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Abstract. The present work investigates the planar heated jet using high-ordered and Essentially Non-Oscillatory scheme
on the framework of direct numerical simulation of a two dimensional domain with uniform velocity profile. Numerical
findings are in agreement with the current understanding of turbulent jet flows.
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1. INTRODUCTION

Compressible flows dominated by convection, typically found in aeronautics and combustion problems, may present
discontinuous regions. Standard high-order interpolations uses a stencil with many points at once to create a polynomial
function that interpolates the values in these points. If this stencil is in a smooth region the approximation will be very
accurate. However, if a discontinuity is present between those points that makes up the stencil, this polynomial function
will exhibit oscillations known as Gibbs phenomenon (Hewitt and Hewitt, 1979).

There are some methods like artificial viscosity (Neumann and Richtmyer, 1950), the Godunov scheme (Godunov,
1959) or the Roe scheme (Roe, 1981) to deal with discontinuities. These methods are suitable for treating Gibbs phe-
nomenon. However, they contain large numerical dissipation in the smooth region of the solution, thus it is not rec-
ommended for numerical simulations involving turbulence (Shu, 2012). Other schemes with second order accuracy like
MUSCL and Total Variation Diminishing (TVD) schemes are used to resolve compressible flow problems with disconti-
nuities and turbulence. However, there is a compromise between the order of the method and the mesh size to numerically
solve the governing equations. Thus, it is recommended to use methods with accuracy higher than second-order when
solving a direct numerical simulations to reduce higher computational costs.

Harten et al. (1987) developed a method that is at the same time high-order accurate and non-oscillatory. Unlike
standard finite difference scheme, the so-called ENO (Essentially Non-oscillatory) scheme uses an adaptive-stencil ap-
proach. Divided differences are used to assess the smoothness of the sub-stencil for the polynomial reconstruction. Liu
et al. (1994) put forward a variation of ENO called Weighted ENO (WENO) which is a third-order accurate finite volume
method. Later, Balsara and Shu (2000) provided a arbitrary-order accurate finite difference WENO scheme. Recently,
some works (Hu et al., 2016; Balsara et al., 2016; Acker et al., 2016; Borges et al., 2008) have been developed with
improvements to WENO implementation.

Instead of choosing just one candidate stencil to the reconstruction procedure like ENO, the WENO makes a convex
combination of all candidate stencils. WENO uses a smoothness indicator based on the sum of the squares of L2 norms.
In the polynomial reconstruction the sub-stencils are multiplied for non-linear weights, which are inversely proportional
to the smoothness indicator. In presence of a discontinuity the smootheness indicator will be higher and the weight tends
to zero. In this way, WENO scheme achieve orders higher than ENO scheme for the same stencil.

2. GOVERNING EQUATIONS

The governing equations used to described the fluid dynamics of the investigated case are the well known Navier-
Stokes equations for a viscous and compressible fluid. These are presented by Equations (1)-(3) and represents Mass
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Conservation, the Momentum Transport and Energy Transport, respectively:
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where, ρ is the density, ui is the velocity component in i-direction, p is the pressure, T is the temperature and τi,j is the
stress tensor, e is the total energy and λ is the thermal conductivity of the fluid.

Assuming Newtonian fluid, the stress tensor τi,j is defined as:
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The Energy Transport is based on the total energy, which is the sum of internal and kinetic energy. Assuming ideal
gas, the total energy is defined as:

e =
p

ρ (γ − 1)
+

1

2
uiui (5)

where γ is the Poisson constant and is defined as the ratio of the heat capacity at constant pressure cp to heat capacity at
constant volume cv:

γ =
cp
cv
. (6)

The equation of state is used to compute the pressure:

p =
ρRT

M
, (7)

where R = 8.314 J ·mol−1 ·K−1 is the universal gas constant and M is the molar mass.

3. TURBULENT JET FLOW - TEST CASE

This preliminary study considered a subsonic heated planar jet of water vapour injected into a parallel cold coflow of
water vapour. The velocity profile and temperature profile of the injected jet are given by Equations (8) and (9).
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The temperature in the centerline of the heated jet is set to T1 = 860 K and the temperature of the coflow is T2 =
380 K. The injected jet has velocity U1 = 8.34 m/s in x-direction and no component velocity in y-direction and the
width opening of the injected jet is h = 0.05 m. The shear layer thickness is set to θ = 1.5 × 10−3 This study was
conducted in a two dimensional regular mesh of 400 points in x-direction and 350 point in y-direction on a domain of 0.6
meters in x-direction and 0.5 meters on y-direction. The inlet was set to be a Dirichlet boundary condition and the outflow
was second-type boundary condition in which the derivatives of all properties were set to be zero.

4. NUMERICAL SCHEMES

In order to achieve high-order accuracy, the governing equations were numerically solved using the WENO scheme
applied to the convective terms and 4th order centered finite difference scheme applied to the diffusive terms.
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4.1 WENO scheme

Considering the spatial derivative of a function f in a point j in x-direction by the difference between a high-order
numerical flux F of the neighborhood of j divided by the cell size:

dfj
dx

= − 1

∆x

(
Fj+1/2 − Fj−1/2

)
. (10)

Considering that this system has a complete set of eigenvalues and eigenvectors for the Jacobian of the flux in one
direction, it is possible to project the fluxes of the conserved variables in a characteristic basis using the left eigenvectors.
More details could be found in Shu and Osher (1989). The considered flux splitting is the Lax-Friedrich flux splitting
giving by Equation (11):

f̂±j+1/2 =
λ ·Gj+1/2 ± α ·Gj+1/2

2
, (11)

where Gj+1/2 is the flux vector in the characteristic basis, λ is a vector of eigenvalues and α is the maximum absolute
value of the eigenvalues.

Then, the WENO reconstruction is applied to each one of the characteristic fluxes found in Equation (11). The
reconstructed polynomial of the numerical flux for fifth-order WENO scheme on cell j + 1/2 is giving by the convex
combination of the sub-stencils below, that is:
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where the sub-stencils of third-order accuracy are giving by Equations (13)-(15)
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and the non-linear weights are giving by:
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, (16)

with,
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where ε is a constant to avoid division by zero, usually ε = 10−6 and the linear coefficients are giving by:
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The smoothness indicator for fifth-order WENO scheme on a regular mesh are giving by Equations (19)-(21):
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After the WENO reconstruction the resulting right and left fluxes should be summed up to find the total characteristic
flux crossing the cell boundary j + 1/2:

f̂j+1/2 = f̂+j+1/2 + f̂−j+1/2. (22)

Using the right eigenvectors, orthonormal to the left eigenvectors, to bring back the fluxes in the characteristic basis
to the physical one. Thus, the Equation (10) will be used to find the derivative of function. This procedure was applied on
both directions to calculated de convective term used on time integration discussed below.
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4.2 Time integration

The non-oscillatory schemes showed themselves a powerful tool to spatial discretization for discontinuous problems.
Having said that, a TVD Runge-Kutta was developed and discussed in Shu (1988). This method was designed to maintain
stability in the total variation norm. After the discretization of the convective and diffusive terms, one should integrate the
Ordinary Differential Equation (23):

dfj
dt

= Lj , (23)

where L is function that synthesize the discretized convective and diffusive terms.
In order to maintain the high-order accuracy the third-order TVD Runge-Kutta, described by Equations (24)-(26), was

used to time integration:
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5. RESULTS

Preliminaries results shows that the simulations considering the currently WENO scheme implementation are in ac-
cordance with the current understanding of jet flows. Figures (1a) and (1b) shows the temperature and velocity component
in x-direction, respectively, after 2.0 seconds after release. It is noted that the results presented in figures (1a) and (1b)
show some expected characteristics of a real jet like fluctuations on properties fields. Curling shapes and the temperature
gradient are well observed in the numerical findings. As the momentum is reduced the temperature difference increases
which combined with the shear stress leads to zones of Kevin-Helmoltz instabilities. Mesh should be verified to ensure the
grid spacing similar to the Kolmogorov scale and proper energy balance. In addition it is possible to notice the presence
of oscillations near the centerline of the jet. Although the method used to discretize the convective terms was essentially
non-oscillatory the derivatives present in the diffusive terms use a 4th order centered scheme that introduces some spu-
rious oscillations. An alternative to solve this problem would be to apply a filter to the entire solution or to use another
discretization for the diffusive term.

Figures (1c) and (1d) shows a statistically stationary contours of temperature and x-component of the velocity, respec-
tively. Figures (2a)-(2b) show profiles of temperature and x-component of the velocity of the stationary jet at a distance
x = h of the injection and figures (2c)-(2d) show profiles of temperature and x-component of the velocity of the stationary
jet at a distance x = 10h of the jet injection. The differences between the profiles at x = h and x = 10h shows that the
jet tends tends to open and take the shape of a flat profile as the position is far enough of the injection. This behavior is an
expected characteristics of jets.
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(a) (b)

(c) (d)
Figure 1: (a) Temperature contours for the turbulent jet flow 2.0 seconds after release. (b) Turbulent jet velocity contours
2.0 seconds after the release. (c) Mean temperature contour. (d) Mean x-velocity contour.
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(a) (b)

(c) (d)
Figure 2: (a) Stationary jet temperature profile at x = h. (b) Stationary jet x-velocity profile at x = h. (c) Stationary jet
temperature profile at x = 10h. (d) Stationary jet x-velocity profile at x = 10h.
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