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Abstract: Dynamical problems are governed by initial vajueblems (IVP), often nonlinear, that must be solved to
understand the dynamical features of a problem. Numeriedhotds are very efficient and provide approximations with
the precision required, if one is interested in solving acsfie problem. U'=~*srtunately, numerical approximations do
not provide the insight necessary to understand how a swludepends o 2 parameters of the problem. Sometimes,
perturbation methods help in the sense that they can prandealytical approximation that shows how the parameters
influence the solutions. However to solve a problem for laige intervals require high order approximations that are
cumbersome to derive. This paper uses a symbolic methodite @@proximation of an IVP using Poindar Lindstedt
method. The resulting linear problems are combined to haveral orders of approximations. The approximations are
compared to understand their domain of validity. As a rafeesto estimate the quality of an approximation, a Runge-
Kutta method is used for a specific value of the parameteryufe. To show the main features of the methodology, it is
applied to a non-damped Duffing equation, the simplest neali problem used in Mechanics. It is computed analytical
approximations of displacement, velocity, and frequefaryany order of approximation and initial conditions desir

by the user. To quantify how the order of approximation affee results, the obtained analytical approximations
are evaluated for different combinations of parameteraigal The results show that the number of terms has a great
influence in the accuracy of the approximation, speciallgmwthe term that controls the nonlinearities grows.
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INTRODUCTION

Dynamical systems are governed by initial value problerit®)] which are, usually, nonlinear and frequently do
not have a known solution (see Abarbanel and Sushchik (1993)is article deals with two different approximation
methods to nonlinear IVP solution, an analytical and a nicaemethod. Numerical methods are very efficient and
provide approximations with the precision required, butloes not provide the needed insight to understand how a
solution depends on the problem parameters. Alternatiaelglytical approximations can often be found, partidyafr
nonlinearity is relatively small, Wagg and Virgin (2012).

Perturbation methods are a powerful technique for calicgatnalytical approximations, see Rao (1995), Simmonds
and Mann (1986), Wagg and Virgin (2012). The perturbatiothm@ chosen to be analyzed in this paper is the Poicar
Lindstedt method, which gives an uniformly valid asympt@kpansion for periodic solutions of weakly nonlinear bsci
lations, He (2002). This method assumes that the nonlingusblution is a power series of the perturbation parameter,
which will be introduced in the nonlinear equation. To corngpan analytical approximation, this series should be trun-
cated according to the number of terms desired. As a refetterestimate the quality of an approximation, a Runge-Kutta
method is used for a specific value of the parameters. An ativelerror was determined to quantify the accuracy of
the approximations. Afterwards, we analyzed how the nurobterms influences the analytical approximations domain
of validity. This contribution presents the Poinedrindstedt methodology by applying it to the non-dampedfiDg
equation, the simplest nonlinear problem used in Mechaniose details in Kovacic and Brennan (2011).

ANALYTICAL APPROXIMATION TO DUFFING EQUATION

To explain the PoincérLindstedt method, we will apply it to the non-damped Dgfegquation,

G(t) + cdu(t) + eud(t)

0, @
whereu is the displacement, is the parameter that controls the nonlinearity &hdpresents the derivation in relation to

t. The initial conditions arei(0) = Ag andu(0) = 0. Since this method is used to compute periodic approxanafiwe
define a new non-dimensional paramaters

T = wt, 2

where the angular frequenay, is function of the initial amplitudei, given by
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wW(Ao) = wo+ wr(Ao) + E2wp(Ag) + ... + eNan (Ao) ®)

and eachw, i =1,2,3,..,Nis also function oAy and them are chosen to avoid secular terms in the analyppabaima-
tion, i.e, terms that increase withApplying Eq. (2) into (1), we obtain

w?0"(1) 4+ wd0(1) + €0(1)3 =0, )

where[' represents the derivation in relationto The solution of equation (4) is considered to be a poweeseanie,
given by

(1) = Oo(T) 4 €01(T) + £20o(T) + €303(T) + ... + NN (T), (5)

where eachy; i =0,1,2,3,..,N is an unknown function to be determined from the governingaéigns and the initial
conditions. To calculate an approximation to the solutiegs. (3) and (5) should be truncated according to the order
desired. The truncated equations should be replaced into(Eq After, to form a linear family of IVP, the terms
should be grouped according to the poweeofTo exemplify, we show the linear family of IVP formed coreithg an
approximation of third order. This family is given by

w§Ug + w§lo =0, (62)
W3] + iy = — 0y — 26w 0, (6b)
WP + Wiy = — whlo — 2apw 0 — 2anwp0f — 30103, (6¢)
W3 + wlis = — wfll] — 2anr 05 — 2000 — 2030y — 261 60 (6d)

— 3002 — 3030 .

with initial conditionstip(0) = Ag, U (0) = 0 anduii(0) = ({(0) =0,i = 1,2,3. The Egs. (6) should be solved hierarchically,
since the high order equations are dependent of the lower andes. So, Eq. (6a) is the first one to be solved as
homogeneous equation, with solutiag( 7) = Agcost. Substituting it into Eq. (6b), we obtain

3 3 3
a’gﬁ/ll“‘wgai:(zp@ﬂb(&)l—?)COST—ZOCOSQ'. (7)
Since we are interested in periodic approximations, we mlirsinate secular terms, i. e, terms that grow without bound
astT — c. Observe that the right side of this equation contains a taysm, which results int sint, a secular term. To

avoid this, the coefficients from this term should be matghzero in a way that the term is eliminated. Doing this, we
2
find ay = %. After the resonant terms elimination, the Eq. (7) is sojfedling U; as

Gi(17) = 32A°Z)g (cosJ — cosr), (8)

and subsequently replaced in Eq. (6¢), which becomes

cog31) N 3005{r)> <3A8 N 9A8w1>

~1/ N
“"’“2+“"’“2_< 4 4 8wl 4w

3

+cog(1) (AowarZAOwowz— 722;)1) 9)
3A3\ [/5cog3r) cog5T) 5cogT)

(o) (55T

The same steps used to fingdshould be done to solve Eq. (9). Substituting all the tespend g calculated into Egs.
(5) and (3), respectively, we obtain an analytical appr@tion tou'as function oft. If desired, the approximation can be
written as function of.

Observing the Eq. (9), it is possible to verify that this etiprahas more terms that Eq. (7), consequently, to solve it
is more irksome. This happens because we are solving ani@ujtizdt corresponds to a higher ordercofTable 1 shows
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the relationship between approximation order, quantitgygpfations in the family of IVP, number of terms in the riglulesi

of each equation and the total of terms. Looking at Tab. 1, bseove that the greater the approximation order, greater
the quantity of equations to solve and total of terms. Simmr@imations with high order are cumbersome to solve by
hand, a routine in MATLAB software using symbolic algebrasvaeveloped. This routine allows the computation of
approximations to solution af according to the order desired by the user.

Table 1: Relationship between approximation order, qtyanfiequations in the family of IVP, number of terms in the
right side of each equation and the total of terms.

Approximation Quantity of equations Quantity of terms

order in the family IVP in each equation Total

0

1 2 5 2
0

2 3 2 6
4
0
2

3 4 4 13
7
0
2

4 5 4 24
7
11
0
2
4

5 6 7 39
11
15

DISCUSSION

The symbolic algebra routine implemented in MATLAB softeallows the computation of approximations to the
displacement, velocity and frequency, with desired order and initial conditions. Another roetimalso implemented in
MATLAB, was developed to calculate numerical approximasidou through Runge-Kutta method, using the command
ODE45. The obtained analytical approximations are evatlidr different combinations of parameters values and com-
pared with the numerical approximation to understand tih@main of validity. In Fig. 1, we can observe the analytical
and numerical approximations curves for specific valuerdua interval of time. We select the first and the fifth order
analytical approximation to compare with the numerical,ca®d it is possible to conclude that according to the time
evolution the curves distance. For the first interval of Tthbanalytical approximation are coincident of the numérica
one, while during the second interval, the first order anchilmaerical one begins to separate and the same happens with
the fifth order in the third interval.
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Figure 1: Numerical approximation, (red) and analyticgragimation, (blue). Considering= 1.5, cx =1, Ag = 0.5,
0< T < 10000.

To improve the study about the domain of validity of the apprations, we created a measure of the noncumulative
error, between the analytical and numerical approximatidime error is given by the module of the maximum difference
between the curves during a time inter{@IT] for fixed parameters values, that is

max |[u® (t) — u"(t)], 10
max v (t) — u'(1) (10)
whereu?® is the analytical approximation of ordeandu” is the numerical approximation. Since system trajectory is
periodic, their maximum amplitude has the same value of tiit@l displacementfy. Using this metric, there is a

maximum error which happens when, simultaneously, onecappation are in the maximum displacement and the other
are in the minimum, as exemplified by Fig. 2, therefore theimarn error value is 2.
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Figure 2: Example: error maximum in the displacement
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Figure 3a shows the approximation errors of first and secoddras function off. Observe that the first order ap-
proximation achieved the maximum error where 1000, while the second order approximation presents ercoma
0.1 whenT =~ 1000. Figure 3 shows, as aforementioned, that increaseitexamation order improves the domain of

validity.
L P A 7
| = 1°order 0.1+ = 2°order
0.8 . 20 order ,’, = 3% order //
506/ . 8 e
o e o /4
504 . 5 0.05 e
0.2 ~ e
/ === P ===
0=+ ‘ 0===
0 500 1000 0 500 1000
T [s] T [s]
(a) Error between 1 and 2 order. (b) Error between 2 and 3 order.
x10™
— 3°order . = 40 order .
g 0.01 | [=_4°order .7 ., — 5% order Pa
7/ I
2 B =t o7
= 0.005 . 5 P
Ve 7’ -
P4 7’ -
4 — - ’ - - -
0e==" 0=-= |
0 500 10( 0 500 1000
T [s] T [s]
(c) Error between 3 and 4 order. (d) Error between 4 and 5 order.
%107
= 59 order . 7’
S = 6°order ) P ’
52 .
~ -7
> - - 1
> - - -
0 — — — — —
0 500 1000
T [s]

(e) Error between 5 and 6 order.

Figure 3: Noncumulative error between the analytical ancherical approaches, considerigg= 0.75, ap = 1 and

Ao =0.5.

The next analyzes will be about the influence gthe parameter that controls the nonlinearity, and tha&lrgbndition
of displacementy, in the domain of validity of the analytical approximations
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