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The degradation of structural materials is an inevitable process, since they are over time subjected to several deleterious
physical-chemical phenomena, interfering with the structural performance. Especially in reinforced concrete structures,
corrosion of reinforcing bars caused by chloride ions is one of the main pathological manifestations. Chloride ions
diffuse through the microstructure of the concrete and when they reach a significant concentration at the concrete / steel
interface, the corrosive process is initiated. For a complete analysis of the structural life, it is fundamental that the
approach used to predict the behavior of the structure encompasses both the diffusion mechanism and the mechanical
degradation of the steel reinforcement in the concrete. Since the process involves a significant amount of uncertainties
a reliability analysis is necessary in this context. The present work presents a model that is capable of providing
responses in terms of failure probabilities for reinforced concrete structures submitted to mechanical loads and
penetration of chloride ions. The diffusion of chloride ions is modeled using the boundary element method while the
mechanical loads are generated by means of stochastic processes. An application example is presented, demonstrating
the capacity of the proposed model.
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1. INTRODUCTION

Despite idealizations adopted in design phase, real structures are unavoidably subjected to a probability of failure. To
worsen that, the occurrence of construction pathologies is not uncommon as the structure ages, leading to aesthetical and
financial losses or even to lower structural safety. Thus, a thourugh structural analysis methodology should encompass
both structural reliability and the effect of time-dependent degradation. Particularly in reinforced concrete structures, the
main degradation issue is known to be corrosion induced by chlorides penetration, a well studied phenomenon (CEB,
1992; Gonzalez et al., 1995; Cascudo 1997; Val and Melchers, 1997; Val and Stewart, 2003; Apostolopoulos and
Papadakis, 2008; Suo and Stewart, 2009; Zhang et al., 2010; Bastidas-Arteaga et al. 2011). On the other hand, to the best
knowledge of the authors, there is no work coupling the study of reinforcement depassivation time, consequent time-
dependent corrosion, loss of structural resistance, and the effects of these phenomena in a time-dependent reliability
framework. Solving a structural reliability problem can be a complex quest, since multidimensional integrals have to be
solved over a potentially irregular domain. Approximate solutions have been developed, such as the First Order Reliability
Method (FORM) (Hasofer and ind, 1974). However, for highly non-linear problems, for problems with multiple failure
modes, or for system reliability, FORM is not accurate enough. is obtained by Monte Carlo Simulation (MCS). In this
technique, the failure probability is interpreted as the mean value of a stochastic experiment where a large number of
random variable samples are generated (Dietlevsen and Madsen, 2007)

This paper aims to provide a framework for the time-variant reliability analysis of reinforced concrete structures
subjected to corrosion caused by the penetration of chlorides. A Monte Carlo based time-dependent reliability is
performed throughout the time span of the analysis, in order to identify the way probability of structural failure evolves
in time. A sound model based on the Boundary Element Method (BEM) is built to simulate the evolution of the corrosion
process until the depassivation of the concrete reinforcement bars, and the evolving loss of resistance is considered from
this point on. Details about the adopted BEM formulation are discussed in the next session.

2. BOUNDARY ELEMENT METHOD FORMULATION APPLIED TO DIFFUSION PROBLEMS

The Poisson’s equation, which derives its name from the French mathematician and physicist Siméon Denis Poisson
(1781-1840), has important applications in various fields of science. In engineering problems, this equation allows the
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modeling of phenomena related to thermal conductivity, torsion, conduction of substances, among others. This equation
can be written as:

VZu+b=0 1)

Where u is the potential and b is a domain term. Considering that the domain term is null (b = 0), the Poisson’s
equation is written as:

Viu=0 2

This equation is called Laplace’s equation. The boundary conditions of the problem are:
e Essentiallu=1uinTly
e Natural:q=gq= o inT,

Where  is the prescribed potential value, g is the prescribed flow value, I'; and I, the correspond boundaries and Z—Z
is the directional derivative of u in relation to the normal vector n, as shows in Figure 1;
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Figure 1 — Domain, boundaries and normal vector to an arbitrary body

It should be emphasized that the last two equations are used to describe time independent problems. The equation
describing the diffusion problem is as follows:
10u

vZ —— =0 3
u K Ot @)

Where x is a domain-related parameter, such as thermal diffusivity or diffusion coefficient, and t is time. The
boundary conditions are analogous to those of the Laplace’s equation, that is, one must first know the potential u or the
flow q in the entire boundary T at each time instant.

In this study the domain term is considered null. Thus, for the problem studied, it is assumed that the initial chloride
concentration in the domain is equal to zero, that is, it is assumed that the concrete does not contain chlorides incorporated
in the mass previously. Consideration of nonzero initial conditions could be done by subdividing the domain into cells
and integrating known functions into these cells.

The partial differential Equation (3) can be converted into an integral contour equation using the Laplace transform,
finite differences or using fundamental time dependent solutions, as can be seen in Wrobel (2002). In this work, the last
approach is used. Applying the technique of weighted residues, integrating by parts and employing a limit process, the
following integral equation of contour is obtained:

(©)u(str) =x ft ’ fr a(x, ) (8, tr,) dr(x) de — ft ’ fr u(x, ) (&3, tr,¢) dr(x) de @

Where & refers to source points, x refers to field points, t, is the analysis initial time, ¢, is the observation time, u*

and g~ are the fundamental time-dependent solutions and c is a parameter in function of the internal angle of the source
point. The parameter c is equal to 1 whether the source point is located in the domain and equal to 0 whether is located
outside the domain. This parameter is equal to 0.5 whether the source point is located in the boundary, since the boundary
has a smooth geometry. In 2D case, the fundamental solutions are:

1 r? )
4ntKT exp 4Kkt

= 2
q*(i»&tp,t)=—niexp<—r—> (6)

u* (f,g, tp, t) =
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Where T = tz — t, ris the distance between the source point £ and the field point x and rZ—;is the projection of
distance r over the boundary normal vector.

Dividing boundary I" in Ne boundary elements, time interval tz — t, in Nttime steps and inverting the integration
order, the following discretized equation is obtained:

Ne Nt t’;
Nt—KZZf f 7u dtdrj—KZZf f ukqrdt dr, 0
=1 k= =ik=1"Ti t§

Where ulM* is the value of the potential in time ¢V and in the source point i. Assuming that the functions u and q are
constant in each time step and considering that the source points are located in a boundary with a smooth geometry, last
equation is rewritten as:

Ne Nt tk Ne Nt tk
Nt k s * k f *
0.5y; =Kz Zq udtdl"j—lcz Zu q*dt dI; (8)
=4 Jr; tk =4 Jr; tk
=171 k=1 0 =10 k=1 0

Inverting the summation order, assuming that u* and g* are constants in each node and element, we obtain:

Nt Ne Nt Ne

05uNf—xzzq,f f udtdr—xzz ffthdl‘ ©)

k=1 j=

It should be noted that in this last equation it is necessary to know the values of u and g in each node i, in each element
J, in each discrete time instant k. The last equation is then rewritten as follows:

Nt

0.5u fq] f Ui dr, —Z f Qi dT, (10)

The fundamental solutions integrated in time are calculated analytically, resulting in:

tf 1 r?
vi= [ wae =l e =) -5 e =p) @

tlf 1 rz ‘)"2
k ft 7 2nrK {exp [ 4k (tp — t(’,‘)] exp [ 4 (ty — t}‘)]} -

0

Where E; is the exponential-integral function.Equation (10) can be written in terms of the influence coefficients H

and G for each source point as:
0.5 Z Z Gl g - Z HE uk (13)

Where H and G are the matrices that contain the integration kernels:

Gfy = f Ui df; (14)
T

j

HE=| Q;dI (15)
rj

HE +05ifk=1and i =/
H,k.z{ 5 J (16)

HEin ther cases

There is a singular integration when the source point belongs to the field element in the first time step. Thus, the
singularity subtraction technique is used to regularize the integral calculation.The kernels are numerically integrated using
the Gauss’ quadrature for each boundary element. The geometry of the boundary elements is approximated using
polynomial shape functions. By employing a time-march system it is possible to calculate the potential and flux value at
the points of the contour at a given time k by knowing the value of these parameters at times prior to k, starting from
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k = 1to k = Nt. The potential at internal points is obtained analogously to what is represented in Equation (13), once
the flux and potential values in the contour are known and ¢ (i) = 1 is adopted.

This framework is suitable for a large number of applications. In this work, we are particularly interested in the study
of the evolution of chloride penetration in reinforced concrete, as will be detailed in the next section.

The computational implementation of the BEM formulation described herein was validated through a comparative
study with other formulations, as can be seen in Pellizzer and Leonel (2018). The accuracy, stability and convergence of
the numerical method were also verified in the work mentioned. One of the main advantages of BEM is the reduction of
the processing time. Among other reasons, this reduction occurs because there is a reduction of the mesh dimension,
resulting in a system with a smaller number of equations to be solved.

3. CORROSION PROCESS

One of the first qualitative idealizations of the useful life of reinforced concrete structures subjected to chloride ions
penetration was proposed by Tuutti (1982). In this model, structural useful life is divided in two phases: initiation and
propagation. In the initiation phase the chloride ions present on the outer surface of the structure move through the micro
pores of the concrete. When the concentration of chlorides at the concrete/reinforcement interface reaches a threshold
value, reinforcement depassivation occurs, ending the initiation phase. Propagation phase then begins, where the corrosion
chemical reactions that occur result in deleterious mechanical effects on steel and concrete. Initiation and propagation
phases occur in parallel within the same reinforced concrete element, i.e., some rebar may have already undergone
depassivation while others have not. This is due to the high randomness present in the variables involved in the corrosive
process.

In the initiation phase, the main transport mechanism of chloride ions through the concrete’s micro pores is the
diffusion. The diffusion of chloride ions in concrete is often modeled using Fick’s laws (Vu and Stewart, 2000; Samson
etal., 2003; Val et al., 2009; Mangat and Molloy, 2010; Guzman et al., 2011). Some disadvantages of most of the solutions
presented for the differential equations that describe Fick's laws are that they are solutions obtained from semi-infinite
domains and that have constant boundary conditions over time. Considering that it is extremely important to adequately
predict when the corrosion propagation period will begin, in the present work is presented an alternative approach based
on the Boundary Element Method (BEM) for this purpose. Among the advantages of BEM model is the possibility of
varying boundary conditions over time and the possibility of analyzing two-dimensional domains with any contours of
geometry. Therefore, the formulation presented here seeks to be a guide for a more reliable modeling of the reality of the
phenomenon.

In the propagation phase, one of the main effects of corrosion is the reduction of reinforcement steel area. Chemical
reactions that consume the constituent metal of the rebars produce two basic types of corrosion: uniform and pitting. In
this work it is considered uniform corrosion in the reinforcement. The model adopted is presented in the work of Thoft-
Christensen and Hansen (1994) and Valand Melchers (1997).Based on Faraday's laws, the authors propose an equation
to predict the residual diameter of the corroded rebar as follows:

d(t,) = do — 0.0232 igpprte 17)

Where d, is the original diameter of the non-corroded rebar in mm, i, is the corrosion rate in pA/cm?
(microampere per square centimeter) and t.is the elapsed time after the depassivation of the rebar in years. Once the
diameter of the corroded bar d(t.) is known, it is possible to calculate the steel area of each of the steel rebar and then
the total steel area of a given reinforced concrete cross section. The corrosion rate i.,,,- in this work is calculatedusing
the empirical equation presented by Vu and Stewart (2000).This equation is based on measurements available in the
literature and on the conversion of the oxygen diffusion rate to the corrosion rate by considering the percentage of
corrosion products and the molecular equations of corrosion in the cathodic zone. The obtained expression that relates
the rate of corrosion with the elapsed time after the depassivation of the reinforcements is:

37.8(1 — w/c)~ 16

leorr(te) = cov 0.85 ¢7°%° (18)

Where i, (t.) is the corrosion rate in uA/cm? (microampere per square centimeter), w/c is the water/cement ratio,
cov is the reinforcement concrete cover thickness in mm and ¢, is the elapsed time after the depassivation of the rebar in
years. In this study, other deleterious mechanisms of the propagation phase such as reinforcement stress reduction,
modification in the stress transfer mechanism between steel and concrete and the appearance of internal cracks are not
taken into account.

4. TIME-VARIANT RELIABILITY

LetX(t,w)be a set of M = p + q elements that represents the randomness of a mechanical problem. Material
properties and geometric characteristics are typically described as random variables, Adaptive Kriging Strategy for Risk
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Optimization with Time-Dependent Reliability represented byX;(w) j =1,..,p. Loads can be modeled as random
processes of timeX, (w,t) j =p + 1,...,p + q. In this notation, w stands for the outcome in the space of outcomes Q.
Furthermore, for optimization problems letdbe a vector that gathers together all the system’s design parameter. This
vector may include parameters that describe moments of random variables, should tolerances on design dimensions be
included in the analysis (Moustapha, 2016). Assume a structural limitstate function that denotes safe states if it is greater
than zero and failure if it is smaller than zero. Thus the boundary between desirable and undesirable structure responses
is given by g(d, t, X(t, w)) such that:

Ds(t,d) = {d, X(t,w): g(d, t,X(t,w)) < 0} is the failure domain

(19)
Dy(t,d) = {d, X(t,w): g(d,t, X(t,w)) > 0} is the safe domain
For a given limit state, the instantaneous probability of failure Pr;at a time t = 7 is given by:
Pri(d, 1) = P(g(d,7,X(r,w)) < 0) = f f(x)dx (20)

Df(d,‘l.')

Where P denotes the probability of the event and f(x) is the joint probability density function of all the random
variables for a configuration dat a time t. In this work, we are rather interested in the so-called cumulative probability of
failure P, (ty,t,) which is defined for a given d as the probability of occurrence of a structural failure within the time
interval [ty, t,]:

Pro(d, ty, t;) = P[3T € [ty t,]: 9(d, £, X(t, w)) < 0] (21)

Different approaches have been suggested to compute Py.. The so-called out-crossing approach has been widely used.
Examples of well-know methods include the PHI2 approach (Andrieu-Renaud et al., 2004) and the asymptotic PHI2
method (Sudret, 2008). The accuracy of such methods are however impeded by the introduction of approximation
methods such as first-order reliability method (FORM). FORM is indeed known to lead to spurious results in presence of
highly non-linear limit states and multiple design points. Henceforth, an approach based on direct simulation is instead
considered in this paper.

4.1 Monte Carlo-Based Estimation Of The Cumulative Failure Probability

The basic idea is to sample trajectories of the limit-state function over a given time interval and then count the number
of such trajectories for which failure occurs. To achieve this, the random process of interest is first discretized,
i.e .represented by a finite set of random variables (Sudret and Der Kiureghian, 2000). The discretization method
employed in this work is the expansion optimal linear estimation (EOLE), as presented by Li and Der Kiureghian(1993).

Let us consider a scalar Gaussian random processX(t, w),with meanyu, standard deviationoand auto-correlation
coefficient function py(t;,t,). P time points are selected in the interval [0: T], so thatt; = 0 and t, = T. The EOLE
expansion is then given by:

f"j;) ST Cee () 22)

Where{¢;(w),i = 1, ..., P} are independent standard normal variables, {¢; 4;,i = 1, ...,r} are the eigenvectors and
eigenvalues of the correlation matrix Csorted in decreasing order, withC;; = px(t;, t;),i,j ={1,...,P}. Note that here the

expansion is truncated to r < P terms, the value of which defines the so-called order of expansion. The random process
discretization is hereby performed using the software UQlab (Marelli and Sudret, 2014);

.
X(t,w) = u+az
i=1

Once a proper discretization is obtained one is able to draw trajectories of the limit state function g(d, t, X(t, a))) in the
time interval [0: T], for a given d. This is done by considering both the EOLE expansions of the random and realizations
of the time independent random variables. In practice, the simulated values are stored in an array Gof dimension 1 X N,
where N is the number of time instants in which the limit state equation is discretized. Each position iof this array
corresponds to a time t; = (i — 1)At where At = ﬁ is the sampling step, assuming a uniform discretization. For each

t;, consider a counter k; that is increased every time g presents the first outcrossing in the interval[t;; t;..,]. A brute Monte
Carlo estimation for the cumulative probability of failure, considering Ny, Monte Carlo samples is then given by:

1
Prc(0,t) = N—M(,'kj (23)
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5. PROPOSED METHODOLOGY

In order to address the safety of a concrete structure throughout its whole life span, the first adopted step is to study
the time until the reinforcement bars are depassivated, starting the corrosion process. The analysis is divided in two rather
independent steps (Problem 1 and Problem 2). In the first one, uncertainties regarding the chloride penetration problem
are considered as input to the BEM based analysis: chloride threshold value Cj;,,,;;, surface chloride concentration Cj,
diffusion coefficient in concrete x and cover thickness CT. This problem is solved 10° times, in order to provide a million
depassivation times, which are considered as inputs to the second problem, that consists in the Monte Carlo based time-
dependent reliability analysis. This step also considers uncertainties in the structural parameters: concrete strength f.;,
steel strength £, and the loads of the problem, hereby generically represented by q. The way the two steps relate is

illustrated by Figure 2:

PROBLEM 1 PROBLEM 2
E Depassivation fex ‘
Cs Times o
‘ » £, " Rellabl_llty
® Analysis
cT .

Figure 2 — Proposed Methodology

6. APPLICATION EXAMPLE

Consider the 4 meter span beam represented in Figure 3. The beam has rectangular cross-section of 40cmX20cm, and
3 longitudinal reinforcement bars with diameter 12.5mm. It is also subject to a time-variant load q, described by a random
process with Gaussian autocorrelation function, with correlation length of 1 year.

Cs
! g
! I I I - &
Il
= _-3¢12,5mm
A‘ 4 7%‘ @’ﬁy
= 4m
Cs

b = 20cm

Figure 3 — Reinforced concrete beam modeled

Table 1 shows the random quantities involved in the chloride diffusion problem, and Table 2, the random quantities
involved in the reliability analysis. The boundary was discretized in 8 quadratic discontinuous and isoparametric boundary
elements. The number of Gauss points per element is 8. The simulation of chloride ion penetration was performed until
200 years, discretized in 50 time steps. Depassivation occurrence time of each rebar was determined by means of
interpolation between two successive time steps in which in the first step, the depassivation did not occur and in which in
the second step it occurred. A mesh convergence analysis was previously done in order to determine a suitable boundary

discretization for the problem.

Table 1 — Statistical parameters for the diffusion analysis with the BEM

Parameter Distribution type Mean Ccov

Chloride threshold value Cyjp;¢ Uniform 0.90 kg/m? 0.19
Surface chloride concentration C; Lognormal 1.15 kg/m3 0.50
Diffusion coefficient in concrete k Lognormal 0. 6742277 cmz/year 0.75

Cover Thickness CT Normal 3.00cm 0.50
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Table 2 — Statistical parameters for the Time-Variant Reliability Analysis

Parameter Distribution type Mean Ccov

Concrete Strength £, Lognormal 30 MPa 0.20

Steel Strength fy, Lognormal 500 MPa 0.20
Gaussian Random

Load g Process 10 kN/m 0.20

Reliability analysis was carried out over a 50 years’ time-span, considering 10° samples in each of the 500 discrete
time-points, so that each correlation length is discretized in 10 time steps. The limit state considered refers to a failure by
excessive bending moment, following normative recommendations of the Brazilian standard for reinforced concrete
design (NBR6118, 2014):

g(x,t) = Barrier(x,t) — Solicitation(x,t)

Ax
Barrier(x,t) = As(t)fyk <d - 7) (24)
0)l?
Solicitation(x,t) = q(8)
Where 1 = 0.8 when f,,, < 50MPa and 1 = 0.8 — % when 50MPa < f,, < 90MPa, x is the height of the

neutral axis in the cross section, and A is the remaining area of steel. The reliability analysis is carried out disregarding
barrier degradation until the first depassivation time occurs, and from that point on, corrosion is considered on each of
the reinforcement bars already affected by corrosion. Time-independent corrosion is considered in the first year (Eq. 17),
and the time-dependent equation is adopted from this point on (Eq. 18). The structure is also considered to fail when the
normative ductility criterion is violated, once again considering NBR6118 specification, which is indicated by:

X
—=<045i < 50MPa
d ffck (25)

25 0.35 if f,, > 50MPa

Results for cumulative probability of failure both considering and ignoring corrosion are shown in Figure 4, and one
example of Barrier and Solicitation evolution in time is shown to both cases in Figure 5.
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year year

(a) Cumulative probability of failure disregarding (b) Cumulative probability of failure considering
corrosion corrosion

Figure 4 — Results for cumulative probability of failure
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Figure 5 — Example of time-evolution of the problem

7. CONCLUSION

An innovative methodology for studying the safety of reinforced concrete structures over time was proposed,
considering a time-dependent reliability analysis where both the solicitation changes in time due to the presence of time
varying loads, and the barrier changes in time due to chloride penetration induced reinforcement bars corrosion. The time
until corrosion starts in each reinforcement bar was treated as a separated reliability problem, considering a robust BEM
model to study the evolution of chloride penetration in the structure. One example considering a reinforced concrete beam
was studied, considering normative recommendations. The consideration of scenarios with and without corrosion lead to
very different results, showing the importance of a careful consideration of the evolution and contribution of such
degradation processes. The potential of such analysis is demonstrated, which shall lead to a next study considering more
complex reinforced concrete structures, where surrogate models (Kroetz et al. 2017) can be used to ensure that the
proposed approach does not become excessively expensive in terms of computational costs.
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