑗 connected 

 

𝒌𝒊𝒋 = 𝟎  If  𝒊 and 𝒋 unconnected  

Power Laplacian 𝒌𝒊𝒋 = 𝟏 𝑳𝒓⁄   𝑳 =Length interface (𝒊𝒋) 

Velocity fields based on a NURBS surface and on Laplacian approaches: an example 

Figure 1a shows the location of control points for the NURBS surface parameterization of a square domain. An 

unstructured mesh is generated in this domain and shown in Fig. 1b. We study the velocity fields with respect to the 

horizontal coordinate of the boundary control point indicated by the arrow. Figure 1c shows the sensitivity for different 

velocity fields on a horizontal cut of the domain at the same coordinate and direction indicated by the arrow in Figure 1b. 

Figure 1c evinces the difference between the behavior of the Laplacian fields and the fields based on the NURBS surface 

parameterization, for different values of 𝜆 and 𝛼 = 1.  

 

 

 

Figure 1 – a) Unstructured mesh generated on a cubic B-Spline surface, with 5x5 control points. b) Influence of 
velocity field for Laplacian smoothing and surface approach for several 𝝀 values. 

Noteworthy, when 𝜆 =  0 the basic scheme of the velocity field is recovered, with no influence of the position of one 

control point on the position of the others. In addition, sensitivity by surface-based approaches the Laplacian methods 

when λ = 0.25 and 𝜑 = 1.  

A color map of some of the aforementioned velocity fields is presented in the first row of Fig. 2. There, it is possible 

to see how much and how far a perturbation on the boundary affects the domain coordinates for each approach. The region 

of influence for the NURBS surface approach (Fig. 2a), can be easily controlled through the value of 𝜆 for 𝜑 = 1 , as can 

be seen in Fig. 1c. The influence of the Power Laplacian velocity field can also be controlled, but less effectively, by 

modifying the power value (r).  

(a) (c) 
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The extension of the influence of a boundary perturbation on the domain nodes has a strong influence on mesh 

distortion, as displayed in the second row of the Figure. In order to show this, a large horizontal perturbation is applied in 

the position of the boundary control point indicated in Fig. 1b and the domain nodal coordinates are updated proportionally 

to the velocity fields.  

 

 

 

 

 

 

   

(a) (b) (c) 

Figure 2 - Behavior of velocity fields in the mesh domain. a) Field based and B-Spline surface with 𝝀 = 𝟎. 𝟓. b) 

Power Laplacian (𝒓 = 𝟓. 𝟎). c) Pure Laplacian. 

Fig. 2a illustrates the velocity field and the relocated mesh for such large perturbation in the case of the surface-based 

method for λ=0.5. It is clear that albeit the geometry change is considerable, this velocity field approach was successful 

in leading to a little distorted mesh. Figure 2b shows that the Power Laplacian smoothing makes smaller elements stiffer 

than the larger ones when compared to the pure Laplacian method in Fig. 2c. Both Laplacian schemes result in 

considerable mesh distortion when applied to this problem 

2D SHAPE OPTIMIZATION EXAMPLE: SQUARE PANEL WITH A CENTRAL HOLE SUBJECT 
TO BI-AXIAL TRACTION 

In this Section we present a plane stress shape optimization example defined according to the optimization problem 

given by Eq. (1). The aim is to minimize the weight, subject to stress constraints using the modified P-norm as proposed 

in Eq. (10). The domain is parameterized by a NURBS surface defined by cubic splines at the boundaries. We adopt 

displacement based quadrilateral 8 node elements and the nodal stresses are obtained via global L2 smoothing with values 

evaluated at the Gauss points following a 2×2 rule. We solve this problem using the proposed method and the Inverse 

Power Laplacian velocity field highlighting that, by construction, at the boundary the velocity fields are equal for both 

approaches. We compare the influence of using two different meshes, one semi-structured (mesh A) and another one 

unstructured (mesh B). The optimization problem is solved using sequential quadratic programming SQP with non-

monotone line-search (Yu-Hong and Schittkowski, 2008). 

The problem was modeled as shown in Fig. 3a, where the geometry of the hole must be optimized to minimize the 

weight, subject to a maximum allowable stress of 200 MPa. The two finite element meshes employed in the study are 

depicted in right side of Fig. 3a, both with same geometry parametrization (the position of the control points are also 

shown). The control points located at the hole contour are assigned as design variables. We compare the effect of solving 

this problem using the proposed method with 𝜆 =  0.8 and 𝜑 = 0.8 for both meshes, and by the Inverse Power Laplacian 

scheme with 𝑟 = 5 for mesh A and 𝑟 = 8 for mesh B. The 𝑟 parameters for the Laplacian approach were selected based 

on experience for each mesh in order to obtain good Laplacian velocity field results. 

The stress constraints are imposed as proposed by Holmberg et al. (2013), using the modified P-norm with P=20 and 

five stress clusters. The initial smoothed von Mises stresses are displayed for both meshes in left side of Fig. 3a. Notice 

that the stress constraint is being violated and a shape modification is necessary to obtain an acceptable design even if no 

mass reduction is attained.  
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(a) 

    
Unstructured mesh (Mesh B)– Power Laplacian 𝑟 = 8.0 

   
Structured mesh (Mesh A) – Power Laplacian 𝑟 = 5.0 

 

Surface approach - 𝜆 = 0.8 

 

(b) 

Figure 3 – a) Geometry and loading acting on the square panel, geometry parameterization using a NURBS 
surface and Inicial meshes (semi-structured in the top and unstructured below), Smoothed von Mises stress 

field in the initial configuration for both meshes (semi-structured in the top and unstructured below).                   
b) Influence of the mesh on the velocity fields. 

Before proceeding to the optimization results themselves, it is worth observing how the different mesh discretizations 

affect the Power Laplacian velocity fields compared to the NURBS surface approach in this specific problem. Figure 3b 

shows the velocity fields for the four control point positions taken as design variables. It is noticeable that the mesh 

grading and the power 𝑟, affects strongly the Laplacian schemes. The unstructured mesh has a very fine mesh near the 

design boundary region, which rapidly becomes coarse in the domain. The mesh grading gradient is much smoother in 

the semi-structured mesh. The inverse power Laplacian scheme attributes a high stiffness to small elements when 

compared to their neighbors while in the pure Laplacian this stiffness is constant no matter the element size. Hence, we 

can observe that the power Laplacian scheme applied to the unstructured mesh B with r=8 (first row of Fig. 3b), shows a 

more intense velocity fields near the boundary than applied to the semi-structured mesh A with r=5 (second row of Fig. 

3b). We also notice that the semi-structured mesh induces an elongation in the velocity fields along a line at 45 degrees 

due to the mirroring adopted to generate the mesh. The third row in Fig. 3b shows the NURBS based velocity fields, 

which are insensitive to the mesh characteristics. 

Now, concerning optimization itself, Fig. 4 shows the optimized shape configurations for both meshes. In both cases 

the proposed approach led to less severely distorted elements when compared to the inverse Laplacian scheme, a fact of 

concern especially when the optimization problem requires stress evaluation. Notice that for the unstructured mesh, the 

proposed approach succeeded to end up with an acceptable distortion level whereas the Laplacian alternative had the 

optimization interrupted due to excessive distortion of the elements in the contour of the hole. 

 

      

Figure 4 - a) Optimal shapes for the semi-structured mesh. b) Optimal shapes for the unstructured mesh.  

Power Laplacian 𝑟 = 5,0 

Surface-Based 𝜆 = 0,8 
Surface-Based 𝜆 = 0,8 

𝑎4 
𝑎1 

𝑎1 

𝑎1 

𝑎2 

𝑎2 

𝑎2 

𝑎3 

𝑎3 

𝑎3 

𝑎4 

𝑎4 

Power Laplacian 𝑟 = 8,0 
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Figure 5 displays the objective function and design variables evolution along external iterations of the SQP. For the 

unstructured mesh, the surface-based method leaded to a better optimal shape than the Laplacian counterpart. In addition, 

the latter shows a great influence of the mesh topology on the optimization result. A mass reduction of approximately 

15% (see Tab. 2) was reached with both approaches, except for the power Laplacian approach applied to the unstructured 

mesh (mesh B), which had the optimization interrupted because of excessive mesh distortion. 

 

(a) 

 

(b)  

 

(c) 

Figure 5 - a) Objective function convergence; b) 𝒂𝟏 and 𝒂𝟒 design variables convergence; c) 𝒂𝟐 and 𝒂𝟑 design 

variables convergence; 

 

Table 2– Numerical values of the dimensionless objective function (normalized with respect to the initial value) 

 Semi-Structured Mesh Unstructured Mesh 

 Objective 

Function 

Stress constraints 𝒈 Objectve 

Function 

Stress Constraints 𝒈 

Surface-based 0.848 0,0 0,15 0,24 0,34 0,45 0.856 0,0 0,10 0,24 0,26 0,28 

Power Lapl. 0.853 0,0 0,12 0,23 0,33 0,47 0.902* -0,007 0,18 0,42 0,44 0,46 

 

Figure 6a shows that in all the cases, the smoothed von Mises stress fields slightly exceed the maximum allowable 

stress of 200MPa. This means that although stress constraints are well handled using Holmberg’s procedure, the five 

stress clusters sorted by stress level are not sufficient to enforce the stress constraints rigorously. As shown in Tab. 2, 

only the first constraint ends active. Figure 6b illustrates the convergence of the constraints that correspond to the cluster 

containing the highest stresses for all meshes and approaches. 

 

Equivalent Stress global smoothing [MPa] 

 
 

Figure 6 - a) Final stress distribution for the different velocity fields; b) main constraints (𝒈𝟏) convergence. 

𝑎1 

𝑎2 
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𝑎3 

Interrupted  

Interrupted  Interrupted  
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CONCLUSIONS 

Laplacian approaches are well established for calculating velocity fields in shape optimization problems discretized 

using finite elements. Notwithstanding, such strategies are strongly affected by mesh gradings and element distortions. 

Hence, a suitable mesh for discretization of a finite element problem cannot always be favorable for calculating a 

Laplacian velocity field. In this work we present a mesh independent procedure to evaluate 2D velocity fields based on 

NURBS surfaces, adopting boundary control points as design variables. A key and original contribution of the method 

developed is that domain control points can be affected by the design variables (or not) through a user-defined weight. 

Therefore we highlight the advantage of the proposed approach, which allows controlling the quality of the velocity field 

independent of the mesh topology. 

A plane stress example is used to show the potential of the proposed method, which showed enhanced results with 

respect to Laplacian velocity fields, including a lower value for the weight objective function and a less pronounced 

distortion of the mesh near the boundary.  

Holmberg’s procedure must be better exploited in order to determine a relation of the P-norm and the number of 

clusters that must be adopted to enforce satisfactorily the stress constraints. Moreover, following Holmberg’s 

recommendation (Holmberg et al, 2013) the clusters are modified and sorted along optimization iterations. Although this 

strategy can help to satisfy adequately the stress constraints, the mathematical optimization problem being solved is 

changed every time the clusters are reorganized, which is inconsistent. Theoretically this can bring convergence 

difficulties analogous to changing the mesh topology. Future works will evaluate this aspect in more depth. 

Finally, it is worth mentioning that as the proposed approach is developed entirely on a parametric domain, we expect 

a straightforward extension for applications in shape optimization of arbitrarily curved shells. 
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