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Abstract: Models of piled-raft foundations are important in understanding dynamic soil-foundation interaction 

problems. These models usually consist of a model of surface plate and a model of embedded pile, which are coupled 

through direct kinematic compatibility and equilibrium at their interface. This results in a perfectly bonded contact 

condition at the plate-soil and pile-soil interfaces. However, a perfectly bonded contact is an inaccurate model for 

many practical applications. In this work, we present a model of arbitrary bonding conditions at the plate-soil 

interface. A Winkler layer is incorporated at that interface so that various continuity and equilibrium conditions can 

be incorporated. An Indirect-Boundary Element scheme is used to model the fully coupled raft-Winkler layer-pile-soil 

interaction, which accurately takes into account the energy transfer from and to each part of the system. The model 

enables the representation of arbitrary conditions between the bounds of perfectly bonded and perfectly uncoupled 

plate-soil interaction. 

Keywords: dynamic soil-foundation interaction, Winkler layer, BEM-FEM coupling 
 

INTRODUCTION 

The authors of this work have recently presented a model of the dynamic interaction between a piled-raft foundation 

and its underlying soil (Barros, Labaki and Mesquita, 2018). Their work considered time-harmonic vertical excitations. 

The raft was modeled as a rigid, circular surface plate. The model was obtained by discretizing the unknown traction 

distribution at the plate-soil interface into concentric annular surfaces in which the tractions were assumed to be 

constant (Lysmer, 1956). The rigid plate condition that the vertical displacement of all annular surfaces was the same 

yielded an algebraic system of equations from which the contact tractions were obtained (Labaki, Mesquita and 

Rajapakse, 2014). The pile was modeled as a one-dimensional, elastic finite element body. Its bonding with the 

surrounding soil was obtained by establishing direct kinematic compatibility and equilibrium at discrete points of the 

pile-soil contact. Finally, the soil was modeled as a homogeneous, transversely isotropic, three-dimensional half-space 

(Rajapakse and Wang, 1993). Stress and displacement fields in the half-space were obtained through the Indirect 

Boundary Element Method (IBEM) (Vable and Ammons, 1995) for subsequent bonding with the plate and pile bodies. 

This fully coupled model accurately accounted for the energy transfer from the plate to the pile through the soil, the 

disregard of which has been shown to incur in significant physical inconsistencies (Barros et al., 2018).  

Despite its contribution to the understanding of piled raft-soil interaction problems, the aforementioned model is 

limited in that it considers perfectly bonded contact between the pile and the soil. In practical applications, this is the 

unattainable limiting condition in which the construction of the system free of flaws. This article proposes an 

improvement in the model to consider intermediate bonding conditions. A Winkler layer is added at the plate-soil 

interface, in which arbitrary bonding conditions from perfectly bonded to perfectly uncoupled may be considered. The 

paper presents numerical results for different bonding conditions. The results provide significant insights on the effect 

of imperfect construction in the response of the system. 

Statement of the problem 

Consider a three-dimensional, transversely isotropic half-space described by constitutive parameters c11, c12, c13, c33 

and c44, and mass density ρ. A pile of radius ap, length lp, Young’s modulus Ep, and mass density ρp is buried in the 

half-space. The pile tip is connected to a rigid circular plate or radius ab and mass mb. An elastic Winkler layer of 

vertical reaction coefficient kw connects the plate to the surface of the soil (Fig. 1). Throughout this article, sub-indices 

p, b, and w refer respectively to the plate, the pile, and the Winkler layer. The system is under vertical, time-harmonic 

excitations of frequency ω. The aim of this work is to determine the influence of kw in the vertical dynamic response of 

the surface plate. 

FORMULATION 

Let ur(r, z) and uz(r, z) be the displacements of the half-space in the r and z directions, respectively. A solution for 

the equations of motion of the half-space were presented by Rajapakse and Wang (1993) in terms of Hankel transforms 
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– improper integrals of singular, oscillatory-decaying kernels. Computing these integrals is the most computationally 

demanding task in the present model. In the present implementation, these are obtained by incorporating a small 

damping factor η into the elastic constants in order to smooth out singularities (Christensen, 2010), plus a series 

extrapolation scheme to deal with the oscillatory-decaying terms (Wynn, 1956).  

 

Figure 1 – Piled-raft and Winkler layer over the soil surface 

Consider initially the perfectly bonded plate−pile−half-space problem. For this case, the equilibrium at the 

plate−half-space contact surface can be written as: 

 
b

p

a
2

0 b 0 b 0
a

Q 2 t rdr f m u− π − = − ω , (1) 

in which Q0 is the amplitude of the external force (Fig. 1), tb(r) is the contact traction at the interface, f0 is the force 

at the plate-pile interface, and u0 is the rigid-body displacement of the plate. The unknown traction field tb can be 

discretized into nb concentric disc areas of inner and outer radii r1k and r2k, sb={sb1 sb2 … sbnb}T (sbk=πr2
2k−πr2

1k) with 

uniform traction distribution tbi (i=1,nb), tb={tb1 tb2 … tbnb}T. Equation (1) for the discretized area is: 

 T 2
0 b 0 0f m u Qb bs t + − ω = . (2) 

On the other hand, the pile−half-space contact surface is discretized into np cylindrical segments of length le and 

radius ap, plus one disc element of radius ap at the pile tip. A total of nn=np+1 elements are used to discretize the 

pile−half-space interaction. The dynamic equilibrium of this system is written as 

 ( )2
f 0fp 0K M u +At i 0− ω − = , (3) 

in which i0={1 0 0 … 0}T, tp={tp1 tp2 … tpnp}T is the vector of contact tractions at the discretized pile−half-space 

interface, uf is the vector of nodal displacements of the discretized interface, and A is a transformation matrix given by 

Ai,i= Ai,i−1=πaple
(i), i=1,…,np; Anp+1,np+1=πap

2, Aij=0 otherwise. 

In Eq. (3), K and M are global stiffness and mass matrices of classical one-dimensional, two-noded elastic finite 

elements which are used to model the pile in this formulation. 

An Indirect Boundary Element framework is used to incorporate the response of the half-space into the formulation 

above. The values of constant tractions and displacements at the nn+nb elements due to arbitrary fictitious loads q can be 

expressed as: 

 p pp p pb bu U q U q= + , (5) 

 b bp p bb bu U q U q= + , (6) 

 p pp p pb bt T q T q= + , and (7) 

 b pp p pb bt T q T q= + , (8) 

in which up and ub are the vertical displacements of the pile and plate elements, tp and tb are the tractions in those 

elements, and qp and qb are the fictitious loads applied in the pile and plate elements. The terms of matrices Uij and Tij 



P.L.A. Barros, J. Labaki, E. Mesquita 

refer to displacement and tractions of elements of i (i=b,p) due to unit fictitious loads applied in elements of j (j=b,p), in 

which b and p refer to the plate or the pile, respectively.  

Substituting Eqs. (5) to (8) in (3) yields 

 ( )2
f 0fpp p pb b 0K M u +AT q +AT q i 0− ω − = , (9) 

since Tbp=0 and Tbb=I (the plate rests on the traction-free surface of the half-space), where I is the identity matrix. 

By imposing continuity at the pile tip−plate interface, u0=i0
Tuf, Eq. (2) can be written in terms of fictitious loads as 

 
2

b 0 0m f Q
T T T
0 f b pb p b bb bi u s T q +s T q− ω + + = , (10) 

Finally, continuity between the displacements up of the half-space (Eq. 5) and the nodal pile displacements uf, 

up=Duf, means that Eq. (5) can be written as 

 f pp p pb bDu U q U q 0− + + = , (11) 

in which the transformation matrix D is 
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For the case in which a Winkler layer of vertical reaction kw is introduced between the plate and the half-space, the 

rigid-body displacement u0 of the plate differs from ub. In this case,  

 ( )wk
*

b b bt u u= − , (13) 

in which u*
b are the displacements of the discretized plate above the elements of the Winkler layer. Since the plate is 

rigid, then 

 *
b

T
0 fu 1 i u= ⋅ , (14) 

where 1 is a vector of ones. Substituting Eqs. (6) and (8) into (14) yields 

 ( ) ( )w w wk k kT
0 f bp bp p bb bb b1 i u U T q U T q 0− ⋅ + + + + = , (15) 

Equations (9) to (11) and (15) can be combined into 
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. (16) 

NUMERICAL RESULTS 

Figure 2a considers the case of external excitation of a rigid plate at the surface of the half-space. The results are 

presented in terms of the normalized vertical compliance of the plate, c*
ZZ=cZZ/cZZ(a0=0), in which cZZ=u0apµs/Q0, with 

respect to the normalized frequency a0=ωap√ρ/µs. An analysis of this problem can be obtained with the present 

implementation by considering that the dimensions of the pile are much smaller than those of the plate, and the material 

properties of the pile are equal to those of the soil. On the other hand, Fig. 2b shows the corresponding results for a 

piled raft, in which a pile of length lp=10ap is considered. The influence of the stiffness of the Winkler layer kw is shown 
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in comparison with the perfectly bonded case, in terms of its normalized value k’w=kwab/µs. Figure 2b shows that the 

frequency response of the system for any elastic bond between the plate and the soil differs significantly from the 

perfectly bonded case. 

c
* Z
Z

 

(a) 

|c
* Z
Z
|

(b) 

Figure 2 – Influence of Winkler layer in the response of (a) the surface raft and (b) the pile raft 

CONCLUSIONS 

This article presented a model of the time-harmonic response of piled raft foundations with elastic bond between the 

raft and the soil. An IBEM model of the soil was coupled with the plate and the pile at discrete points. Elastic continuity 

conditions were established at the plate-soil interface to represent imperfect bonding conditions. The results showed that 

different bonding conditions affect the dynamic response of the system significantly. 
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