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Abstract: Electromechanical systems are very common. fipeitance of constructing the dynamical equations of
motors coupled with mechanical systems suggests a newgtrdh the literature, often, the derivation of the dynaathic
equations is wrong. One thinks that the standard derivatiofithe dynamical equations of purely mechanical systems
can be mimicked to electromechanical systems. Unfortiypateeannot. The main reason is that in electromechani-
cal systems one deals with the presence of electromagredtls,fcontinuous entities. This fields store electrical and
mechanical energies. In purely mechanical systems theeceative mechanical energy is stored as elastic or gravi-
tational energy , and the nonconservative terms enter thtimn as nonconservative forces. This cannot be done in
electromagnetic systems. This paper shows the right wagrteaithe dynamical equations applying the results for two
systems. Both systems are formed by a motor, the electrati@agubsystem; a coupling mechanism; and a mechanical
subsystem. In one case the coupling is the scotch-yoke misghand the mechanical part is a cart, modeled as a
particle. In the other the coupling mechanism is a slideartt mechanism and the mechanical system is a sliding mass,
again a particle. To explain clearly the ideas, the dynarmégpuations are derived in a different way, putting in eviden
the common errors. The examples were taken from the retertiire, but the mistakes are older.

Keywords. Electromechanical systems, Lagrangians, Coupled systems, Nonlinear dynamics, Coupling mechanisms

INTRODUCTION

Electromechanical systems are characterized by a mutila¢inte between mechanical and electrical parts (Dantas
et al., 2014, 2016). One particular aspect of systems wittuahinteractions (Jeltsema and Scherpen, 2009) is a &atur
called coupling. In this case, an electromechanical cagpliA very important tool when it comes to formulate an
extended Lagrangian (Haas et al., 2000). Although this tsanmew subject (Wells, 1967), it needs to be discussed.
Basically, this paper analyses two electromechanicaésyst Both have a DC motor coupled to a mechanical part. Their
difference lies in the choice of the mechanical coupling na@ism. The mechanical coupling of the first system is made
by a mechanism calleslider-crank The second uses a mechanism cadleatch-yokeThese systems have a feature: they
work as a sort of master-slave condition. The motor rotatelsthe mechanical part translates. The focus is to formulate
an extended Lagrangian for both systems. This paper alstspmit a mistake commonly made in deriving the dynamical
equations of electromechanical systems. This proceduves g wrong interpretation of coupled systems. It formagdat
a Lagrangian only for the mechanical part, disregardingetbetrical subsystem. When one commits this first mistake is
then led to commit a second unjustified simplification, whiels even more serious consequences. This second mistake
is to say that a torque provided by the motor to the mechasicsiem is a function of the generalized coordinates. But,
of course, the torque is not a function of only the coordisaitealso depends on the initial conditions. Therefore,usm
not be added as a generalized force to the description of dubamical system.

DYNAMICS OF ELECTROMECHANICAL SYSTEMS
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Figure 1 — Electromechanical system with a crank-slider Figure 2 — DC motor

mechanism.
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One of the systems analysed in this paper consists of aglidak mechanism linked to a sliding mass. This
system has a DC motor. There is viscous friction in the diskpted to the motorl{y). The distance related to the
eccentricity of the crank id. The length of the shaft ids. The angles in the crank and in the shaft are givermiy
and ¢(t), respectively. In figure 2 is the electric inductance,is the electric resistance, is the constat voltagey is
the current, representing the time derivative of the electiargeq. This system is a simplified model of the system in
(Avanco et al., 2018). The same system without a penduludrcansidering the sliding particle with masg.

[Step 1: Identifying the problem]

This system has four types of motion involved. The rotationation of the disk, the rotational motion of the shaft
and the moving charges in the electromagnetic subsystdraslbne constraint due to the slider-crank mechanism. It has
two degrees of freedom. The electromagnetic subsystensigided by the chargg(t) and the mechanical part by the
angular displacements(t).

[Step 2: Electromechanical coupling]
For the electromechanical coupling, as it stores magneticgy in the coupling terminal (Woodson and Melcher,

1968), it is interesting to analyse the equation
a7z
=Te.
da €

1)
In most DC motors, the torques is proportional to the armature curremtand the strength of the magnetic field

denoted byke, which is the motor electromagnetic force constant= keg. See (Hughes and Drury, 2013). Substituting
in equation 1 gives fo¥; = #'*:

W =keqa. (2

[Step 3: Kinetic coenergy and potential energy]
First, we begin by writing the position of the mass and thatreh between the anglesand:

x = dcoga) + dscog @), cod @) = (1— Slzsin(a)2> ‘. (3)

Substituting in the equation and deriving in time gives

dsin(a)coga) dsin(a)coga)

x=—da | sin(a)+ T | H(a) =sin(a) + T 4)
ds (1— g—isin(a)z) : ds (1 — g—isin(a)z) :
As aresult, it is possible to simplifywith a function.#". For the horizontal velocity of the mass:
X=—da. 7, (5)
Writing the kinetic coenergy and the potential energy:
R
T=It  dax)?, V=0 (©)
[Step 4: Magnetic coenergy and electric energy]
For the magnetic coenergy of the system:
L I
Wm:7+7/, Wm:7+keqa (7)
For the electric potential energy of the system:
We=0. (8)

[Step 5: Lagrangian for electromechanical systems]
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A formulation for electromechanical system can be develd@éshop, 2008):
L=T-=N+Wmn—We, 9)

_ im@?

L=

. R
+%(—da%)2+%+keqa. (10)

[Step 6: Generalized forces]
For the mechanical coordinateand the electrical coordinatg

Q1= —bma, Q=v-rq. (11)
[Step 7: Lagrange's equations]
d /0¥ 0%
at <0(X> T 9a Qu, (12)
d (0% 07
)% - )

For equations 12 and 13, respectively:

& [jm+ med# 2] + @ bm+ med?# 7] — ke = 0 (14)
141G+ ket = U. (15)
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Figure 3 — Electromechanical system with a scotch-yoke Figure 4 — DC motor
mechanism.

For the system coupled by a scotch-yoke mechanism, theiensare almost the same. This system differs from the
slider-crank in the choice of coupling mechanism. It hasbee object of study to analyze the behavior of electrome-
chanical systems, see (Lima and Sampaio, 2016, 2012). Tdaythe same electromechanical coupling. By changing
the functionz” to

A =sin(a), (16)

the equations for the scotch-yoke system are obtained fnerhagrangian:

P2 22
L= sza +%(—ddsin(a))2+l%+kem. 17)

The equations are:
& [jm+ med?sir?(a)] + & [bm + med?sin(a)cog a)a] — ke = 0, (18)

[§+rq+kea = . 19)
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CONCLUSIONS

Many references claim to write a proper Lagrangian for etenechanical systems, please see (Avanco et al., 2017;
Cveticanin et al., 2018) by adding a torque, said to be imghasethe generalized forces in the Lagrangian’s equations.
This paper shows this is not correct and explains the mistake torque added wrongly in the equations is arbitrary,
it depends only on the coordinates of the system and it mudbenadded as a generalized force. The standard deriva-
tions of the dynamical equation of purely mechanical systelm not apply in this situation. Also, the derivation of a
Lagrangian that only provides mechanical terms of an elewtchanical system is already an error. There must be only
one Lagrangian to describe the whole system. As an examplevodng method, take this solution proposed by the recent
literature (Avanco et al., 2018) for the electromechdrsgatem with a slider-crank mechanism analysed in this pape

Ql = Mmotor(qa 0)7 '\/Imotor(q7 a) = Te(q) — bma (20)

In (Avanco et al., 2018), the torqiMmotor is given by equations (20) and (21) (the equation numbetssmparagraph
correspond to (Avanco et al., 2018)), so as a solution ofuplenl system because (20) cannot be solved alone. With the
hypothesis made, one gets (22) and (23) uncoupling thersys$t@w Mmnotor is Only function of the coordinates and the
initial condition associated to (20) is lost. We stress tl@mpoint, when the hypothesis that the torque is only famcti
of the generalized coordinates is made the initial condliilost, the electrical system is uncoupled, and now depend
of the mechanical system. This mistake is a common one arfiditunately, it pervades the literature. The mistake has
a bonus, if one uncouples the system it is easy to do a lobwiputationsince now one has only an ode to solve. The
reference (Lima and Sampaio, 2018) shows the mistake glefgimally, note that the two Lagrangians are equal, with
exception of the form of theZ” term, that amounts to the description of the geometry of lbogpWhen one discretises
the two problems appears a gyroscopic term, a non-symnuogteiator multiplying the velocity term, identical in thedw
problems. This means there is an exchange of energy betleanibsystems and the non-existence of normal modes in
the linearized equations. This point will be treated in détathe paper.
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