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Abstract: This paper shows the computation of the fixed points of a nonlinear rotordynamic system using the normal
forms method. The system has a flexible unrounded rotor, two bearings, and a nonlinear spring-damper at the middle.
The system equations are taken to a normal form by applying a set of coordinates transformation. Then, the fixed points
are computed and compared with numerical integration.
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1 INTRODUCTION

In rotating machinery, some components present a nonlinear behavior, even for small perturbations. That is the case
of hydrodynamic bearings or annular seals. Some authors like Tondl [8], Muszynska [5] and Gasch [1] studied the effect
of nonlinearities on the response of the machine. Depending on the parameters value, different type of responses are
found, such as forward whirl, backward whirl, chaotic responses, among others. One of the most important analysis in
nonlinear systems are the fixed points, as their behavior around those points resembles a linear system. Nonlinear systems
are analyzed by different techniques such as perturbation methods, averaging methods, multiple scales methods and the
normal form method. The latter is used in this work due to its advantages over other methods.

A set of coordinate transformations can be used to simplify the nonlinear equations for a certain point, e.g. around a
fundamental or combinational resonance. Those coordinate transformations are found by using the normal form method,
which are explained and used by Nayfeh [7, 6], Karev [3], Murdock [4], Hochlenert [2]. The first step is to express the
equations in an autonomous first-order form. Second, a polynomial expansion is applied to keep terms up to the third
order. Third, a modal matrix is used to decouple the linear part of the system. Fourth, a near-identity transformation is
applied to eliminate as many nonlinear terms as possible from the equations. Finally, the equations are simplified further
by expressing them in polar coordinates.

2 SYSTEM EQUATIONS

The system shown in Figure 1 considers an unrounded shaft with kζ ,kη as its stiffness along its principal axis of
inertia, a disk of mass md , two massless anisotropic bearings with stiffness kx,ky, and a nonlinear spring-damper system
with cubic stiffness and damping knx,kny,cnx,cny. The system equations are:

Mq̈(t)+K(t)q(t)+KNq(t)3 +Cq̇(t)3 = 0 (1)

where,

M =

[
md 0
0 md

]
,q =

[
ux(t)
uy(t)

]
,CN =

[
cnx 0
0 cny

]
,KN =

[
knx 0
0 kny

]
,Kb = 2

[
kx 0
0 ky

]
,

K(t) = Kr(t)−Kr(t)(Kr(t)+Kb)
−1 Kr(t), Kr(t) =

[
kζ cos2 Ωt + kη sin2

Ωt (kζ − kη)cosΩt)sinΩt
(kζ − kη)cosΩt sinΩt kζ sin2

Ωt + kη cos2 Ωt

]
.

(2)

M is the mass matrix, K(t) is the stiffness matrix, Kr(t) is the rotor stiffness, Kb is the bearings stiffness matrix, KN and
CN are the nonlinear stiffness and damping matrices, q(t) is the displacement vector in terms of the displacement of the
center of disk ux,uy. The notation q2 and q3 correspond to a element-wise power operation.
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Figure 1: Rotordynamic system.

3 NORMAL FORM TRANSFORMATION

The objective of the normal form transformation is to determine the fixed points of Equation (1) by using a set of
coordinate transformation in which the resulting equations are in a simpler form. The 5-step procedure is found below.

3.1 Augmented autonomous system

First, the equations are expressed in a first-order form by using the state vector

q =
[
q1 q2 q3 q4 q5 q6

]T
=
[
ux u̇x uy u̇y ei2Ωt e−i2Ωt

]T
, (3)

where the complex exponentials were introduced to eliminate the time-dependent terms.

3.2 Polynomial expansion

A Taylor polynomial expansion of order 3 is applied and the equations take the form

q̇ = Aq+ f2(q)+ f3(q), (4)

where A is the Jacobian matrix, and f2, f3 are monomials of degree 2 and 3 respectively. Using (3) and (4) in (1), the
following set of equations are obtained:

q̇1 =q2,

q̇2 =c1q1 + c2(q5 +q6)q1 + c3(q5 −q6)q3 + c4(q5 +q6)
2q1 + c5(q2

6 −q2
5)q3 + c6q3

1 + c7q3
2,

q̇3 =q4,

q̇4 =c8q3 + c9(q5 +q6)q3 + c10(q5 −q6)q1 + c11(q5 +q6)
2q3 + c12(q2

6 −q2
5)q1 + c13q3

1 + c14q3
2,

q̇5 =2Ωq5i,

q̇6 =−2Ωq6i,

(5)

where c1, . . . ,c14 are complex constants.

3.3 Modal transformation

By using the eigenvectors matrix q = Rx of the linear part, Equation (5) is written as:

ẋ = f(x) = ΛΛΛx+F2x2 +F3x3 (6)

where ΛΛΛ = R−1AR = diag(iω1,−iω1, iω2,−iω2,2iΩ,−2iΩ), F2 = R−1f2, F3 = R−1f3. ω1 and ω2 are the natural fre-
quencies and Ω the rotor speed.

3.4 Normal forms transformation

The objective of the normal form transformation is to take Equation 6 into the form

ẏ = h(y) = ΛΛΛy+H2y2 +H3y3 (7)
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by using the near-identity transformation

x = g(y) = y+G2y2 +G3y3. (8)

By substituting Equations (7) and (8) into (6) and equating the coefficients, matrices G2 and G3 can be chose such that
the most amount of terms from H2 and H3 are eliminated. Thus, all nonlinear ymk1

1 , · · ·ymkl
6 terms can be eliminated except

those that fulfill the resonance condition

λ j =
6

∑
l=1

mklλl , with
6

∑
l=1

mkl = i , for i = 1,2,3. (9)

where n and k are index related to the j-th row and the k-th column of matrices H and G.

3.5 Normal Form in Polar Coordinates

The final transformation

y1 = r1ei(ϕ1+Ωt), y2 = r1e−i(ϕ1+Ωt), y3 = r2eiϕ2 , y4 = r2e−iϕ2 , (10)

takes the complex 6-dim system of Equation (7) to a real 4-dim set of Equations. Inserting (10) into (7), and considering
an analysis around Ω ≈ ω2, yields the equation in normal form

ṙ1 = d1r3
1 +d2 sin(2ϕ1)r1,

ϕ̇1 = d3r2
1 +d4 cos(2ϕ1)+d5 −Ω,

ṙ2 = d6r3
2,

ϕ̇2 = d7r2
2 +d8.

(11)

where d1 . . . ,d8 are real constants.

4 NUMERICAL RESULTS

The normal forms is validated by comparing the numerical integration of Equation (5) and the results of Equation
(11) for Ω ≈ ω2 ≈ 31.62, as shown in Figure 2. The difference between both curves is relative small, showing a good
agreement.

Figure 2: Fixed point variation with the excitation frequency for kx = 5 · 102N/m, ky = 1.75 · 103N/m, kη = 2 · 103N/m,
kζ = 103N/m, m = 1kg, cnx = cny = 50Ns/m.
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4.1 Conclusions

In this paper it was able to simplify the nonlinear equations of a rotordynamic system. A set of 5 coordinate trans-
formations was used to eliminate as many nonlinear terms as possible. The most important transformation is the normal
form. It is based on a near-identity transformation that can eliminate all nonlinear terms except those that fulfill a res-
onance condition. The final equations are written in polar coordinates and represent the behavior of the system near
Ω ≈ ω2. The method was compared with the original equations and they showed a good agreement.
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