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Correlation between physical wavenumbers and singularities in the
integrand of Green’s functions for layered media

I. Cavalcante and J. Labaki
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Abstract: This work investigates the issue of localization of singularities in the numerical integration of improper integrals
of singular functions. Such integrals are common in many engineering problems that are solved with the aid of space
transforms. Boundary element and other meshless methods that involve computing Green’s functions are also examples
of methods in which such integrals must be solved. A fundamental part of numerical integration schemes is the localization
of the singularities on the path of integration, after which the singularities can be integrated. This work focuses on the
case of Green’s functions for a multilayered transversely isotropic half-space.
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INTRODUCTION

This work is an extension of Azevedo, Cavalcante and Labaki’s (2017) work, which considered the problem of nume-
rical integration of singular improper integrals by locating the multiple singularities in the integrand by specifying their
branch cuts, and their subsequent integration by a combination of analytical and numerical techniques. That work dealt
with singular integration without being restricted to a specific application, although it provided a case study for a homo-
geneous, elastic half-space. In those cases, there are closed-form expressions for the values of the integration variable
where the singularities lie.

In the present work, we address the case of Green’s function for the vertical time-harmonic displacement response of
a multilayered transversely isotropic half-space with an axisymmetric disc load on its surface. This response is obtained
through a direct stiffness matrix superposition method (Wang and Rajapakse, 1994), in which the stiffness matrix of each
layer in the system is superposed to form a stiffness matrix of the layered system, not unlike it is done with typical finite
element codes. The stiffness matrix of each layer consists of Green’s functions for soil media, which have been derived by
Rajapakse and Wang (1993) in terms of Hankel transforms. These Green’s functions are presented in terms of improper
integrals and their integrands contain a number of singularities together with an oscillatory-decaying behavior. Due to
the normalization of the integration interval proposed by Rajapakse and Wang (1993), all the singularities fall within a
predictable interval. Differently than in the previous work by Azevedo et al. (2017), in this case there is no general
closed-form solution for the location of the singularities in the integration path.

This work tackles the localization of singularities within the integration path of Green’s functions for the aforementi-
oned media. Localization of singularities is a necessary step in most integration methods. The results indicate that there
is a direct connection between mathematical branch cuts in the integration path and physical wavenumbers of each layer.

STATEMENT OF THE PROBLEM

Consider a case of the time-harmonic displacement response of a transversely isotropic full-space containing a buried,
axisymmetric disc load, the motion of which is described in cylindrical coordinates by the displacements ui (i = r,z) in
the r and z directions, respectively. The cylindrical coordinates system is placed so that the z axis is orthogonal to the
material’s plane of isotropy, and the load is applied on the x− y plane and centered at the origin. A solution for these
displacement fields were obtained by Rajapakse and Wang (1993) through Hankel transforms and are given by:

ui = δ
2
∫

∞

0
u∗i ζdζ, i = r,z (1)

where ζ = λ′/δ, in which λ′ is the Hankel space variable and

u∗r = a1Ae−δξ1z +a1Be+δξ1z +a2Ce−δξ2z +a2De+δξ2z (2)

u∗z =−(a7Ae−δξ1z−a7Be+δξ1z +a8Ce−δξ2z−a8De+δξ2z) (3)
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A, B, C and D are arbitrary functions that can be determined from the boundary and continuity conditions of a given
problem. All other variables in Eqs. (2) and (3) are presented in the Appendix.

Figure 1 shows the behavior of the integrand, Eq. (3), within the region where the singularities occur, for the case
of a homogeneous half-space under a vertical, unit disc load on its surface. The figure shows the influence of different
damping factors in the behavior of the integrand.
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Figura 1 – Real and imaginary parts of u∗zz for elastic and damped cases

The goal of this article is to find the location of the singularities such as shown in Fig. 1 for the case of multilayered
half-spaces, as a necessary step for Eq. (1) to be integrated by an appropriate numerical scheme.

MULTILAYERED SOIL

A solution for the integrand in Eq. (1) for the case of a N-layered half-space (Fig. 2) has been derived by Labaki,
Mesquita and Rajapakse (2014) from a general expression presented earlier by Rajapakse and Wang (1993). The radial
and vertical displacements u∗i (zn), i = r,z, n = 1,N + 1 of the layer interfaces due to radial and vertical ring loads at
arbitrary layers is given in the Hankel transformed domain by
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Figura 2 – Layered half-space with layer and interface numbering

℘
∗ = Ku∗ (4)

in which

℘
∗ =

〈
℘∗1r ℘∗1z . . . ℘

∗(N+1)
r ℘

∗(N+1)
z

〉T
(5)

u∗ =
〈

u∗r (r,z1) u∗z (r,z1) . . . u∗r (r,zN+1) u∗z (r,zN+1)
〉T (6)

and
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(7)

where ℘∗ = 1/ζsJ1(ζs) is a unit disc load of radius s described in the Hankel transformed domain.
The sections K(n) in Eq. (7) are the stiffness matrices of layer i, given by K(n) = F(n)(G(n))−1, where

G(n) =


a1e−1

1,n a1e+1
1,n a2e−1

2,n a2e+1
2,n

−a7e−1
1,n a7e+1

1,n −a8e−1
2,n −a8e+1

2,n
a1e−1

1,n+1 a1e+1
1,n+1 a2e−1

2,n+1 a2e+1
2,n+1

−a7e−1
1,n+1 a7e+1

1,n+1 −a8e−1
2,n+1 a8e+1

2,n+1

 (8)

and

F(n)

c(n)44

=


b51e−1

1,n −b51e+1
1,n b52e−1

2,n −b52e+1
2,n

−b21e−1
1,n −b21e+1

1,n −b22e−1
2,n −b22e+1

2,n
−b51e−1

1,n+1 b51e+1
1,n+1 −b52e−1

2,n+1 b52e+1
2,n+1

b21e−1
1,n+1 b21e+1

1,n+1 b22e−1
2,n+1 b22e+1

2,n+1

 (9)

for n = 1,N, and

G(N+1) =

[
a1e−1

1,N+1 a2e−1
2,N+1

−a7e−1
1,N+1 −a8e−1

2,N+1

]
(10)

and

F(N+1)

c(n)44

=

[
b51e−1

1,N+1 b52e−1
2,N+1

−b21e−1
1,N+1 −b22e−1

2,N+1

]
(11)

for n=N+1 (half-space). In Eqs. (8) to (11), e±1
i, j = e±δ(n)ξ

(n)
i z j , i = 1,2, j = 1,N+1. The other parameters involved in Eqs.

(8) to (11) are shown in the Appendix.

LOCALIZATION OF SINGULARITIES

The Green’s function describing a homogeneous half-space is characterized by three propagating elastic pressure and
shear waves, the wavenumbers of which are, respectively, (Barros, 1996)

kP =±
√

1/β (12)

kS =±1 (13)

and Rayleigh waves, the wavenumber of which are kR = k such that

[2(1−κ)k2− γk2 +α](1− k2)−αξ1ξ2 = 0 (14)

Azevedo et al. (2017) have shown that the three singularities observed in the integrand of Eq. (1) correspond to each
of these physical wave numbers: ζR = kR, ζP = kP, and ζS = kS (Fig. 1). Finite layers within the layered system still
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possess associated wavenumbers due to pressure, shear, and Rayleigh waves. Additionally, a singularity is observed in
layered systems, which is given by

kI =

√
−1+α+κ√

−1+αβ+2κ−κ2
. (15)

This singularity may or may not exist, depending on materials parameters of each layer. Their physical correlation and
condition of existence require further investigation.

It is expected that the wavenumbers corresponding to each layer will correlate to each singularity in the integration
path of the Green’s function for the layered system. This is verified in the following section.

NUMERICAL RESULTS

The localization of singularities based on physical wavenumbers of the layered half-space is illustrated in this section
with a representative example of one finite layer of thickness h/s = 0.5 over an unbound half-space. The material pro-
perties are c(1)44 /c(2)44 = 3.125, ρ(1)/ρ(2) = 1.09086, and ν(1)/ν(2) = 0.7697 (see Appendix), and a0 = sω(ρ(2)/c(2)44 )

(1/2) =
0.3165, in which the upper indices (1) and (2) indicate respectively the layer and the half-space.

For the parameters considered in this analysis, Eqs. (12) to (15) predict the occurence of singularities at ζP = 0.57735,
ζS = 1, ζI = 0.707107, and ζR = 1.008 due to the wavenumbers corresponding to the top layer, and at ζP = 0.27537,
ζS = 1, ζI = 0.34544, and ζR = 1.008 due to the wavenumbers corresponding to the half-space. There are, therefore, six
different singularities in the integrand, at ζ′ = 0.27537, ζ′ = 0.34544, ζ′ = 0.57735, ζ′ = 0.707107, ζ′ = 1, and ζ′ = 1.008.

Figure 3 shows the real and imaginary parts of the integrand u∗z (ζ) (Eq. (3)) at the surface of the layered half-space,
z/s = 0, and at the interface between the layer and the half-space, z/s = 0.5. Notice that the coordinate r only comes into
the integrand as an argument of the Bessel functions, therefore not affecting the location of the singularities.
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Figura 3 – Location of all singularities for present case

Figure 3 shows dashed vertical lines where the singularities are predicted to occur. This figure is merely illustrative,
as not all singularities can be represented graphically. Moreover, since logarithm graphs can only show the absolute of
the function, some points that appear as singularities in the graph are in fact points where the function is zero; it is merely
changing sign. The evaluation of the integrand at ζ′ confirms the presence of the singularities at the predicted locations.

Notice that the absence of an imaginary component after ζ = 1 indicates that the integrand is purely real after that
point. After this point, the integrand is free of singularities, and an oscillatory-decaying aspect dominates its behavior,
as it has been shown and treated by the authors through extrapolation methods (Cavalcante and Labaki, 2018 and 2019;
Cavalcante, Vasconcelos and Labaki, 2017). The confidence that the singularities fall within ζ < 1 is only possible due to
the normalization of the integration variable from λ′ to ζ = λ′/δ (see Eq. (1)) proposed by Rajapakse and Wang (1993).

Note that one is only able to make such assertion on the physical correlation of the singularities for integrals with some
physical significance, such as the present one chances to be. For general, purely abstract singular integrals, one needs to
resort to numerical methods to locate the singularities (e.g., Rizzardi, 2018).

CONCLUSION

This works investigated the localization of singularities that occur in the integrand of Green’s functions for multilaye-
red half-spaces. Differently than the case of homogeneous half-spaces, there is no closed-form expression for the location
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of the singularities for the case of layered systems. There is, however, a direct correspondence between the physical wa-
venumbers of each layer and the singularities in the integrand. These provide reliable points where the integration interval
can be divided for its subsequent integration through some appropriate method.
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APPENDIX

This appendix lists the parameters appearing in Eqs. (2) and (3), for i = 1,2,

b2i = [αδ
2
ξ

2
i − (κ−1)δ2

ζ
2
ϑi]J0(δζr) (16)

a7

δξ1
=

a8

δξ2
= J0(δζr) (17)

ai

ϑi
=

b5i

(1+ϑi)δ2ξi
=−δ

2
ξiJ1(δζr) (18)

In Eqs. (16) to (18), Jm is the Bessel function of the first kind and mth order and

ϑ1,2 =
αξ2

1,2−ζ2 +1

κζ2 (19)

ξ1,2 =
1√
2α

(γζ
2−1−α±

√
Φ)

1
2 (20)

Φ = (γζ
2−1−α)2−4α(βζ

4−βζ
2−ζ

2 +1) (21)

α =
c33

c44
, β =

c11

c44
, κ =

c13 + c44

c44
, δ

2 =
ρω2

c44
and γ = 1+αβ−κ

2 (22)

where δ is a normalized frequency of excitation, ω is the frequency of excitation, and ci j are elastic contants of the
transversely isotropic material.

REFERENCES

Azevedo, A. C. V., Cavalcante, I., and Labaki, J., 2017, ”On the Accuracy of Adaptive Quadratures in the Numerical
Integration of Singular Green’s Functions for Layered Media”, In Proceedings of the XXXVIII Iberian Latin-
American Congress on Computational Methods in Engineering - CILAMCE 2017, Florianopolis, Brazil.
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