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Abstract: In this work is presented the formulation for static analysis of functionally graded axisymmetric plate/shell
type structures subjected to axisymmetric mechanical loading under thermal environment. The formulations accounts
for linear, geometric and material nonlinear behaviours. A finite element model is implemented and is based on a
simple conical frustum finite element with 2 nodes, and 3 degrees of freedom per node, and it shows to be extremely
efficient in the analysis of axisymmetric shells subjected to axisymmetric loading. The solution of some illustrative
pressure vessel examples are presented and discussed.
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INTRODUCTION

Structures made of Functionally Graded Material (FGM) are characterized by a continuous variation of the material
properties over the thickness direction by mixing two different materials, metal and ceramic. Ceramic with the low
thermal conductivity can resist high thermal environment while metal is strong with mechanical load. Also, the smooth
and continuous variation of the properties from one surface to the other eliminates abrupt changes in the stress and
displacement distributions, and it allows the metal-ceramic FGM structures to be widely used in aircraft, space vehicles,
reactor vessels, and other engineering applications.

Research in FGM structures has been done in the recent years. In nonlinear analysis of FGM axisymmetric plates,
some works had been published. Here, we cite the works of “Reddy et al. (1999)” that using the Mindlin plate theory,
study the axisymmetric bending of through-the-thickness functionally graded circular plates; “Ma et al. (2008)” that
analyse the axisymmetric nonlinear bending behaviour of functionally graded circular plates, under mechanical and
thermal loading; “Gunes and Reddy (2008)” that present the geometrically nonlinear analysis of functionally graded
circular plates; “Li et al. (2008)” that study by the stress function method, the problem of transversely isotropic
functionally graded materials plates with simply supported or clamped edge, subject to a transverse load.

Elastoplasticity analysis has been little investigated in FGM structures. Most of the published works involves
plate/shells structures made of isotropic materials. For axisymmetric structures, in particular, “Kirk and Gill (1975)
presented experimental results for limit pressures and instability failure, and compare these results with theoretical
values; Zhang and Zhou (2015)” presented a model for FGM circular plates based on a physical neutral surface and a
higher-order shear deformation theory.

The mechanical properties of FGM are dependent not only of the p-index of the power-law that defines the volume
fractions of ceramic and metal phases, but can also be dependent of the temperature environment. In this paper is
presented the static bending analysis of functionally graded axisymmetric plate-shell type structures subjected to
axisymmetric loading. The formulation accounts for linear, elastoplastic and geometric nonlinear behaviours, and
includes the global response of the plate-shell structures, the through-thickness stress distribution and the effective
stress calculations, involving the variation of volume fractions and temperature environment. The solutions are obtained
using a finite element model proposed by “Zienckiewics et al. (1977)”, the conical frustum, which is a simple finite
element with 2 nodes, and 3 degrees of freedom per node, and used a reduced Gauss integration technique. As it is
necessary few elements to model the geometry of axisymmetric shells using this finite element, it reveals to be
extremely efficient. An in-house finite element code had been implemented, and the solutions for some illustrative
example are presented and discussed.

FORMULATION OF FGM MODEL

The material properties of an FGM plate/shell structure are assumed to change continuously throughout the thickness
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only, according to the volume fractions of the constituent materials, which are ruled by a Power-Law function, “Bao
and Wang (1995)”. In this work, the continuous variation of the materials mixture is approximated by the using of a
certain number of virtual layers throughout the thickness direction - layer approach. Thus, the volume fractions for each
virtual layer are:

Ve =(05+7,/h)" ; Ve =10-V¢ ©)

where h is the thickness of structure, the exponent p a parameter that defines gradation of material properties across the
thickness direction, and Z, is the thickness coordinate of mid-surface of each layer.

For the case of the temperature-dependent material properties, the properties of each constituent are obtained as
follows, “Javaheri and Eslami (2002)”:

E(T) E (T,)
v (T)p=1v (To) (P_1/T+1+P1T+P2T2+p3-r3) )
o (T) o (TO)

where T =T, +AT, To= 300 K (ambient, stress free temperature), P_;,P,,P,,P; are the coefficients of temperature (in
Kelvin), unique to each constituent, and AT is the temperature change.

Once the volume fractions VCk and V,'f, have been defined, the material properties of each virtual layer k, of an
FGM can be determined by the rule of mixtures, coming

Ex (T) = VE Eq(T)+VE En(T) 5 vie(T) = VE v (T) + V& vin (T) 5 o (T) = Vi 01 (T) + V0t (T) @3)

DISPLACEMENT AND STRAIN FIELDS.

For axisymmetric shells subjected to axisymmetric loading is u, = 0. The displacement of a point on the meridian
plane, is uniquely determined by two components u and w in the tangential (s) and normal (n) directions, respectively.

Ug

{u(s,n)}:{l 0 —Z:I Wyl ;u=zd @
w(s,n) 01 0 5

where Uy, W, are displacements of a generic point in the mid-surface referred to the local axes, and B is the
rotation of the normal to the middle plane, and can vary independently.

VZ

Fig. 1- Axisymmetric shell.

As we are considering a straight finite element, thus, the radius of curvature is R =co. Also is u, =0and d/d6 =0.
Then, the linear strains in the local system are given by:

£ du/ds

€ (ucosp—wsing)/r

K [ = —dp/ds (5)
Ko —Bcosd/r

Yen dw/ds—p

The relations between local (s,n) and global (r,z) coordinates as well as local-global displacements are given by:
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s| |cos¢ sing| fr| Ug | |cosd sing | fu, 6
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Thus the linear strain components in the global coordinate system come:

gl (6u, /8s)cosd+(ou, / ds)sind

€9 ufr

K = ~dp, /ds W
Ko —(B, cos¢) /r

Yen —du, /ds) sin ¢+ (du, /ds) cos ¢—

The stress-strain relations, in elastic behaviour, for each virtual layer k, can be written as:

o, =Qy & (8)

where 6 ={c; o5 T }T is the stress vector and &, ={¢; & 74 }T is the strain vector, Q, is the elasticity matrix
for isotropic materials:
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Due to no symmetric grading of the material through the thickness, the bending-stretching coupling exists. Thus,
the constitutive equation is given by:

N A B 0 g"
M} =B C 0 el ; &,=D &, (10)
QJ, [0 0 A |&

k

where &, are the resultant forces and moments, and Dk the constitutive matrix, and
2 .
(A,B,C) =Qy jZkl(l,z,z Ydz ; =Q, jZk » (11)

ELASTO-PLASTIC FORMULATION FOR FGM STRUCTURES

The present work uses an extended Tamura—Tomota—Ozawa (TTO) model to describe the elastic—plastic behaviour
of ceramic/metal FGM. Ceramic materials are, in general, brittle materials of relatively higher elastic modulus and
strength than those of metallic materials, which have typically ductile properties. Thus, the ceramic constituent in FGM
is assumed to be elastic when deformation takes place. The elasto-plastic deformation occurs mainly by the plastic
flowing of the metallic constituent. The TTO model, or also called the modified rule-of-mixture, uses the stress-strain
transfer parameter g, which depends on the constituent material properties and the microstructural interaction in the FG
material, and is given in “Jin et al. (2003)”:

q=(61—62)/|81—82| (12)

Using this parameter, the variation through the thickness of Young’s modulus and the yield stress, 6y, may be
obtained as follows:

EX = (v,';Em a+E +V§Ecj/[vk a+E, +ka (13a)
q+E q+Ep

m +E
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E
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Elasto-plastic constitutive relation

To carry out elastoplastic analysis, the material is assumed to obey the von-Mises vyield criterion, and the
corresponding yield surface is assumed. The yield condition can be expressed as, “Nayak and Zienckiewics (1972)”:

F(o,1)=f(c)-oy (x)=0 (14)

where the yield level, 6y, can be a function of the hardening parameter «.

For the case of an isotropic material, and for the specific structures analysed here, the effective stress & is given by:

f(o)= ' = (GS)Z +(cg )2 ~ (05 06)+3 (T )2 (15)

The elasto-plastic increments of total strains can be calculated by summing up the elastic and the plastic strain
components:

de=de®+deP (16)
The plastic strain increment is defined as proportional to the stress gradient of a plastic potential, which is taken

equal to the yield surface condition for an associated flow rule. Following the development described in “Moita et al.
(2016)”, an incremental constitutive elastoplastic relation is obtained, through an elastoplastic constitutive matrix:

o e - o Lo Q22Q
do=Q" de ; Q Q —A+aTQa a7

where a=dF/dc and A= d6/ deP are the flow vector and the hardening parameter, respectively.

FINITE ELEMENT APPROACH

In the present work is used a conical frustum — straight finite element, Fig. 2, with 2 nodes and 3 degrees of
freedom per node, the displacements and rotation, u,;, u,; B;. The simplest interpolation functions for an element are:

N; =(1-8/2 ; Ny=(1+9)/2 (18)
E=7F1; £=2s/L ; 2ds=Ldg (19)
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Figure 2 — Conical frustum element

The nodal displacement vector is then given by:
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u, ) N, 0 0] [uy ,
Upp=21 0 Ni 0 ]qugp i usNa ; u=3N;d;, (20)
p) Lo o NJ|[p =

2
The linear strain vector g, :{ €& € Kg Ky Yen }I can be represented by: e=B a; ¢ =3 B; d;, where B; is:
i=1

dN; dN; .
——C0S ——sin 0
ds ¢ ds ¢
Ny
r
B. - 0 0 _dNi _dN; :dNi %:ngi (21)
' ds ' ds  de ds L dg
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Accounting for nonlinear response, nonlinear strain &"" :(1/2)(dwlds)2 have to be considered. Thus, it comes:

dNI -
——=sin 0 0
ds ¢
! 0 %cosd) 0
ds

M

sNLzéaTGTGa : G= (22)

Elastoplastic and geometrically nonlinear analyses

From the virtual work principle, the incremental finite element equilibrium equations for geometrically nonlinear
analysis, introducing thermal loads, and following and adapting the development of “Moita et al. (2018)”, are given by:

j| B'DB Aa® tdAe+tf GT (6-6")G Aa®tdA® =FS, —FS =y (23)
A® A®

and for elastoplastic analysis:
je B'D®BAadA® =FS, —FS, =y (24)
A

The linear and geometric stiffness matrices, external force vector (including distributed and concentrated transverse
loads f and F,) and internal force vector are given by:

K{= ] B'DB 'dA® ; Ki=[GT'6'GdA" ; K§= [G'(-'6")GuA°
t,6\e tpe [\

e mec _ I NT f OdAe+2anC : Feth:J.BTath dA° : Feim: J. BT(téL-téth)tdAe
OAe Ae

tAe

t
té_e — Ns 0 : th — tNg"lec _ tN;h (25)
0 N

where 'A® =2 'r'ds=n 'r 'L d&, and all the integrations are done by using only one Gauss point at & = 0 —

reduction integration technique, “Zienkiewics et al. (1977)”, allowing to obtain excellent results for both thin and thick
axisymmetric plate/shells structures.

At any increment I, iteration i, we have:
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and at the end of the increment 1 is Aq' =Aq'™ +3.8q' , when the residual force vector is very small, |w[|< [Fu| A,
where A is a predefined tolerance.

Using the Newton-Raphson incremental-iterative method, and implementing the automatic arc-length method for
the case of snap-through occurrence, the incremental equilibrium path is obtained.

APPLICATIONS

Elastoplastic analysis of a simply supported isotropic circular plate, and pressure vessel.

The validation of the present model in the elastoplastic analysis is done by considering the proposed applications of
“Popov et al. (1967)” and “Popov and Sharifi (1971)”, where a simply supported circular plate and a pressure vessel
with torispherical ends, both made of isotropic materials, subjected to a transverse and radial pressure load, respectively,
are analysed. In Fig. 3a and Fig. 3b are presented the results obtained with the present model, using a layered model (20
layers), and a non-layered model (1 layer), and the results obtained by the authors cited before. A very good accuracy is
observed. On other hand, as the layered model is better to simulate the stress distribution through the thickness, their
results are more confident.

300 240
200

=
[o2}
o

==e==| ayered model - (PM)

pressure load (Ib/in2)

N
£
S
© .
150 S 120 —o— Popov and Sharifi
—e—Non-layered model - (PM) o (1971)
100 2 80 —&— Layered model (PM)
==o==Popov et al. (1967 3
50 P (1967) $ 40
0 0
0 01 02 03 04 05 06 07 0 0.1 0.2 0.3 0.4 0.5 0.6

Uz (in) Uz (in)

Figure 3a — Load-displacement path for a simply Figure 3b — Load-displacement path for a pressure
supported circular plate vessel with torispherical ends

Nonlinear analyses of a FGM spherical cap under radial pressure.
A clamped spherical cap, Fig. 4, with radius of curvature R=2.286 m and thickness, half opening angle ¢, =35°,
thickness h=0.0762 m, made of constituents zirconia and aluminium (Em = 70.0 x10° N/m?, v =0.3, E; =151.0 x 10°

N/m?, v .= 0.3), is considered. The nonlinear response of the spherical cap under a central point load and under a ring

load analysed. For this type of structure under this type of loading, the occurrence of snap-through is possible, and thus
the automatic arc-length method is used. First, to validate the present model, an application for an isotropic structure,
proposed by “Surana (1982)”, is performed. The results obtained using the present model and those obtained by “Surana
(1982)” are shown in Fig. 5, and a good agreement is found.

Next, the present FGM spherical cap is investigated. The results are shown in Fig. 6a) for the case of central point
load (r/a=0), and in Fig. 6b) for the case of ring load applied at coordinate $=10° (r/a=0.3027). The occurrence of snap-
through is observed for the last situation. Also it is observed that, for each load level, the displacement increases as the
gradient index increases.

Pressure vessel with torispherical end, affected by temperature environment.

The static deformation of a FGM cylindrical pressure vessel with torispherical end is analysed. The constituents are
Zirconia and Stainless Steel - ZrO2/SUS304, which material properties are function of temperature, and are given in
Tab. 1, and shown in Fig 7a-b. This structure is represented in Fig. 8, where R=D;=135 mm, t=1.27 mm, r;=10.1 mm,
and is subjected to an inner pressure load. The yield stress for SUS304 had been considered &+,,,, =400 MPa at 300 K.

First, to validate the present model, an elastoplastic analysis is performed for an isotropic material structure,
considering the example presented in “Kirk and Gill (1974)”, where is indicated a collapse pressure pcoi=2.423 MPa,
while the present model gives pcoi=2.50 MPa.

Secondly, the effect of the temperature is investigated. The vessel is heating from 300 K to 350 K and from 300 K
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to 400 K, respectively, with a through-the-thickness uniform temperature distribution. A nonlinear analysis is performed
and the displacements at the apex, obtained by the thermal load are indicated in first line of Tab. 2, for the temperatures
of 350 K and 400 K. Next, at final temperatures, the vessel is subjected to an internal pressure load from go=0 to go=2
MPa, for both previous cases. The displacements are given in second line of Tab. 2. It is observed, for this range of
temperatures, the pure SUS304 metal vessel yields smaller deflections compared to the pure ZrO2 ceramic, and any
other FGM vessels whose properties are a mixture of metal and ceramic. Also is observed that for any gradient index,
the displacements due to mechanical load decrease as the temperatures increase, due to the initial stresses, although the
effective Young modulus decreases. Thus, doing the same mechanical loading and considering that the vessel is stress
free at final temperatures, the displacements increase (shown in the third line of Tab. 2), because of reduction of
stiffeness.

90
=o—Point load (Present Model)
80
-0 === "Point load (Surana)
P 60 =—— Circumferential 1oad (Present
Model)
= 30 =8 Circumferential load (Surana)
2 40
o
— 30
20
10
0
0 002 004 006 008 0.1 0.12 0.14 0.16
uz (in)
Figure 4 — Clamped spherical cap Figure 5 — Load-displacement paths for an isotropic spherical cap
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Figure 6a-b — Load-displacement paths for a FGM spherical cap under point load, and ring load.

Table 1 - Temperature-dependent coefficients for Zirconium Oxide and Stainless Steel.

Materials Properties Po P4 P P2 Ps
Zirconium E (Pa) 244.27x10*° 0 -1.371x10°  1.214x10°%  -3.681x10%0

Oxide (Zr0O,) AY 0.2882 0 1.133x10* 0 0
a (LK) 12.766x10° 0 -1.491x10°  -1.006x10° -6.778x101!

Stainless Steel E (Pa) 201.04x10*° 0 3.079x10*  -6.534x107 0

(SS304) A% 0.3262 0 -2.002x10*  3.797x107 0

a (LK) 12.330x106 0 8.086x10* 0] 0

Next an elastoplastic analysis is performed at 300 K. The collapse pressures and the corresponding u, displacement
at the apex for different p-index are present in Tab. 3. For index p=0.5, the deformed shapes (enlarged 10 times),
considering internal pressures of 2 MPa and 4.025 MPa (limit pressure) are shown in Fig. 9, with the plastic zone in
yellow. In Fig. 10 is shown the corresponding elastoplastic load-displacement path, as well as for the case of 400 K, and
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considering in the situation of stress free. The responses for the present application, considering different mechanical
behaviours, at 300 K, are shown in Fig. 11. From Fig. 11, it is observed that real behaviour (GNL+EPL) gives a limit
pressure greater than the limit pressure obtained using a pure elastoplastic analysis.

1.2 - 20 1
1- 15 | —®—metal SUS304 (PM)
5087 —e— ceramic ZrO2 (PM)
Wo6 o 10 -
m o
0.4 - 3 |
0p | —®—SUS304 (PM) °
0 —o— 7rO02 (PM) 0 : : . : . .
200 400 600 800 1000 1200 1400 200 400 600 800 1000 1200 1400
T (K) T (K)

Figure 7 a-b - Young's modulus and coefficient of thermal expansion, as a function of temperature

Table 2 - Displacements (mm) at the apex of the pressure vessel for qo=2 MPa.
(* means no thermal load applied)

Temp (K) Load Ceramic  p=0.5 p=1.0 p=2.0 Metal

300 Mech.  0.2699* 0.2499* 0.2415* 0.2338* 0.2187*
350 Thermal 0.1889  0.1745 0.1666 0.1590  0.1458
Mech. 0.2689  0.2467 0.2370 0.2283  0.2115
Mech. 0.2838  0.2583  0.2477  0.2383  0.2199
400 Thermal 0.4120 0.3708 0.3490 0.3287 0.2964
Mech. 0.2670 0.2419 0.2317  0.2225 0.2078
Mech. 0.2973 0.2665 0.2540 0.2430  0.2217

Table 3 - Displacement (mm) and collapse pressure (MPa) in a FGM pressure vessel with torispherical end.

p=05 p=10 p=20 metal
Displacement u, 1.287 1.289 1.220 1.181
Collapse pressure  4.025 4.070 4.105 4.205

Initial shape

67.4

—&— Deformed
shape in
elastoplasticity

Deformed
shape in
elasticity

Di

Figure 8 - Pressure vessel Figure 9 - Deformed shapes of the pressure vessel

Analysis of a toroidal shell, made of temperature dependent materials.

A toroidal FGM shell, shown in Fig. 12, is now analysed. The geometry is defined by r=254 mm, R=381 mm and
thickness t=12.7 mm. The constituents are again Zirconia and Stainless Steel - ZrO2/SUS304, temperature-dependent
materials, and the vessel is subjected to an inner radial pressure load. First, under a uniform pressure of g, =3.0 MPa

and ambient temperature T=300 K, the radial displacement for different p-index are obtained and shown in Fig 13.
From Fig. 13 it is observed that the maximum and minimum deflections are for fully ceramic and fully metal
respectively, as expected, because the Young modulus for ceramic is smaller than Young modulus for metal at 300 K.
Also is observed that as p-index of FGM structure is increasing the displacements are decreasing.
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Figure 10 - Load-displacement paths in elastoplasticity. Figure 11 - Load-displacement paths for different

deformation behaviours.

Next an elastoplastic analysis is performed, considering now the toroidal FGM shell for the case of gradient index
p=1.0. Fig. 14 shows the original and deformed shapes for two different pressures at the temperature T=300 K, in which
the displacements are amplified 100 times, and in yellow is shown the plastic zone. Fig. 15 shows the internal in-plane
stress resultants distribution for load level qo=6.0 MPa. The meridional forces are maximum at the inner circle and
minimum at the outer circle.

2
15
E/ . cerami
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| = —@—=1.0
' 05
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0
|
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Figure 12 — Toroidal shell. Figure 13 - Radial displacement in a FGM toroidal shell.
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Figure 14 - Deformed shape of a FGM toroidal  Figure 15 — Meridional and circumferential forces for g=3 MPa

CONCLUSIONS

A finite element model for elastoplasticity and geometrically nonlinear analyses of functionally graded (FGM)

axisymmetric shells

under axisymmetric loading and thermal environment is presented. The model is based on the first

order shear deformation theory associated with a simple and fast conical frusta finite element with only 2 nodes and 3
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degrees of freedom per node. The reduced number of finite elements necessary to model even complex structures,
combined with the use of only twenty virtual layers to model the continuous variation of the mechanical properties
through the thickness, yields in an extremely lower computational time for all FGM applications.

The effect of the temperature environment is investigated, and had been shown that for FGM structures made of
temperature dependency properties, a great influence can be achieved. This influence is not only due to temperature
itself, but also for the variation of the properties of ceramic and metal constituents as a function of temperature.
Moreover, is important to note that the geometric nonlinear analysis and mainly the combined geometric and material
nonlinear analysis play an important role to achieve the real solutions when large displacements have to be accounted.

A good to very good accuracy is found when the results obtained by the present model are compared with available
solutions.
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