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Abstract: This paper addresses the three-dimensional dynamic modeling of tethered multicopters including improve-
ments in the model of the tether, which is assumed to be composed of an arbitrary number of rigid links interconnected
through joints rotational joints. These later concentrate the mass, bending stiffness and viscous damping of the tether.
After adequate parameterization, the equations of motion are derived for a multicopter using Lagrangian formulation.
Simulations are performed on MATLAB/Simulink to evaluate the performance of the tethered multicopter in reaching
hover position.
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INTRODUCTION

Multicopter Aerial Vehicle (MAVs) have been the subject of many academic studies and have attracted much attention
from industry in recent years. MAVs have flight capabilities such as hovering, Vertical Take-Off and Landing (VTOL) and
agile maneuvering capabilities, which cannot be achieved by conventional fixed wing aircraft (Bouabdallah e al.| 2004).
On the other hand, a typical drawback of multicopter vehicles is their reduced endurance, which hardly exceeds some
minutes (Bresciani,|2008). Hence, tethered MAVs, featuring a tether connecting them to the ground or to another device,
have been introduced as a possible means of circumventing this limitation. Despite limiting the vehicle flight range, the
tether can be used for data transmission and power supply during operation, which improves the vehicle endurance. In
the scope of modeling and control of tethered multicopters, the work of |Castro et al.| (2015) presented a modeling and
hover control strategy for tethered multicopters. In order to reproduce the tether dynamic behavior, a simplified massless
viscously damped model was considered for the cable. The hover control strategy was based on a saturated state feedback,
and a comparison between free and tethered flight was presented. Using the same approach for the tethered multicopter,
Castro et al.| (2016b)) presented a position control for an octocopter. An improved tether model was used in (Castro et al.,
2016a)) for a hovering analysis of a tethered multicopter under external disturbances. The cable consisted of a series of
elastic elements with the mass elements lumped at the nodes. The drag force acting on both vehicle frame and tether was
taken into consideration. Regarding the derivation of the mathematical model, most researchers adopt the Newton-Euler
continuous-time formulation for the vehicle and tether (Tognon and Franchi, [2015alb; [Nicotra et all |[2014). However,
these models are commonly based on two simplifying assumptions, namely, that the multicopter and the tether remain
in a fixed plane, and that the tether remains stretched. In addition, energy dissipation (damping) associated to the cable
deformation is often neglected. As a result, these models may not be suitable for realistic maneuvering scenarios, such
as aggressive translations and rotations, cannot account for three-dimensional deformations of the tether due to dynamic
coupling with the multicopter, and cannot represent correctly the motion decay induced by dissipative effects. In contrast
to previous works on tethered MAV, this paper focuses on eliminating the aforementioned restrictive assumptions of the
dynamic model of the tether. In this way, a three-dimensional dynamic model is derived for the tethered system in which
the tether is composed of an arbitrary number of rigid links that are interconnected through joints containing rotational
springs and dampers, which are activated by the relative motion between two adjacent links. The mathematical model is
obtained through continuous-time Lagrangian formulation. Simulations are run on MATLAB/Simulink environment to
evaluate the performance of the tethered MAV in reaching hover position.

DERIVATION OF THE DYNAMIC MODEL OF A TETHERED MULTICOPTER

Consider a multicopter connected to the ground via a tether, as illustrated in Figure[I] The tether is modeled as a serial
connection of an arbitrary number of links, n, whose lengths are indicated by /;, i = 1,2...,n. The interconnection between
two adjacent links is modeled as a linear spring-viscous damper system (k;,c;), j =0,1,2,...n— 1, which exert moments
proportional to the relative rotation angles and time derivatives of these angles. It should be clarified that, in spite of the
simplified representation of the joints in Figure[T} the springs and dampers introduce moments in two mutually orthogonal
directions when two successive links rotate with respect to each other.

The inertial frame is defined by the unit vectors e; = [1 0 0]T, e, = [0 1 0]T and e3 = [0 0 1]T € R>. The third axis e3
is oriented in the local vertical to the direction. In addition, a body-fixed reference frame {by,b;,b3} is defined such that
its origin is located at the center of mass of the multicopter, and is oriented as shown in Fig. [I]
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The location of the mass center, and the attitude of the multicopter are denoted by r € R3 and R € SO(3), respectively,
where the special orthogonal group is SO(3) = {R € R33 | RTR = I3,3,det[R] = 1}. A rotation matrix R represents
the linear transformation of a vector from the body-fixed frame to the inertial frame. The Euler angles representation for
attitude parameterization is adopted here.
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Figure 1: Tethered multicopter.

The mass and the inertia matrix of the multicopter are denoted by m € R and J € R3*3, respectively. The multicopter
propulsion system can generate a thrust — fRe3 € R3 with respect to the inertial frame, where f € R is the total thrust
magnitude. It also generates moments M € R? with respect to the body-fixed frame.

Let q; € S? be the unit-vector representing the direction of the i-th link, where the two-sphere is the manifold of unit-
vectors in R?, i.e., 5> = {q; € R? | ||q;]| = 1}. The mass of each link is assumed to be concentrated at the outboard end of
the link, and the first link is attached to the multicopter center of mass. The mass and length of each i-th are denoted by
m; € R and [; € R, respectively. The corresponding configuration manifold of this system is SO(3) x R3 x (S?)".

The hat map *: R? — s0(3) is defined by the condition that Xy = x x y for any x,y € R?, and it transforms a vector in
R3 to a 3 x 3 skew-symmetric matrix. Finally, the dot product is denoted by x-y =x"y.

Let Q € R? be the angular velocity of the multicopter represented with respect to the body-fixed frame, and let Q; € R3
be the angular velocity of the i-th link represented with respect to the inertial-frame. This angular velocity is normal to
the direction of the link, i.e., q; - &; = 0. Then, the kinematic equations are expressed as
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R—RQ. 0
q; = 0; Xq;. )

Aiming at using Lagrange’s Equations to derived the differential equations of motion, the kinetic and potential ener-
gies, as well the virtual work of the external and non-conservative forces and moments must be formulated.

Kinetic energy

The kinetic energy of the multicopter is given by
Loz, lar

Letr; € IR3 be the location of m; in the inertial frame, which can be written as

i
ri=r+ Y lLq, 4)
a=1
The kinetic energy of the links is given by
g{ B l n e i l . 5 5
1=5 2 mille+ ) Ll 5)
i=1 a=1

After algebraic manipulations, the total kinetic energy can be written as

1

a o1
5 ) Mijqi'qurEQTJQ (6)

L
5 = Moo [F[* +- ) Moid; +
i=1 i,j=1

where the inertia values Moo, Mo;, M;; € R for 1 < i, j <n, are given by

n n n
Moo =m+ Y mi; Mo =Y mali, Moi = Mio; M;; = { Y ma} lilj. (7
i=1 a=1

= a=max{i,j}

Potential energy
The potential energy, including gravitational and elastic contributions, is given by
n 1 n )
VZ—mgl"e3—Zmz’gl‘i-e3+52(ﬁi—ﬁi+1) ki, ®)
i=1 i=1

where k; are the stiffness coefficients of the springs and g is acceleration of gravity. As a particular case, all joints can be
considered to have a same stiffiness coefficient, thus the k; value will be replaced by K. The angles ¥; and ¥, are the
angles between links i and i+ 1, as can be seen in Figure[2]
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Figure 2: Angles between two consecutive links.
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Given that ||q;||||e3|| = 1 and ||q;,]|||e3]| = 1, after some algebraic manipulation, the potential energy is expressed as

n n l n _ 2
V==Y Y mauglies-q;— Mooges -r+ EKZ [cos ™" (q; - €3)]
i=1la=i i=1
. \ i ©)
—KY [cos™"(g;-e3)] [cos ™ (g4 -e3)] Z cos™ ' (g1 -€3)]
i=1 =1
Lagrangian
The Lagrangian of the system is
1 . v
L=K-V= EMOOHr||2+r-ZM0,-q, Z Mijd;-4;+ 5 Latja
“ e
2
+ Z Zmagl e3-q; -+ Mooges - r+KZ cos ' (q;-€3)] (10)
i=la=i i=1
- 1 1 1oy 1 2
—K'Y" [cos™(q;-e3)] [cos™ (g1 -e3)] + EKZ [cos™ (qyy - €3)]
=1 i=1
Equations of motion
The Extended Hamilton’s Principle is given by
&Cdt + 5Wdt 1)
fo
where 0L 500 95 50, L 2L . oL
0L = -0r+ - 0q; 0Q+ - O - 0q; 12
or "5, %% 50 ot OF T 5g, 0% (12)

and W is the virtual work of the non-conservative forces and moments.

The expression for the infinitesimal variation of q; € S? should be carefully developed, since the configuration manifold
is not a linear vector space. Hence, the infinitesimal variation of q; € S? is given by

8q,=§,; xq, (13)
where &, € RR? is constrained to be orthogonal to q;, i.e., &.-q; = 0. Similarly, the variation of the angular velocity is
given by

SQ=1+Qxn (14)
where 1 € R3. These expressions are the key element to obtaining global equations of motion on (52)".

The virtual work of the propulsion force and moment and of the dissipative moments exerted by the cable dampers is
given by

W = —fRej3- 5I‘—M'T,dt+ci(l9i— 791‘+1)(519i —06V:41)

15)

—esq; —e3q;y —e3q; -
— —fRe3-r—M -1 — =+ q4;-5;
\/1*e3 (L \/17e3 qz+1 \/1*(33'(11‘)2

where c; are the coefficients of viscous damping. All the connections between links are considered to have a same value
of the coefficient of viscous damping, which will be denoted by C.

After substitution of the expressions of kinetic energy, potential energy and virtual work of the external and non-
conservative forces and moments into Eq[IT] and developments according to the rules of Variational Calculus, the equa-
tions of motion for the tethered multicopter are obtained as follows:

Moot + Y Moid; = — fRe3 + Mooges (16)

i=1

JIQ+QxJQ=M (17)
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—@; (Mot + Y Mijii;) + Y magli@ies
j=1 a=i (18)

+2KBidtes — KBi147es +Cridles + Cyi1GPes =0

71 .. _1 . . —_ ' . _ \ .
where f; = Mq,%)z’ Byt — cos” ' (q; 63)2’ = €3(; - and %1 = &12. Equationis
1-(q;-e3) V1= (g -€3) 1—(e3-q;) 1—(e3-q;)

rewritten to obtain an explicit expression for §;. As q; - q; = 0, one obtains q; - q; +q; - §; = 0. Hence, one obtains

—§74; = —(q; G, + (9, 9,)d; = (4, 4,)q; + 4, (19)

substituting Eq. [I9]into Eq. [I8] one obtains

n n
Mt — & (Mo + Y, Myd;) = —Mallq;|*qi — Y magliies
J=1jt a=i (20)

—2KBidres + KBir1G7es — CriGles — Cyip1d7es

Finally, Egs. [I6]and [20]can be cast in a matrix form as follows:

Moo —Mo; My, - —My, i
—qiMyy ML —Mpg, - —Mpdil| | g
BMy M@ Mol - —Myd3| |dx
L (,ﬁMnO - nlflﬁ - nZQi te Mnnl3 (In (21)
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—[ldy|[*Mi1q, — X" maghiGles — 2K Bidtes + KPodtes — Cridtes — Crdies
— |~ 42| PM22q;y — X2y maghdzes — 2K Bodes + K B3dzes — Cades — Csdzes

—| |qn||2Mm’lqn - mnglnqgle.? - 2K/3n€lr21e3 - Cynqg%

NUMERICAL SIMULATIONS

Here are presented numerical simulations of the tethered multicopter in hovering flight. The equations of motion
were integrated with a fourth-order Runge-Kutta algorithm with time step of 7 = 0.002 s. The simulation was run for 10
seconds. The initial direction of the links was chosen so that the cable is oriented along the horizontal direction, which
means that the angles ¥ are 90° for all the links. In addition, the initial angular velocity of each link was chosen to be
zero. The vehicle was commanded to maintain the initial hover position at r = [0 0 1]Tm. The parameters adopted in the
simulation are presented in Table[I} The control system adopted for the hovering flight is presented in[Santos ez al.| (2013)
and consists of a Proportional Derivative (PD) controller.

Figure [3] shows the simulation of the angles ®; for each link of the tether, first by assuming the connections between
the links without springs nor viscous dampers. Note that, despite the control action, the ¥%; angles exhibit strong variations
and do not achieve steady-state regime.

Figure [] shows the variations of angles ®;, this time considering the presence of angular springs and dampers at
connections between the links. It can be seen that, in spite of strong transient responses in the first 2 seconds of the
simulation, cable oscillations are strongly attenuated and steady-state regime is achieve after 4 seconds.
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Table 1: Parameters of the tethered MAV.

Items Parameter | Value | Units
Mass m 2.132 kg
Acceleration of gravity g 9.796 | m/s?
Length of arm l 0.36 m
Moment of inertia on x-axis Jx 0.043 | kg.m?
Moment of inertia on y-axis Jy 0.055 | kg.m?
Moment of inertia on z-axis J; 0.092 | kg.m?
Mass of the node m; 0.1 kg
Number of links n 2
Length of link l; 0.4 m
Stiffness coefficients K 0.2 Nm
Damping coefficients C 0.1 Ns/m

Angular displacement [°]

Figure 3: Angular displacement of the tether links without springs nor dampers included in the nodes.
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Figure 4: Angular displacement of the tether links with springs and dampers included in the nodes.

CONCLUSIONS

This work has presented the modeling of a tethered multicopter configuration based on the Extended Hamilton Princi-
ple. Aiming at improving the capability of mathematical model to reproduce actual conditions, stiffness-damping effects
localized at the nodes of the tether were include. Numerical simulations showed that these effects do exert significant
influence on the dynamic behavior of the system, especially in terms of the time necessary for achieving steady-state
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conditions without any appreciable residual oscillation. Future developments will consider space-continuous models with
distributed inertia, stiffness and damping, for representing the tether dynamics.
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