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Abstract: Unidirectional composite laminates usually present distinct behavior in tension and compression, since 
compressive loads parallel to fibers may induce a wide range of failure mechanisms. There are several 
micromechanical models to estimate the longitudinal compressive strength of unidirectional laminae. However, there 
is no agreement about which one is able to obtain the best estimation. In this paper, a comparative analysis is carried 
out evaluating seven analytical models and checking their predictions with experimental data. Results indicate that 
even the most accurate models have an average error higher than 20%, indicating the need of theories refinement.  
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INTRODUCTION  

Unidirectional composite laminates have been widely investigated on the last decades and a considerable advance in 
failure modelling is realized due to the World Wide Failure Exercise (WWFE) (Soden et al., 2004; Kaddour & Hinton, 
2013; Kaddour et al., 2013b). The WWFE is an international effort to compare different failure criteria where fibers, 
matrices, laminae, lay-up and load are provided by the organizers and the participants have to estimate the failure 
characteristics. Among the participants, just two groups use an analytical micromechanical approach to compute the 
properties of the homogenized laminae, using the Bridging (Huang & Liu, 2014) and Chamis (Chamis et al., 2013) 
models. Some others use numerical homogenization procedures or just the equivalent properties of the laminae. 
Nevertheless, lamina equivalent properties are valid only for the specific fiber volume fraction tested. For practical 
applications, new test for each value of fiber volume fraction is prohibitive. On the other hand, the computational cost 
for numerical modelling also is a big issue (Andrianov et al., 2018). Hence, the analytical formulations become a useful 
tool for parametric and optimization analyses. For unidirectional laminae, the compressive strength in longitudinal 
directional is one of the most challenging issues in micromechanics due to the broad of failure mechanisms including 
fiber breaking, microbuckling and kinking.  

This paper deals with a comparative analysis of micromechanical models to estimate longitudinal compressive 
strength and the experimental values reported by the WWFE organizers. Seven different models are of concern. Failure 
predictions and parametric analysis are carried out. 

MICROMECHANICAL MODELS 

The first micromechanical model to estimate the longitudinal compressive strength of unidirectional laminae was 
proposed by Rosen (1965). A detailed discussion about this model is presented by Jones (1999). Microbuckling is 
assumed to be the failure mechanism and it is classified in two modes: extensions and shear.Figure 1 presents these two 
modes. On the left, the initial fiber distribution is represented; on the middle, there is a distortion on matrix, namely 
shear mode; and on the right, there is an extension/compression on the matrix, namely extension mode.  

Modelling the fibers as Euler-Bernoulli beams in an elastic foundation, the compressive strength is estimated by  
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where fV  is the fiber volume fraction, mE  and mG  are the elastic and shear modulus of the matrix and 1
fE  is the 

longitudinal elastic modulus of the fiber. 

 

 

Figure 1 – Failure modes proposed by Rosen (1961). 
 

Despite these two failure modes reported, the majority of models does not consider the extension mode because it 

just takes place for very low fiber volume fractions.   

Argon (1972) and Budiansky (1983) considered the fiber misalignment and matrix yield effect in kinking failure. 

Budiansky & Fleck (1993) presented an extension of these studies considering other plasticity models for matrix, 

including hardening effects. According to the authors, a satisfactory estimative is obtained assuming that the matrix has 

elastoplastic behavior without hardening. The longitudinal compressive strength is computed by 
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where   is the misalignment angle and Y  is the yield shear strain. The ratio / Y   ranges between 0 and 8. For the 

present study, this ratio is calibrated according to the experimental data to decrease the average error.  

Lo & Chim (1992) modelled the fibers using the Timoshenko beam model and using the minimal potential energy 
theory proposed the following equation 
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where 1E  and 12G  are the longitudinal elastic modulus and the shear modulus of the lamina and are estimated by 
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is the fiber in-plane shear modulus. 
Barbero (1998) used a hyperbolic relation for shear strain-stress curve of the lamina to model the failure where fiber 

initial misalignment induce shear. The fiber imperfections are obtained by a Gaussian function. The simplified equation 

suggested is 
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where lamina shear strength is computed by 12 121 1{ ( )[ ( / )]}s m f m
f f sS V V G G S     and m

sS  is the matrix shear 

modulus (Barbero, 2018). Barbero (1998) highlighted that Eq. (4) is not a semi-empirical based, it is based on the 

principle of potential energy and continuum damage mechanics with some parameters calibrated to obtain a simple 

equation form, For the complete equation, see Barbero (1998). 

Pimenta et al. (2009a) reported a detailed discussion about the steps of longitudinal compressive failure, from 

damage initiation up to final failure. Based in experimental observations, a numerical procedure is proposed to 

investigate failure progression. The 2D numerical model includes matrix elastoplastic constitutive relation, cohesive 

interface zones between fibers and matrix and fiber misalignment. Based is these results, Pimenta et al. (2009b) 

proposed te following analytical formulation  to estimate the compressive strength. 
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where f fA d  and 3 12/f fI d  are the 2D are and second moment of inertiaof the fibers, 0y  and L  are parameters 

used to modelling the fiber misaligment with a sinoidal shape, with 021 70m y m    and 1050 2800m L m   , 

0 52 3 1.[( / ) ]m f ft d V  , 2 / ( )D
f f f mV d d t   and 2

2 1/ ( )m m D
D fG G V  . This model assumes a uniform stress 

distribution along the matrix, which is a better appromation for higher values of fiber volume fractions. 

Assuming that the fiber fails and based on the load distribution proposed by the rule of mixture, the Bridging model 

use the follwoing equation for the conpressive strength (Huang & Liu, 2014) 

 11

1

1( )
m

c f
f f cf

ES V V S
E

  
    

    
  (6) 

Chamis (Chamis et al., 2013) proposed that compression strength is based on the fiber crushing, intraply 

delamination and fiber microbuckling. Mathematically, the strength is computed by 
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where vV  is the void volume fraction. Note that the first failure model of the Chamis model is equivalent to the 

Bridging model. 

RESULTS AND DISCUSSION 

Compression strength is analyzed based on experimental data from the WWFE (Soden et al., 1998; Kaddour & 

Hinton, 2012; Kaddour et al., 2013a). Thirteen experimental tests are employed to verify analytical model performance. 

The calibration parameters are the following, considering the smallest error prediction: 6 1/ .Y    (Budiansky), 

1 2/ .Y     (Barbero), 0 39y m , 2800L m  (Pimenta) and 0vV   (Chamis).  
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Two different approaches are employed evaluating the average error considering all the data available and the 

ranges of error considering six cases: smaller than 10%, between 10% and 20%; between 20% and 30%, between 30% 

and 40%, between 40% and 50% and higher than 50%. The first one gives a value easier to compare, while the second 

one offers a useful measure that is able to check the representative average error. For instance, if a data has a discrepant 

error, the average value is highly influenced, while the ranges allow a better representation. Results with both 

methodologies are presented in Figure 2. 

Results of the average error (left) indicate that Bridging and Lo & Chim models obtained the best prediction, both 

around 20%. However, considering the ranges of error (right) the model proposed by Lo & Chim obtained a 

considerable improvement when compared with the others. Note that the two highlighted models, namely Bridging and 

Lo & Chim, assume different failure mechanisms of the laminae, indicating the complex behavior of these structures 

under compressive load. 

 

Figure 2 – Average error of the models estimations (left) and ranges of error of the models estimations (right). 

 

Considering these results, the following points are highlighted:  

i) for the ranges of error, Lo & Chim model obtained the highest amount of predictions with error smaller than 10%, 

around 40%, and more than 80% of the cases with errors smaller than 30%; 

ii) the average error of Lo & Chim and Bridging models is around 20%; 

iii) the Rosen model resulted in worst prediction, nevertheless its contribution indicating buckling failure is 

fundamental for almost all of the most recent models; 

iv) although the Pimenta model does not obtain the best prediction, it has also a great contribution indicating 

phenomenologically the failure propagation with a broad range of mechanisms; 

v) Chamis model indicates three different failure modes, what may become an advantage, however it underestimates 

the buckling and delamination strengths.  

CONCLUSIONS 

This paper deals with the micromechanical modelling of the longitudinal compressive strength of composite 
unidirectional laminae using analytical tools. It should be pointed out that, even the best models present average errors 
higher than 20%, indicating the need of improvements. Among the evaluated models, the one proposed by Lo & Chim 
obtained the best predictions when compared with the experimental data from the WWFE. Additionally, the estimation 
obtained by the Bridging model also had a considerable amount of cases with error smaller than 30%. Based in these 
results, the most recommended criterion to estimate the longitudinal compressive strength is use the smallest value 
between Lo & Chim and Bridging models’ prediction, since these criteria are able to model different failure mechanism. 
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With this approach, the failure by longitudinal compression is understood as a competition between two mechanism that 
is influenced by constituent’s properties and volume fractions.  
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