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Abstract: Structural design is nowadays still made on a member-by-member basis. But the reliability of redundant or 
hyperstatic systems is known to be larger than that of isostatic or non-redundant systems. This paper makes an 
objective investigation on the optimal design of redundant systems. The study is based on different proportioning for 
the active and passive parts of structural redundancy, and brittle and ductile materials, strength correlation, 
progressive collapse and impact factors in load redistribution. The differentiation of consequences of failures, which 
occur in a direct or progressive manner, is a significant aspect of the study.  
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INTRODUCTION 

Until today, basic structural design is made on a member-by-member basis. This includes design of redundant 
hyperstatic structures, which are known to be more reliable than non-redundant or isostatic structures. Reliability-based 
calibration of partial factors in use in modern design codes is also made at member level. Target reliabilities used in 
calibration work are member-based. Somehow, this is a consequence of the fact that the profession never accomplished 
development of partial factors that could be related to system reliability. 

This paper presents a fundamental investigation of the progressive collapse of redundant structural systems (Figure 
1). The study provides a framework for the semi-probabilistic design of such systems, which is based on differentiating 
partial factors for active and passive redundancy. These factors are calibrated accounting for progressive collapse and 
for the consequences of failure. Another fundamental point is to differentiate between consequences of collapses of 
redundant  hyperstatic systems, which occur in a progressive manner (with warning), and collapses of isostatic or non-
redundant systems, which occur directly.  

 
Figure 1: Two bar redundant structural system. 

Material model 

Progressive failure, and reserve strength of “failed” members depends on material behavior. In this development, a 
simple fragile-ductile material model is considered, as shown in Figure 2. The rupture or yielding stress is ܵ, and the 
post-failure strength is given by ܵߟ . For ߟ ൌ 0  we have elastic-fragile material; for ߟ ൌ 1  the material is elastic-
perfectly plastic (ductile). Intermediate behavior is obtained for 0 ൏ ߟ ൏ 1. 

In order to make development as analytical and linear as possible, material strength (and loading, for this matter) is 
modelled as Gaussian random variables. For two-bar parallel systems, rupture or yielding stress is given by: 

      ଵܵ~ܰሺߤଵ, ,ଵሻߪ
ܵଶ~ܰሺߤଶ, ,ଶሻߪ

        (1) 

where the subindex ሺሻ௜ indicates bar number. Moreover, correlation between material strengths is given by ߩଵଶ ∈ ሾ0,1ሻ. 
Uncertainty in material strength is specified by means of the coefficient of variation ߜ ൌ  .ߤ/ߪ
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Figure 2: Fragile-ductile material model. 

Load model 

In order to investigate progressive failure of a two-bar parallel system, a minimum of two loads applications need to 
be considered. In this paper, load is modelled as an independent sequence of two load pulses, with identical intensity 
modelled as a Gaussian random variable: 

     ଵܲ~ܰሺߤ௉, 	;௉ሻߪ ଶܲ~ܰሺߤ௉,  ௉ሻ.       (2)ߪ

Each load pulse represents the maximum load that would be sustained during two periods of operation; the divider 
between these periods would be an eventual primary failure. After primary member failure, an impact factor ௜݂ ൒ 0 is 
considered in load re-distribution. This impact factor is particularly relevant in primary failure of brittle members. 

Optimal design considering uncertainties 

Let ܆  and ܌  be vectors of structural system parameters. Vector ܆  contains random variables, such as member 
dimensions and geometry, strength of materials, loads and model error variables. Vector ܌ contains design variables 
whose values are to be determined, in order to maximize performance of the system, or in order to minimize weight, 
cost, etc. Typical variables in vector ܌ are nominal member dimensions, partial safety factors, reinforcement ratio, 
design life, parameters of inspection and maintenance programs, etc.  

To keep the development as simple as possible, in this paper vector ܆ contains only the rupture or yielding stress 
and the loads, such that: ܆ ൌ ሼ ଵܵ, ܵଶ, ଵܲ, ଶܲሽ. Vector ܌ contains the partial safety factors to be used in design of the 
redundant systems: ܌ ൌ ሼߣ஺,  .௉ሽ, which are introduced shortlyߣ

The existence of uncertainty implies in the possibility of structural failure. The boundary between safe and failure 
domains is given by limit state functions ௜݃ሺd, ܆ሻ ൌ 0, written for each failure mode, and/or for each member of the 
structure, such that: 

     Ω
௙௜
ሺ܌ሻ ൌ ሼܠ|݃௜ሺd, ܆ሻ ൑ 0ሽ,                 

     Ω
௦௜
ሺ܌ሻ ൌ ሼܠ|݃௜ሺd, ܆ሻ ൐ 0ሽ,									݅ ൌ 1,… , ݊௅ௌ,      (3) 

where Ω
௙௜
ሺ܌ሻ is the failure domain, Ω

௦௜
ሺ܌ሻ is the survival domain, and ݊௅ௌ is the number of limit state functions. 

Limit states describe primary and conditional member failures, as well as simultaneous system failure. System failure 
resulting from progressive collapse is characterized by specific combinations of primary and conditional failures, as 
shown in the sequence. Probabilities of primary and conditional member failures are given generically by: 

௙௜݌      ൌ ܲ ቂ܆ ∈Ω
௙௜
ቃ ൌ ׬ ሻܠሺ܆݂ ሿΩ೑೔ܠ݀

,                  (4) 

where P[ ] is the probability operator and ݂܆ሺܠሻ is the joint density function of the random variable vector. In this 
manuscript, limit state functions are linear, and random variables have Gaussian distribution, hence Eq. (4) has 
analytical closed form solution (Ang & Tang, 2003; Melchers & Beck, 2018): 

௙௜݌      ൌ Φሾെߚ௜ሿ, with ߚ௜ ൌ
ாሾ௚೔ሺd, ܆ሻሿ

ඥ௏௔௥ሾ௚೔ሺd, ܆ሻሿ
 ,                 (5) 

where ߚ௜ is the reliability index, ܧሾ	ሿ is the expected value operator, and ܸܽݎሾ	ሿ is the variance operator.  

 

DESIGN AND RELIABILITY OF SYSTEMS WITH ACTIVE-PASSIVE REDUNDANCY 

Load sharing 

Consider a two-bar hyperstatic parallel system. In this type of (conventional) redundant system, the two bars share 
the workload, until one of them fails. If there is passive or standby redundancy, the remaining bar will absorb the total 
load. If the displacement ݑ of both bars is the same, then the fraction of load P carried by the ith bar is: 
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     ௜ܲ ൌ ݇௜ݑ ൌ ܲ
௞೔

ሺ௞భା௞మሻ
,      (6) 

where ݇௜ is the stiffness of the ith bar, given by:	݇௜ ൌ  ௜ the length of eachܮ ௜ the elasticity modulus andܧ ௜, withܮ/௜ܽ௜ܧ
bar. If elasticity modulus and length are the same, the load fraction reduces to: 

     ௜ܲ ൌ ܲ
௔೔

ሺ௔భା௔మሻ
.       (7) 

Usual design 

Usual design of redundant hyperstatic systems is made on a member-by-member basis, without differentiating for 
number of parallel elements, or between the type of redundancy (active or passive). Moreover, load sharing is decided 
beforehand, i.e., on a basis of analyzing influence areas for loads. For the simple two=bar redundant system, for 
instance, one has: 

     ܽଵߤଵ ൅ ܽଶߤଶ ൌ  ௉,      (8)ߤாߣ

where ߣா is a conventional safety factor. For proportional load sharing, one has ܽଵߤଵ ൌ ܽଶߤଶ, which inserted in Eq. (8) 
leads to: 

     ܽ௜ሺߣாሻ ൌ
ఒಶఓು
ଶఓ೔

.       (9) 

This design approach is not adopted herein; but results of a proposed design approach are compared to the 
traditional design in terms of ߣா in Eqs. (8) and (9). 

Proposed alternative design procedure 

One of the key points of the proposed framework is to design active-passive systems with an independent 
proportioning of each element. Hence, the design procedure follows that of passive standby systems, with element 1 
designed for active redundancy, and element 2 designed for passive redundancy. In practice, both elements will share 
the load, and one does not need to guess which element will fail first.  Hence, following Eqs. (8) and (9), the primary 
element is designed as: 

      					ܽଵ ൌ
ఒಲఓು
ఓభ

,      (10) 

where ߣ஺ ൐ 1 is the partial safety factor for active redundancy. The redundant element is designed as: 

      						ܽଶ ൌ
ఒುఓು
ఓమ

,      (11) 

where ߣ௉ ൒ 1 is the partial safety factor for passive, or standby redundancy. The passive safety factor is allowed to be 
equal to one (ߣ௉ ൌ 1), as the result of system optimization may be that the standby part of redundancy is not necessary.   

Reliability 

Figure 3 illustrates the event three for active-passive system submitted to two load applications, with ܨ௜ denoting the 
event “failure of bar i”. 

Regardless of independent dimensioning (Eqs. 6 and 7), any bar can fail first. The limit state function for primary 
failure of the ith bar (ܨ௜) is given by: 

 

 
Figure 3: Event tree for active-passive two-bar system submitted to two load applications. 
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   ௜݃ሺ܆ ,܌ሻ ൌ ܽ௜ ௜ܵ െ ௜ܲ ൌ ܽ௜ ௜ܵ െ ܲ
௔೔

ሺ௔భା௔మሻ
ൌ ሺܽଵ ൅ ܽଶሻ ௜ܵ െ ܲ ൌ 0.             (12) 

The reliability index for primary member failure is: 

ሻ܌௜ሺߚ     ൌ
ሺ௔భା௔మሻఓభିఓು

ටሺ௔భା௔మሻమఙభ
మିఙು

మ
 .                 (13) 

The limit state function for failure of the second element, given failure of the primary element (ܨଶ|ଵ), is given by: 

    ݃ଶ|ଵሺߣ௉, ܆ሻ ൌ ܽଶܵଶ ൅ ଵܽߟ ଵܵ െ ௜݂ܲ.       (14) 

The reliability index for conditional failure is given by: 

,௉ߣଶ|ଵሺߚ     ௜݂ሻ ൌ
௔మఓమାఎ௔భఓభି௙೔ఓು

ට௔మ
మఙమ

మାఎమ௔భ
మఙభ

మାఎ௔భ௔మఙభఙమఘభమି௙೔
మఙು

మ
 .              (15) 

The limit state function for simultaneous failure of both elements, in the first load application (ܨଵ∩ଶ), is given by: 

    ଵ݃∩ଶሺߣ஺,ߣ௉, ܆ሻ ൌ ܽଵ ଵܵ ൅ ܽଶܵଶ െ ܲ.       (16) 

The reliability index for the joint failure event is: 

௉ሻߣ,஺ߣଵ∩ଶሺߚ     ൌ
௔మఓమା௔భఓభି௙೔ఓು

ට௔భ
మఙభ

మା௔మ
మఙమ

మା௔భ௔మఙభఙమఘభమି௙೔
మఙು

మ
 .              (17) 

The event in dashed lines, at the bottom left in Figure 3, corresponds to failure of bars 1 and/or 2: ܨଵ ∪  ଶ. Theܨ
complementary event to ܨଵ ∪ തଵܨ ଶ isܨ ∩  :തଶ, as stated in Figure 3. The probability of the union is written asܨ

    ܲሾܨଵ ∪ ଶሿܨ ൌ ܲሾܨଵሿ ൅ ܲሾܨଶሿ െ ܲሾܨଵ ∩  ଶሿ .     (18)ܨ

By adding and substracting the term ܲሾܨଵ ∩  :	ଶሿܨ

    ܲሾܨଵ ∪ ଶሿܨ ൌ ܲሾܨଵሿ െ ܲሾܨଵ ∩  ଶሿܨ

                        ൅ܲሾܨଶሿ െ ܲሾܨଵ ∩  ଶሿܨ

                                      ൅ܲሾܨଵ ∩  ଶሿ,               (19)ܨ

we obtain, in the first line of Eq. (26), the probability that only bar 1 fails : 

   ܲሾܨଵ	onlyሿ ൌ ܲሾܨଵሿ െ ܲሾܨଵ ∩ ଶሿܨ ൌ Φሾെߚଵሿ െ Φሾെߚଵ∩ଶሿ .              (20) 

In the same way, the second line in Eq. (19) is the probability that only bar 2 fails.  

There are tree mutually exclusive ways in which system failure can occur: progressive failure of bars in order 1-2, 
progressive failure in order 2-1, or simultaneous failure of both bars. Hence, the system failure probability is evaluated 
as: 

௉ሻߣ,஺ߣ௙௦௬௦ሺ݌    ൌ ሺΦሾെߚଵሿ െ Φሾെߚଵ∩ଶሿ	ሻΦൣെߚଶ|ଵ൧ 

                  ൅ሺΦሾെߚଶሿ െ Φሾെߚଵ∩ଶሿ	ሻΦൣെߚଵ|ଶ൧ ൅ Φሾെߚଵ∩ଶሿ,   (21) 

where the term ߚଵ|ଶ is evaluated from Eq. (15), with a proper change of indexes.  

 

DESIGN OPTIMIZATION 

From Eqs. (16) and (21), it is clear that the reliability of the redundant system, ࣬ ൌ 1 െ  ௉ሻ, is a functionߣ,஺ߣ௙௦௬௦ሺ݌
of the partial safety factors to be used in design: ܌ ൌ ሼߣ஺,  ,௉ሽ. Optimum design considering progressive failure is soughtߣ
with the objective of minimizing cost of materials: 

     ݂ሺdሻ ൌ ܽଵሺߣ஺ሻߤଵ ൅ ܽଶሺߣ௉, ௜݂ሻߤଶ ,      (22) 

where unit material cost per volume is simply assumed proportional to mean strength (ߤ௜, ݅ ൌ 1,2). Two different 
approaches can be used to formulate the design problem: reliability-constrained design optimization, or optimization 
considering failure consequences, as follows.  

Reliability-constrained design optimization problem 

In reliability-constrained design optimization, also known as Reliability-Based Design Optimization (RBDO) in the 
literature, minimization of an objective function	݂ሺdሻ is sought, with constraints expressed in terms of a target (or 
minimum) system reliability (Enevoldsen and Sørensen, 1993; Royset et al., 2001; Liang et al., 2007; Aoues and 
Chateauneuf, 2008; McDonald and Mahadevan, 2008;Nguyen et al., 2010; Song and Kang, 2009): 
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Find ܌∗ ൌ ሼߣ஺
∗ , ௉ߣ

∗ ሽ  which minimizes ݂ሺdሻ 

subject to:  ࣬ሺdሻ ൌ 1 െ ௙௦௬௦ሺdሻ݌ ൒ ்࣬; ܌ ∈ ࣞ, 

 

(23) 

where ்࣬ is the target system reliability and ࣞ ൌ ሼ܌୫୧୬,  .୫ୟ୶ሽ are side constraints܌

Results of RBDO are clearly dependent on the target system reliability ்࣬ used as design constraint. The target 
reliability is specified a priori by the designer, and should be based on a cost-benefit analysis. The RBDO formulation is 
justifiable when the failure consequences cannot be quantified, as follows. 

 

Failure consequence-driven design optimization 

Failure consequence-driven design optimization, also known in the literature as Life-Cycle Risk Optimization or 
simply Risk Optimization (Beck and Verzenhassi,  2008; Beck and Gomes, 2012; Beck et al., 2012, 2014, 2015) 
increases the scope of RBDO by including the expected consequences of failure.  

Each failure event described in Figure 3 has different consequences. The failure of a primary element can be 
considered as a service failure; which demands corrective maintenance. Failure of the redundant element leads to 
structural collapse. This may result in damage to equipment, damage to third parties, injury, death, and environmental 
damage. The cost of failure, or a measure of the consequences of failure, is given by ܥ௙. The expected cost of failure 
 :(௙݌) by failure probabilities (௙ܥ) is obtained by multiplying failure costs (ாிܥ)

ሻ܌ாிሺܥ      ൌ  ሻ,      (24)܌௙ሺ݌௙ܥ

The cost of a primary element failure, or service failure (SF), is assumed proportional to the cost of materials for 
replacing the failed element: 

௙௜ܥ      ൌ ݇ௌிߤ௜ܽ௜ሺ܌ሻ ,      (25) 

where ݇ௌி ൐ 1 is a multiplication factor to account for workmanship and repair downtime.  

The cost of ultimate failures accounts for damage to equipment, damage to third parties, payment of compensation 
for injury, death, and environmental damage, and for bad reputation. These costs are assumed constant, or independent 
of the design vector.    

One very relevant feature of failure consequence-driven design optimization is the possibility to differentiate for the 
consequences of collapse that occurs directly, or without warning, and collapse that occurs in a progressive manner. 
Failure of a primary element, which is not immediately followed by failure of the redundant element, serves as warning, 
allowing evacuation and reducing costs of compensation for injury and death. Such warning also allows preventive and 
consequence mitigation actions to be taken. Hence, consequences of stepped progressive collapse (PC) are measured by 
݇௉஼, and consequences of direct collapse (DC) are given by ݇஽஼ ൐ ݇௉஼.   

The objective function for consequence-based optimization is obtained by adding all cost over the life-cycle of the 
structure. This can include costs of operation, inspection, maintenance, and cost of disposal; all of which are very 
application-dependent. In this paper, only cost of materials, and expected costs of failure are considered.  

For failure paths and failure consequences of the active-passive redundant system, one needs to refer to the event 
three in Figure 3. There are two paths leading to service failure for bar 1: one with probability 
ሺ1 െ ΦሺെߚଵሻሻሺΦሺെߚଵሻ െ Φሾߚଵ∩ଶሿሻ, and one with probability ሺΦሺെߚଵሻ െ Φሾߚଵ∩ଶሿሻሺ1 െ Φൣߚଶ|ଵ൧ሻ; similarly for service 
failure of bar 2. There are two failure paths leading to progressive collapse, corresponding to failure sequences 1-2 and 
2-1. For failure sequence 1-2, the probability is ሺΦሺെߚଵሻ െ Φሾߚଵ∩ଶሿሻΦൣߚଶ|ଵ൧. There are two failure paths leading to 
direct collapse, corresponding to the first and second load applications, respectivelly. The probability of direct collapse 
is given by Pሾܨതଵ ∩ ଵ∩ଶሿߚതଶሿΦሾܨ ൅ Φሾߚଵ∩ଶሿ. With these preliminaries, the objective function for active-passive redundant 
systems is given by: 

   ݂ሺdሻ ൌ
ሺ௔భሺఒಲሻఓభା௔మሺఒುሻఓమሻ

ሺ௔భሺଵሻఓభା௔మሺଵ,ଵሻఓమሻ
 

             ൅݇ௌி
௔భሺఒಲሻ

௔భሺଵሻ
ሺΦሺെߚଵሻ െ Φሾߚଵ∩ଶሿሻሺ1 െ ܲሾܨଵ ∪ ଶሿሻ൫1ܨ െ Φൣߚଶ|ଵ൧൯ 

             ൅݇ௌி
௔మሺఒುሻ

௔మሺଵሻ
ሺΦሺെߚଶሻ െ Φሾߚଵ∩ଶሿሻሺ1 െ ܲሾܨଵ ∪ ଶሿሻ൫1ܨ െ Φൣߚଵ|ଶ൧൯ 

             ൅݇௉஼ሺΦሾെߚଵሿ െ Φሾߚଵ∩ଶሿሻΦൣെߚଶ|ଵ൧ ൅ ݇௉஼ሺΦሾെߚଶሿ െ Φሾߚଵ∩ଶሿሻΦൣെߚଵ|ଶ൧ 

             ൅݇஽஼Φሾߚଵ∩ଶሿሾ1 ൅ ሺ1 െ ܲሾܨଵ ∪  ଶሿሻሿ.       (26)ܨ

The last term in this equation is evaluated as ܲሾܨଵ ∪ ଶሿܨ ൌ Φሾെߚଵሿ ൅ Φሾെߚଶሿ െ Φሾߚଵ∩ଶሿ.   
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The failure consequence-driven design optimization problem is stated as: 

Find ܌∗ ൌ ሼߣ஺
∗ , ௉ߣ

∗ ሽ   which minimizes ݂ሺdሻ 

subject to:  ܌ ∈ ࣞ, 

 

      (27) 

with  ࣞ ൌ ሼ܌୫୧୬,  .୫ୟ୶ሽ being side constraints܌

In the above equations, failure cost multipliers ݇ௌி, ݇௉஼ and ݇஽஼ can be interpreted as the actual cost of failures, or 
simply as parameters to balance the relative consequences of failure, w.r.t. the cost of materials for the reference 
structure. Typical values of these cost multipliers for conventional civil engineering structures are given in JCSS (2001). 
In this paper, the following values are used: ݇ௌி ൌ 2, ݇௉஼ ൌ 10 and ݇஽஼ ൌ 40. Results to be presented depend directly 
on these cost multipliers. However, the overall conclusions should be valid for similar relative magnitudes of cost 
multipliers. 

 

NUMERICAL RESULTS 

Parametric analysis  

The key parameters that characterize design of redundant systems for progressive failure are the impact factor in 
load re-distribution ( ௜݂), the correlation between material strengths (ߩଵଶ), material behavior (fragile-ductile) and the type 
of redundancy (active-passive). In the following, two levels of each parameter are considered: ௜݂ ൌ ሺ1; 1.3ሻ, ߩଵଶ ൌ
ሺ0; 0.9ሻ, ߟ ൌ ሺ0; 	1ሻ, for active-passive redundant assemblies. Results for active redundancy are presented elsewhere. 
This leads to 2ଷ ൌ 8 combinations. Further, we study different ratios between mean material strengths (ߤଶ/ߤଵ) and 
between strength COVs (ߜଵ/ߜଶ). Hence, in order to limit results, only the most usual combinations are discussed. For 
instance, for materials with different strengths, only ߩଵଶ ൌ 0 is considered.  

In the following, we discuss redundant assemblies made with two bars of brittle or ductile materials. Mixed material 
assemblies are not considered, but the ductile-ductile combination also describes what would be obtained for a ductile-
brittle combination, if the primary failure is in the ductile material (post-failure behavior of the second bar does not 
matter). In this regard, the brittle-ductile combination does not make much sense. 

Results in this section are evaluated for ሺߤ௉ ൌ 10, ௉ߜ ൌ 0.3ሻ and ߜଵ ൌ ଶߜ ൌ 0.1. These are typical values for civil 
engineering structures. In the following, we consider two bars with different mean strengths: (ߤଵ ൌ 1, ଶߤ ൌ 9).  

Results for reliability-constrained optimization (RBDO) 

RBDO results for an active-passive assembly with different materials are illustrated in Figure 4. Results for fragile 
material show a non-linear dependency with partial factors ߣ஺ and ߣ௉. For the ductile material, results are nearly linear 
with partial safety factors, but show greater dependency on strength correlation (ߩଵଶ ) and impact factor ( ௜݂ ). In 
particular, results show large dependency on impact factor ௜݂, for ߣ஺ ≲ 2 and larger values of ߣ௉. 

 

Figure 4: RBDO solutions of active-passive system with two bars of different mean material strength. 

 

Results for consequence-driven optimization (RO) 

Results for risk optimization of the active-passive system, with different material strengths, are presented in Table 1 
and Figure 5. Contour plots of cost functions are shown in Figure 5. The cost functions are linear with partial factors ߣ஺  
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Table 1: Risk optimization results for active-passive system and materials of different strength (ࣆ૛ ൌ  .(૚ࣆૢ
  Active-Passive

P
ar

am
. Correl. (ߩଵଶ) 0.0 

Material (ߟ) 1 0 
Impact ( ௜݂) 1.0 1.3 1.0 1.3 

O
p

ti
m

u
m

 ஺ 2,071 2,071 2,071 2,071ߣ 
 ௉ 0,000 0,000 0,000 0,000ߣ
ܽଵ 20,708 20,708 20,708 20,708 
ܽଶ 0,000 0,000 0,000 0,000 

R
el

ia
b

il
it

y ߚଵ 2,937 2,937 2,937 2,937 
 ଶ|ଵ -3,333 -3,333 2,937 1,746ߚ
 ଵ∩ଶ 2,937 2,937 2,937 2,937ߚ
 ௌ௒ௌ 2,937 2,937 2,937 2,937ߚ

C
os

ts
 

Material 1,0354 1,0354 1,0354 1,0354 
SF 0,0000 0,0000 0,0000 0,0000 
PC 0,0000 0,0000 0,0000 0,0000 
DC 0,0678 0,0678 0,0678 0,0678 

Total 1,1032 1,1032 1,1032 1,1032 

 

 
Figure 5: Level curves of cost functions and RO solutions of active-passive system  

with materials of different strength (ࣆ૛ ൌ  .(૚ࣆૢ

 

and ߣ௉ only for very large failure probabilities, where expected costs of failure are also large (bottom-left in Figure 5 
plots). The objective function is non-convex, and there are two areas with local minima: one for large ߣ஺  and small ߣ௉, 
one for large ߣ௉  and small ߣ஺. We hence notice that the economical trade-off between alternative designs happens 
along the diagonal line ߣ௉ ൎ 2 െ ஺ߣ , where increases in ߣ஺  are compensated by reductions in ߣ௉ . Along this line, 
however, the cost functions vary in a non-linear way, leading to near-best solutions of single-bar systems, made of 
either material. Yet the best solution, regardless of material or impact factor, is a single bar of the cheapest material, as 
shown in Table 1. For this single-bar solution, joint (ߚଵ∩ଶ) and system reliability index (ߚௌ௒ௌ) converge to the single bar 



Optimal Probabilistic Design of Redundant Structural Systems for Progressive Collapse 

failure reliability index (ߚଵ ൌ 2.937). The conditional reliability index, however, is different for fragile and ductile 
materials. For these single bar solutions, all service and progressive failure cost terms vanish, as shown in Table 1. 
Figure 5 shows that cost functions are virtually insensitive to impact factor ( ௜݂) and strength correlation (ߩଵଶ). 

Figure 6 shows the objective functions plotted along the diagonal line ߣ௉ ൎ 2 െ  ஺. It is observed that the absoluteߣ
minimum corresponds to ߣ஺ ൌ 2.07 and ߣ௉ ൌ 0, regardless of impact factor ( ௜݂) and strength correlation (ߩଵଶ). Figure 7 
illustrates cost functions along line ߣ௉ ൎ 2 െ  ஺, for other values of the failure cost multipliers (݇஽஼ and ݇௉஼). Theseߣ
results confirm that the optimal solutions shown in Table 1 are also valid for similar relative magnitudes of cost 
multipliers.   

 
Figure 6: Influence of strength correlation and impact factor in RO solutions of active-passive  

systems with materials of different strength (ࣆ૛ ൌ  .(૚ࣆૢ

 

 
Figure 7: Influence of failure cost multipliers in RO solutions of active-passive  

systems with materials of different strength (ࣆ૛ ൌ  .(૚ࣆૢ

 

ACKNOWLEDGMENTS 

The authors acknowledge funding of this research project by Brazilian agencies CAPES (Brazilian Higher 
Education Council), CNPq (Brazilian National Council for Research, grant n. 306373/2016-5) and FAPESP (São Paulo 
State Foundation for Research, grant n. 2017/01243-5). 

REFERENCES  

Aoues Y, Chateauneuf A, 2008: Reliability-based optimization of structural systems by adaptive target safety – Application to RC 
frames, Structural Safety 30, 144–161. 

Aoues Y, Chateauneuf A, 2010: Benchmark study of numerical methods for reliability-based design optimization. Structural and 
Multidisciplinary Optimization, 41:277–294. 

Beck AT, Gomes WJS, 2012: A comparison of deterministic, reliability-based and risk-based structural optimization under 
uncertainty. Probabilistic Engineering Mechanics 28, 18-29. DOI: 10.1016/j.probengmech.2011.08.007 

Beck AT, Gomes WJS, Bazán FAV, 2012: On the Robustness of Structural Risk Optimization with Respect to Epistemic 
Uncertainties. Int.  J. for Uncertainty Quantification 2, 1 - 20. DOI: 10.1615/Int.J.UncertaintyQuantification.v2.i1.20 

Beck AT, Gomes WJS, Lopez RH, Miguel LFF, 2015: A comparison between robust and risk-based optimization under uncertainty, 
Struct. Multidisc. Optim. 52, 479-492. DOI: 10.1007/s00158-015-1253-9 

Beck AT, Kougioumtzoglou IA, Santos KR., 2014: Optimal Performance-Based Design of Non-Linear Stochastic  Dynamical 
Systems. Engineering Structures 78, 145-153. DOI:10.1016/j.engstruct.2014.07.047. 

Beck AT, Verzenhassi CC,  2008: Risk Optimization of a Steel Frame Communications Tower Subject to Tornado Winds, Latin 
American Journal of Solids and Structures 5, 187-203. 

Beck AT, Tessari RK, Kroetz HM, 2018: System reliability-based design optimization and risk-based optimization: a benchmark 
example considering progressive collapse, Engineering Optimization, DOI: 10.1080/0305215X.2018.1502760 



A.T.Beck 

Beyer HG, Sendhoff B, 2007: Robust optimization - A comprehensive survey, Computer Methods in Applied Mechanics and 
Engineering 196, 3190-3218. 

Du X, Chen W, 2004: Sequential Optimization and Reliability Assessment method for Efficient Probabilistic Design. ASME J. Mech. 
Des., 126(2), 225–233. 

Enevoldsen I, Sørensen JD, 1993: Reliability-based optimization of series system of parallel systems. J. Struct. Eng. (ASCE) 119(14), 
1069–84. 

Gomes WJS,  Beck AT, 2013. Global structural optimization considering expected consequences of failure and using ANN 
surrogates. Computers & Structures 126, 56–68. DOI:10.1016/j.compstruc.2012.10.013. 

Gomes WJS, Beck AT, 2014a: Optimal Inspection and Design of Onshore Pipelines Under External Corrosion Process, Structural 
Safety 47, 48-58. DOI:10.1016/j.strusafe.2013.11.001 

Gomes WJS, Beck AT, 2014b: Optimal Inspection Planning and Repair Under Random Crack Propagation, Engineering Structures 
69, 285-296, DOI:10.1016/j.engstruct.2014.03.021. 

Gomes WJS, Beck AT, Haukaas T, 2013: Optimal Inspection Planning for Onshore Pipelines Subject to External Corrosion. 
Reliability Engineering & Systems Safety 118, 18-27. DOI:10.1016/j.ress.2013.04.011. 

JCSS, 2001: Probabilistic Model Code, Joint Committee on Structural Safety, published on-line: 
http://www.jcss.byg.dtu.dk/Publications/Probabilistic_Model_Code (accessed on 27.07.2017). 

Liang J, Mourelatos ZP, Nikolaidis E, 2007: A single-loop approach for system reliability-based design optimization. J Mech Des 
129(12):1215–1224. 

Liang J, Mourelatos ZP, Tu J, 2004: A single-loop method for reliability-based design optimization. In: Proceedings of ASME design 
engineering technical conferences, paper N?DETC2004/DAC-57255. 

Lopez RH, Beck AT, 2012: Reliability-based design optimization strategies based on FORM: a review. Journal of the Brazilian 
Society of Mech. Sciences and Eng. 34, 506-514. 

McDonald M, Mahadevan S, 2008: Design Optimization With System-Level Reliability, ASME Journal of Mechanical Design 130, 
021403. 

Nguyen TH, Song J, Paulino GH, 2010: Single-Loop System Reliability-Based Design Optimization Using Matrix-Based System 
Reliability Method: Theory and Applications, ASME Journal of Mechanical Design 132, 011005-1-11. 

Royset JO, Der Kiureghian A, Polak E, 2001: Reliability-Based Optimal Design of Series Structural Systems, J. Eng. Mech. 127(6), 
607–614.  

Schuëller GI, Jensen HA, 2009: Computational methods in optimization considering uncertainties – an overview, Computer Methods 
in Applied Mechanics and Engineering 198, 2-13. 

Song J, Kang W-H, 2009: System Reliability and Sensitivity Under Statistical Dependence by Matrix-Based System Reliability 
Method, Struct. Safety, 31(2), 148–156. 

Tu J, Choi KK, Park YH, 1999: A new study on reliability-based design optimization. Journal of Mechanical Design 121(4), 557–64. 
Yi P, Cheng GD, 2008b: Further study on efficiency of sequential approximate programming strategy for probabilistic structural 

design optimization. Structural and Multidisciplinary Optimization, 35:509–522. 
Yi P, Cheng GD, Jiang L, 2008a: A Sequential approximate programming strategy for performance measure based probabilistic 

structural design optimization. Structural Safety, 30:91–109. 
Youn BD, Choi KK, 2004a: Selecting Probabilistic Approaches for Reliability Based Design Optimization. AIAA Journal, 124, 131-

42. 
Youn BD, Choi KK, 2004b: An investigation of nonlinearity of reliability-based design optimization approaches. Journal of 

Mechanical Design 126, 403–11. 
Youn BD, Choi KK, Park YH, 2003: Hybrid analysis method for reliability-based design optimisation. Journal of Mechanical 

Design,125, 221–32. 

 

RESPONSIBILITY NOTICE 

The author is the only responsible for the printed material included in this paper. 

 


