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Abstract: Because of diameter-to-length ratio of the drilling system, torsional vibration mode is present in most drilling
processes and may reach an undesired severe stage: stick-slip phenomenon. The stick-slip phenomenon is the main
source of component failures during drilling process and may excite other vibration modes. In this work, the nonlinear
behavior of an experimental apparatus simulating drill-string in reduced scale is approached. The lumped parameters
technique is used to achieve the equations of motion. The nonlinearity rises from the adopted dry friction model which
simulates the bit-rock interactions. Numerical and experimental results are compared in order to validate the mathe-
matical model. Subsequently, the local stability analysis is performed using Hurwitz criterion: the equilibrium branches
and the torsional map are found. One may observe that the limit points experience Hopf bifurcations. The limit cycles
are found numerically. For this, the reference angular velocity is used as bifurcation parameter. Basins of attraction
also indicate the coexistence of both stable equilibrium and limit cycle for a range of the bifurcation parameter. The
kinetic coefficient of friction is modified and its influence is analyzed.

Keywords: Nonlinear analysis, stick-slip phenomenon, drill-string experimental set-up, dry friction-induced vibra-
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INTRODUCTION

Because of diameter-to-length ratio of the drilling system, torsional vibration mode is present in most drilling pro-
cesses and may reach an undesired severe stage: stick-slip. This stage consists of a complete arrest of the drill-bit (stick
phase), while the top continues rotating and storing elastic torsional energy in the drill-string. Suddenly, the energy stored
overcomes the friction torque and the drill-bit is released to rotate (slip phase) - converting potential energy into kinetic
energy. The stick-slip phenomenon occurs approximately 50% of the total drilling time (Kriesels et al., 1999 apud Patil
and Teodoriu, 2013) and it is the main source of component failures during drilling process. Also it may excite axial
vibration in its severe way: bit-bounce (Saldivar et al., 2011). According to Patil and Teodoriu (2013) the torsional vibra-
tions while drilling is one of the severe types of drill-string vibration which deteriorates the overall drilling performance,
causing damages of the bit, failure of bottom-hole assembly (BHA), torsional fatigue of drill-string, and excites other
vibration modes.

This work aims to investigate the nonlinear behavior of a experimental set-up simulating a drill-string system. The
torsional vibration mode was isolated and the stick-slip phenomenon was observed. The mathematical model used was
compared with experimental data in Cayres et al. (2018). The brake device which creates friction in the the test rig
possesses the possibility of changing the material responsible for the friction. Keeping in mind this material change
possibility, which may lead to different coefficients of friction, we varied the kinetic coefficient of friction in order to
investigate its influence on the response of the system numerical model.

MATHEMATICAL MODEL OF THE TEST RIG

The experimental set-up is thoroughly described in Cayres et al. (2018). The test rig is shown in Fig. 1. Figure
2 illustrates a schematic diagram of the test rig. The system is composed by a DC-motor which provides torque to the
mechanical part. This latter consists of a low-stiffness shaft and two discs: Disc 1 (R;) and Disc 2 (R;) have the mass
moments of inertia J; and J,, respectively. The system may be modeled as described in Eq. (1).

Jlél +d1 (91 —62)+k1512+Tr1(91) =0

Jgé] +d1 (92—91)+d2(92—93)+k2523—k1612+Tr2(92) =0
dr(63-62) —kaSo3 =1 (K7 i—Cpym 63— Ty — J,ym 63)
LY+Ri+Kgn b3 =u.

(D

The stiffnesses are denoted by k; and k;, as well as d; and d, denote the damping. The angular displacements,
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Figure 1 — Drill-string experimental set-up. (a) Disc 1 (R,) and brake device 1, (b) Disc 2 (R,) and brake device 2
and (c) DC-motor (Cayres et al., 2018).

bearing support bearing support
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Figure 2 — Schematic diagram of the test bench (Pereira et al., 2018).

velocities and accelerations are denoted by 6;, 6; and 6; for i = 1,2, 3, respectively. The angular displacements are denoted
by 812 = 01 — 0 and 8,3 = 6, — 05. The electric current of the DC-motor is denoted by i. L and R are the armature inductance
and resistance, respectively. The angular velocity 6, is the velocity of the inertia of the DC-motor J,,. C,, and K7 are the
speed regulation and constant torque of the motor, respectively. Further, K¢ consists of the voltage constant and T is the
internal friction torque. The input voltage is denoted by u. The relation between the subsystem are 6,, =17 63 and 17 = 8.
Therewith, J3 = n2J,,. From Eq. (1), the system may be rewritten as state space formulation. The following equations
(Egs. (2) and (3)) show the state variables and state equations, respectively

91 - 92 X1
6,-06; X2
_ 91 _| X3
X= 9'2 - X4 ’ (2)
93 X5
i X6
X1 =X3—X4
X2 = X4 — X5
X3 =|-dix3 +d1x4—k1x1—Tr1 ()C3)]/11 3)
X4 =|dix3— (d] +d2))€4 —dpxs+kixi—koxp— Trz (X4)] /Jz

X5 =|kpxp — (nZCm +dp)xs +dyxa + MKy x6— T]Tf] 173
X6 =[-Rx¢—NMKgxs+u] /L,
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Following, the resistive torque is expressed as (Mihajlovi¢ et al., 2004; Vromen, 2015; Liu et al., 2017)
Ty (61) = Nir [+ (=) -1 -sign (61), @)
where r; is the distance between the contact point of the pin and the geometric center of rotation of disc Ry, N; is the

normal force applied on Ry, s and L are the static and kinetic coefficients of friction, vy, = 1 is a decay factor. In order to
avoid numerical discontinuity in Eq. (3), the friction model in Eq. (4) is rewritten as follows (Thomsem, 1999)

R U 91 /a)s for |01| < @y
T, (61) =N, T . : : 5
1(01) m{ [Hk+(ﬂs—ﬂk)'€ wa“]'SIgn(el) for 161]> o )
where @, = 1073, Figure 3 graphically illustrates the
U
A
Us = =\
e - —|- - ==
91 91
I ‘u,s
(a) (b)
Figure 3 — Friction model (a) with discontinuity represented by Eq. (4), and (b) without discontinuity represented
by Eq. (5).

The DC-motor presents a PI internal controller which is responsible to maintain the angular velocity of the motor.
Herein, this input voltage may be expressed as

t
u:k,, (w,ef—xs)+k,-f0 ((Dref—X5)dt (6)

where k, and k; are the proportional and integral constants, @y is the reference angular velocity in rad/s. This relation
in Eq. (6) maintains the idea of a desired angular speed that is imposed by an operator.

The system behavior during stick-slip is compared in Fig. 4. This latter illustrates the similar behavior of the numerical
and experimental models. The electrical and mechanical parameters used in simulations are described in Tabs. 1 and 2,
respectively.

Table 1 — Electrical parameters of DC-motor.

Parameter  Description Value Unit

Armature inductance 8.437 %107 H
Armature resistance 0.33 Q

Kr Torque constant 0.126 Nm/A

Kg Voltage constant 0.0602 V/(rad/s)

Ty Friction torque 0.1196 Nm

Cn Speed regulation constant  1.784 107 Nm/(rad|/s)

kp proportional constant 2.800 -

ki integral constant 3.500 -
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Figure 4 — Test rig response for 3.14 rad/s (30 rpm) with (a) stick-slip and (b) stick-slip zoomed. N, =25.0 N and
T, =0.0 Nm. Continuous gray and dashed black lines contain experimental and numerical results, respectively
(Cayres et al., 2018).

Table 2 — Mechanical parameters of test rig.

Parameter Description Value Unit
Ji R; moment of inertia 0.0288  kgm®
Js R, moment of inertia 0.0149  kgm?
J3 DC-motor moment of inertia  0.0237 kgm?
ky stiffness between Ri-R» 1.1175 Nm/rad
ko stiffness between R,-Motor 0.3659 Nm/rad
dp damping between R;-R; 0.0202 Nms/rad
dy damping between Ry-Motor ~ 0.0167  Nms/rad
Us static friction coefficient 0.47 -
Jin kinetic friction coefficient 0.30 -
Vi decay factor 0.978 s/rad

STABILITY ANALYSIS

The qualitative structure of motion, considered as a dynamic flow, can change when certain parameters vary. There-
with, stable solutions can be created or destroyed, or become unstable. Stable equilibrium points or trajectories (all
discs with the same angular velocity ®,.r) and stable limit cycles (torsional vibration at the discs) were observed in the
experimental set-up. Thereby, these behavior sets are addressed.

Equilibrium points

Reminding that the test bench system described by Eq. (1) presents nonlinearities rising from the friction torque
model on Ry, and at the moment, there is no torque applied on Disc 2 (R3), so that 7, = 0.0 Nm. For the analytical
and stability analysis, the resistive torque described by Eq. 4 is used. Therewith, in the equilibrium points it holds that
(512,623, 6,,6,, 93,1') = (51*2,52*3,(()*,&)*,&)*,1'*) and u = u, so that u, is a constant. Also, dj2 = 6; — 0, and 63 = 6, — 65.
Thereby, Eq. (1) becomes

ki 65+ T, (0*) = 0,
ka8 —ki 85 = 0,
Can*0* -k 853 = nKri*-nTy,
Ri* +NKg ©0* Ue.

)

The third equation of (7) means a torque balance of the electro-mechanical system:
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Cmnzw*+T,,(w*)+an:nKTi*, (8)

where the right side means the provided torque and the left side the loss torques. Also, one may verify the equilibrium
point as

S* _ -1y (wf)

12 &K

~T,, (@)

* sl 9
oy = o )
i* _  uc—nkpo*

—

Local stability analysis

In order to analyze the local stability for @y.r > @Wyin, the system is linearized around an equilibrium point. First, Eq.
3 is rewritten as follows

X1 =X3—X4

X2 = X4 — X5

X3 = [—d1X3 +dixs—kix1 =T, (x3)]/J1

X4 = [d1X3 —(dy +dp)xs —drxs + ki x; ~kyxo T, (X4)] /J2 (10)

X5 = [k2x2 - (T]ZCm +d2)X5 +dyxa + NKr x6 - nrf] /./3
X6 = [—RX6 - NKEXxs +kp ((Dref —)C5) +ki)€7] /L,
X7 = Wref — X5,

and the Jacobian matrix around an equilibrium J* may be performed.

0x;
* = 11
J [ axj] (11)
Herein, AT, is defined as
_dr,
AT, = & (12)
del 91=w*

The characteristic polynomial of the matrix J* is presented as follows

A +a A8+’ +asA* + aud’ +asA? +agh + a7 = 0. (13)

Therewith, the Hurwitz criterion is applied. Herein, all the A; are polynomials as functions of AT;,. Therefore, one may
state that the equilibrium point of the system is asymptotically stable for

ATy, > AT,

min

(14)

where AT, . =max(ATy,), and ATy, is the largest real part of the roots of the polynomial A; for i = 1,2,...,7. For the

system parameters (Tabs. 1 and 2), we obtain

Nms
rad

AT, . =-0.0128

Fonin 15)

Figure 5(a) illustrates the following case: Nj = 10.0 N, the system is locally stable for 8; > 1.994 rad|/s. For 6; < 1.994
rad s, the stability is not ensured. In addition, Figure 5(b) shows the case that Nj =20.0 N, the system is locally stable for
0 >2.689 rad/s, and for ) < 2.689 rad|/s, the system is unstable, according to Hurwitz criterion. As one may also verify
in Fig. 5, the negative slope of the friction model may be crucial to the stable solution. The coefficient of kinetic friction
My is 0.3.

Using the performed stability analysis so far, the equilibrium set expressed by Eq. (9) is illustrated in Fig. 6. Before
the minimum angular velocity @,,, there exists a stable equilibrium branch which means that the system remains still
(not enough torque to overcome the losses). Thereafter, the equilibrium branch becomes locally unstable. For speeds
above the critical velocity observed in Fig. 5, the equilibrium branch becomes stable again.

The torsional vibration map (TVM) may also be obtained (Cayres et al., 2018) via Hurwitz criterion (Leipholz, 1970;
Franca, 2004; Navarro-Lépez and Sudrez, 2004) using L = 0.3. Figure 7(a) illustrates two zones: one with stable periodic
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Figure 5 — Graphic illustration of the local stability analysis via Hurwitz criterion for (a) N, = 10.0 N, and (b)
N, =20.0 N. Continuous and dashed lines mean asymptotically local stable and unstable, respectively, = 0.3 and
Ty, =0.0 Nm.

solutions and the other with equilibrium solutions (Nayfeh and Balachandran, 2008). This means that in the left side of
the curve, the system undergoes torsional vibrations (upper Fig. 7(b)) and, in the right side, it presents no vibration (lower
Fig. 7(b)).
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Figure 6 — Local stability analysis of the equilibrium branch (Eq. (9)) via Hurwitz criterion for (a) ~, = 10.0 N, and
(b) N; =20.0 N. Continuous and dashed lines mean locally stable and unstable branches, respectively, 1, =0.3 and
T, =0.0 Nm.

INFLUENCE OF COEFFICIENT OF KINETIC FRICTION px

In the previous section, we identify stable and unstable equilibrium branches of the system. However, the friction
proprieties may change over some circumstances, such as lithology, rock variation or/and bit wear.

Herein, we perform an analysis of the influence of the friction on the stability of the system. The coefficient of kinetic
friction y is increased 0.3 up to 0.375 while the coefficient of static friction one is kept constant t; = 0.47. The former
value (u; = 0.3) was identified in Cayres et al. (2018) for the test rig (Fig. 1). Figure 8 shows different curve for each p
value.

We observe that the system performs equilibrium and periodic solutions depending on the reference angular velocity
@y.¢. The limit cycles and equilibria are numerically obtained via PyDSTool package (Clewley et al., 2008). The
bifurcation diagram is performed for different values of y;. The maximum values of the angular velocity of the Disc
1 (Ry) is plotted when a periodic solution is found, while the normal force N; is kept constant (Fig. 9(a)). In this
figure, a supercritical Hopf bifurcation occurs in @y.r ~ 0.0 rad/s, and stable periodic branches arise while an unstable
equilibrium branch appears (the dashed line of 6, varying linearly with w,.r). Thereafter, the periodic solution amplitudes
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Figure 7 — (a) Torsional vibration map and (b) time response of the Disc 1 (R,) for 2 rad/s (upper) and 4 rad/s
(lower). Ny =0.0 Nat 0<¢ <50 and N; =20.0 N at ¢ > 50, 1, =0.3 and T, =0.0 Nm (Cayres et al., 2018).
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Figure 8 — Representation of the friction model (Eq. (4)) for — p; = 0.300; — yy = 0.325; — wy = 0.350; and — y;, = 0.375.

increase with the increase of @,.r and then there exists an unstable periodic branch and subcritical Hopf bifurcation
occurs. Subsequently, a stable equilibrium branch arises (no torsional vibration). Figure 9(b) illustrates the torsional
vibration map for different values of y;. From this graphs, we conclude that the vibration amplitude reduces when L
approaches ;. Also, the equilibrium branch arises earlier for bigger u; value compared to smaller y; value. Furthermore,
the equilibrium zone is bigger for p = 0.375 than y; = 0.30.

In a situation that the coefficient of kinetic friction is very close to the static friction (L ~ L), the system presents
only equilibrium zone (or a very small periodic solution zone) as we may see in Fig. 10(a). Equation (4) now represents a
Coulomb friction model as we may observe in upper Fig. 10(b). Lower Fig. 10(b) illustrates, according to Eq. (12), that
the equilibrium branch is stable for all reference angular velocity domain @y s.

The plane portraits and the time response of the numerical model are depicted in Fig. 11. Figure 11(a) illustrates
the 8, amplitudes decrease with increase of u;. However, more evident is the variation of the static equilibrium point
represented by the displacement of the orbits to the left until it becomes a dot in the chart (1 = 0.465 ~ ). The time
response for each adopted value of u; is depicted in Fig. 11(b) - except for y; = 0.3 which was illustrated in Fig. 7(b).
The brown dot in the Fig. 11(a) is a straight line in Fig. 11(b), presenting no torsional oscillation. Figures 11(c) and (d)
depict the angular displacement difference 6, as function of time: in these graphs the decrease in oscillation amplitudes
is more evident when i increases.

CONCLUSIONS

An experimental apparatus simulating a drill-string system was developed and the torsional behavior was isolated. A
low-stiffness shaft transmits rotational motion from DC-motor to two discs with moments of inertia J; and J, - Disc 1
(R1) and Disc 2 (R). In the former, we applied a friction torque in order to induce torsional vibration, whereas in the
latter we did not apply any torque.

Experimental observations have proved the existence of stick-slip phenomenon for a given combination of normal
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Figure 10 — Local stability analysis via Hurwitz criterion: (a) Torsional vibration map, and (b) Eqgs. (4) and (12).
—11y = 0.465 (~ 15). Ny =20 N and T;, = 0.0 Nm.

force (N1) and reference angular velocity (@y.r). The brake device which creates friction in the the test rig possesses
the possibility of changing the material responsible for the friction (for a more detailed description of the experimental
apparatus see Cayres (2018)). Therewith, the coefficients of friction also may change.

In this work, we used the compared and validated numerical model (see Cayres et al., 2018) to investigate the influence
of different kinetic coefficients of friction t; on the dynamics of the system. About the friction model, we may state that
the friction slope is substantially linked to the stability of the system solutions. In fact, some researchers show the system
instability in a range of the bifurcation parameter equivalent to the negative slope of the friction model (Mihalovi¢, 2005;
Kang et al., 2009). We also observed this statement in Figs. 5 and 6.

The maximum amplitudes of the system in the bifurcation diagram become smaller as i approaches i, and the
periodic solution zone reduces (Fig. 9). An ultimate case that ;. = U, the friction model becomes the Coulomb friction
model and no instability is observed in the equilibrium branches according to Hurwitz criterion. Therefore, we may
conclude that the Coulomb friction model does not provide stick-slip phenomenon in the system. One could propose to
increase the normal force Ny, but if we do increase it the system will continue to rotate with no torsional oscillation. If
we increase N; up to a value for the which the Disc 1 does not rotate while the DC-motor continues to impose torque,
the shaft would deform permanently (deformations bigger than the deformations of elastic linear region assumed in the
model). Physically, this is because we considered that the DC-motor has an angular velocity regulator which maintains
(or tries to) the reference angular velocity (@y.r) constant - the internal PI controller usual in torque providers.

As already stated, the slope of the friction model is extremely important to model stick-slip in the system. The slope is
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referenced as weakening velocity effect which provides a “trap zone” of vibrations, creating a periodic solution attractor.
This effect is responsible for the self-sustained vibration characteristic in this sort of system.
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