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Abstract. Thermoacoustic engines are often investigated as viable alternatives for energy regeneration. The most widely
used analytical model for pressure wave propagation in thermoacoustic devices is the second order linear model devel-
oped by Nikolaus Rott. In this work, we propose a generalization of Rott’s equation under the regard of fractional order
calculus; we also propose a solution for this generalized equation for a specific domain. Simulations of thermoacoustic
engines verify this solution and indicate potential advantages of a continuously variable order, adjustable with experi-
mental data, as it may cover nonlinearities and effects of geometrical complexities present in test rigs. Therefore, the
resulting model may better fit real systems, which leads to more accurate designing.
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1. INTRODUCTION

Thermoacoustic engines are devices that convert thermal into mechanical energy by means of acoustic oscillations in
gaseous media sustained by a sufficiently high temperature gradient, usually provided along a porous material (Rott, 1980).
They are often considered for research as a viable solution for energy regeneration because of their inherent capacity
of harnessing energy from low-grade heat sources (Yang et al., 2018; Gardner and Howard, 2009). Those machines
have other advantages, such as their high reliability due to the absence of moving parts and being able of operating
not constrained by phase shifting in its working gas (de Blok, 2010), making it a standout among other mechanisms.
Thermoacoustic machines can either be refrigerators or engines, depending on the direction of the energy flux (Bannwart
and Arruda, 2009).

In the case of engines, the acoustic power is produced when a sufficiently high temperature gradient is kept along
the internal walls of a porous material and a thermoacoustic effect takes place. Either standing or traveling waves can
be generated, depending on the configuration of the waveguide network. For each kind of acoustic field a proper porous
material shall be employed (Swift, 2002). The engines operating under the standing wave regime are generally less
efficient and the acoustic particle approaches the Brayton cycle, whereas under the traveling wave regime the efficiency is
improved due to the Stirling cycle approximation.

The most important features that affect the acoustic power produced by thermoacoustic engines are geometry, porous
material, working gas conditions, and temperature profile. Recent investigations have achieved configurations that yield
better performance, including optimal operating frequency and characteristics of the porous material (Bannwart et al.,
2013; Bannwart, 2014; Arafa et al., 2011), usually employing the linear model developed by Rott (1969). Although
reliable, this model can be limiting when modeling high pressure oscillations, once its equations are derived through a
linear acoustic approximation (Swift, 1992).

In this work, we propose the use of fractional calculus for generalizing Rott’s model. The subject, which is also
called arbitrary order calculus, is a branch of mathematics that functions as a generalization of integer order calculus, in
which derivatives and integrals can assume non-integer and even complex orders (Oldham and Spanier, 1974; Herrmann,
2014). Until recently, it was a tool used only by mathematicians, but this fact has been steadily changing due to the
development and good applicability of the subject to several areas (David et al., 2011). These perspectives motivated
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us to seek in the fractional calculus a possibility of improvement of Rott’s model, specially because the tool has been
effective in describing diffusive and oscillatory phenomena (Agrawal, 2002; David and Valentim, 2015). The idea is that
a model with non-integer orders can capture some of the non-linear behavior that the traditional model fails to represent.
Besides, the arbitrary order works as an extra parameter for fitting, allowing a more faithful representation of experimental
data (David et al., 2016).

Thus, we derive and propose a solution for the generalized Rott’s differential equation using fractional calculus. As a
continuation of the work presented by Valentim et al. (2017), we also simulate the behavior of a complete standing wave
thermoacoustic engine using this generalized solution and verify it against the usual analytical integer order solution. This
procedure is used to verify the proposed solution, since the generalized model should recover the traditional model for
the arbitrary order α = 1. We also evaluate the behavior of the model for α < 1 and discuss potential advantages of this
extra parameter.

2. PROBLEM MODELING

2.1 Rott’s linear thermoacoustics

Nikolaus Rott (1969) proposed the model here described by Eq. (1), where p̃(x) is the complex acoustic pressure in
the longitudinal direction x along a porous channel. The propagative wave is considered plane and the absolute pressure
of the acoustic particle is given by p(x, t) = pm + Re[p̃(x)e−iωt], where pm represents the mean pressure inside the
thermoacoustic device.
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where Tm is the cross-sectional mean temperature, σ is the Prandtl Number, ω is the angular frequency, c0 is the speed
of sound, and γ is the polytropic coefficient. The functions fν and fκ account for losses regarding viscous dissipation and
thermal relaxation, respectively (Swift, 2002). The latter are calculated as functions of the working gas thermophysical
properties and the channel geometry, either for the waveguide or the pore of the stack (in this work both are considered
cylindric).

Equation (1) can be written in a generalized form by exchanging the derivatives d
dx and d2

dx2 for Dα and D2α, which
are operators of derivatives of arbitrary orders, as shown in Eq. (2). The model is analyzed for values of 0.5 < α ≤ 1,
which means that the arbitrary orders must be within the interval of 1 < 2α ≤ 2. Thus, α may be 1, recovering the
original Rott’s equation, or may be fractional, providing the model an additional parameter that can be adjusted according
to the scenario being modeled.
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2.2 Solution of the generalized model

There are manifold approaches usable to define the fractional derivative represented by the operator Dα, each one
having its own advantages and applications (Capelas de Oliveira and Machado, 2014; Herrmann, 2014; Oldham and
Spanier, 1974). In this work the left-handed Caputo (1967) definition is used, represented by Eq. (3), because it can treat
boundary conditions in a similar way as integer order problems, which is convenient when modeling physical phenomena.
In the aforementioned equation Γ is the gamma function, I is an integral operator and ξ is a bound variable.

Dαp̃(x) = I1−α
d

dx
p̃(x) =

1

Γ(1 − α)

∫ x

0

(x− ξ)−α
dp̃(ξ)

dξ
dξ. (3)

In order to find a solution for Eq. (2), the fractional power series method is used, which is based on a fractional Taylor
series (Trujillo et al., 1999). Using this approach, the acoustic pressure p̃(x) can be represented as an infinite fractional
power series centered at x0 = 0

p̃(x) =

∞∑
n=0

Cnx
nα. (4)

Moreover, the generalized equation can be represented in a shorter form as in Eq. (5), where A(x) depends on Tm(x)
and other coefficients, and is given by Eq. (6), while k is the wavenumber taking into account thermal and viscous losses,
expressed in Eq. (7).
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D2αp̃(x) +A(x)Dαp̃(x) + k2p̃(x) = 0. (5)
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Considering the definition in Eq. (3) and admitting that p̃(x) can be written as a power series, one can use the prop-
erty (Herrmann, 2014) given by Eq. (8) and extend it from xk to a series of Cnxnα:

dα

dxα
xk =

Γ(1 + k)

Γ(1 + k − α)
xk−α. (8)

Thus, one obtains the fractional power series for Dαp̃(x) and D2αp̃(x) given by Eq. (9) and Eq. (10), respectively:
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∞∑
n=2

Γ(nα+ 1)

Γ[(n− 2)α+ 1]
x(n−2)α. (10)

Next, one can plug back Eq. (9) and Eq. (10) into Eq. (5), obtaining
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After writing every term of the equation under the same summation symbol and adjusting the indexes one obtains
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Hence, a recurrence equation can be found for a non-trivial solution by rearranging Eq. (12), so that the coefficients of
the fractional power series are given by

Cn+2 =
−A(x)Cn+1Γ[(n+ 1)α+ 1)] − k2CnΓ(nα+ 1)

Γ[(n+ 2)α+ 1]
. (13)

Considering the power series that represent p̃(x), given by Eq. (4), the coefficients C0 and C1 remain unknown. They
can be set by the boundary conditions of the model. Firstly, we evaluate the acoustic pressure p0 at x = 0 in Eq. (14) and
define the coefficient C0 in Eq. (15).

p̃(0) =

∞∑
n=0

Cnx
nα = C0 + 0 + 0 + 0 + · · · = p0. (14)

C0 = p0. (15)

After that, one sets that the derivative of order α of p̃(x) at x = 0 equals the constant µ0, as shown in Eq. (16), and
completes the recurrence relations with Eq. (17) representing the coefficient C1.
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Finally, these relations are used to obtain the series approximation for p̃(x)
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3. SIMULATIONS

3.1 Implementation of the model from an experimental engine

The general solution given by Eq. (18) is simulated using the software Mathematica to model a simple standing wave
thermoacoustic engine, as the one sketched in Fig. 1. The entire domain from x = 0 to x = L is treated as several
juxtaposed subsystems, in which each one has its own distinct characteristics. The wave propagation in the first segment
(0 ≤ x ≤ xl) and in the last segment (xw ≤ x ≤ L) are analytically modeled as in simple waveguides filled only with
the working gas with homogeneous mean temperature profile; the thermo-viscous losses are taken into account as shown
in Eq. 7. The second and third segments have their mean temperature profile inhomogeneous the feature that defines the
thermoacoustic core (TAC). The thermoacoustic phenomena take place in the TAC precisely because of that feature and,
essentially, in the active part (xs ≤ x ≤ xh), where the porous material is present. The third segment is the passive part
of the TAC (xh ≤ x ≤ xw), and it works as a thermal buffer tube. The thermo-viscous losses are also considered in the
TAC, and they are dominant within the pore internal walls of the stack. This consideration, however, must take account
of how Tm varies with x. The approach of dividing the whole domain in smaller subsystems help to maintain the series
solution within its radius of convergence, and the number of terms chosen to be used in each series for all simulations,
after proper investigation, resulted in 20.

The working gas used in the simulations is air at ambient temperature and pressure, as described in Tab. 1. The lengths
of each part of the engine and the characteristics of the stack are presented in Tab. 2 and 3, respectively. All components
of the engine, including the pores within the stack, are considered cylindrical. The values and codes of all parameters
used in the simulations were taken from the works of Bannwart (2014), where the actual test rig was investigated and
optimal standing and traveling wave thermoacoustic engines for different porous materials were achieved. The standing
wave engine shown in Fig. 1 is one of these optimal machines.
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Figure 1. Schematic representation of the simulated standing wave thermoacoustic engine from Bannwart (2014).

The linear profile for Tm(x) drawn in Fig. 1 is a simplified approximation of the temperature inside the TAC, and
has a maximum of TH = 575.15 K at the hot heat exchanger, and a minimum of TC = 295.15 K, for the ambient
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temperature. Even though there was not a direct measurement of the temperature inside the TAC for the regime simulated
here, these parameters were estimated based on the maximal and minimal temperatures of a linear profile that would
match the conditions in the work of Bannwart (2014). The value of TH was achieved by running the model with different
temperatures and choosing the one with which the model would better comply to the boundary conditions in the right
extremity of the thermoacoustic engine simulated. A short stack hypothesis is admitted regarding fκ and fν , with these
functions being considered constants within each subsystem and calculated for the average temperature between TH and
TC inside the core.

Figure 1 also shows the boundary conditions to be adopted in the model. On the left end, we have a membrane where
the acoustic pressure is treated as a reference pressure, thus p0 = 1 Pa. The membrane has an acoustic load Z0 that
represents the entry impedance of the set composed by all the elements of the thermoacoustic engine and the working
gas and may be obtained analytically or experimentally. The second boundary condition µ0 can be related to the volume
velocity Ũ(x) of the acoustic particle by means of Eq. (19), in which Sw is the cross-sectional area of the waveguide,
ρm is the mean density of the working gas and i is the imaginary unit. This allows us to express µ0 by calculating the
volume velocity U0 from the impedance Z0, since that U0 = p0/Z0. The operation frequency used in the simulation is
f = 121 Hz, and along with the entry impedance Z0, was obtained experimentally by Bannwart (2014) for the specific
configuration of engine used in this work.

Ũ(x) =
Sw
iωρm

dp̃

dx
(1 − fν). (19)

Table 1. TAC temperatures and thermophysical properties of the air from Bannwart (2014) used in the simulations.

Parameter Representation Value

Hot source temperature TH 575.15 K
Ambient temperature TC 295.15 K

Mean pressure Pm 101.9 kPa
Mean density ρm 1.203 kg/m3

Viscosity µ 1.819 × 10−5 Pa.s
Thermal conductivity kcond 0.0260 W/(m.K)

Specific heat coefficient at constant pressure CP 1003 J/(kg.K)
Politropic coefficient γ 1.402

Sound velocity at ambient temperature c0 344.6 m/s
Prandtl number σ 0.7008

Table 2. Optimal thermoacoustic engine from Bannwart (2014) used in the simulations.

Parameter Representation Value

Waveguide L1 1.0600 m
First waveguide inside the core W1 0.0640 m

Active part of the core Hs 0.0875 m
Passive part of the core Hw 0.2700 m

Second waveguide inside the core W2 0.0540 m
Waveguide radius Rw 0.0169 m

Waveguide cross-sectional area Sw 8.9727 × 10−4 m2

3.2 Simulation results

The complex pressure p̃(x) and volume velocity Ũ(x) are analyzed within the domain 0 ≤ x ≤ L and are given in
Pa and m3/s, respectively. Figures 2, 3 and 4 show a comparison between the obtained analytical solution represented by
Eq. (18) with α = 1 and an interpolating function for a fourth order Runge-Kutta numerical solution for Eq. (1). The
agreement between the continuous and dashed curves can be seen both for the acoustic pressure and the volume velocity,
which verifies the generalized solution for α = 1.
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Table 3. Geometrical parameters of the Ceramic Catalyst from Bannwart (2014) used in the simulations.

Parameter Representation Value

Radius of the pore of the ceramic material Rp 5.33 × 10−4 m
Porosity φ 0.83

Free cross-sectional area of the stack Ss 7.45 × 10−4 m2

Analyzing the acoustic pressure and the volume velocity for the integer case in these figures, one can see that the
acoustic pressure has its peaks at the extremities of the engine, while the volume velocity is greater at the medium portion,
as expected for standing wave engines. At x = L the phase difference between p̃ and Ũ approaches π/2, while at x = 0
they are in phase, which is consistent with the fact that there is a rigid wall (no energy flux) at x = L and an acoustic
load (or acoustic power production) at x = 0. In every figure the vertical dashed lines mark the delimitations of the active
and passive parts of the TAC, as indicated in Fig. 1. In the active part, one can see that the increase in viscous resistance
caused by the ceramic material drastically changes pressure and velocity. The point where the hot heat exchanger is
located (x = xh) also has an impact in the volume velocity due to the rise of sound speed with temperature. The acoustic
power presented in Fig. 4 is calculated by the relation of real and imaginary parts of the acoustic pressure and velocity. It
can be seen that the power produced in the core is negative, which means that it propagates against the direction chosen
for x, with a portion of it being dissipated until it reaches the acoustic load, here represented by a membrane.
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Figure 2. Real (left) and imaginary (right) acoustic pressure for the generalized solution. Comparison between the
obtained solution with α = 1 (continuous blue line) and fourth order Runge-Kutta approximation (dashed orange line).
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Figure 3. Real (left) and imaginary (right) volume velocity for the generalized solution. Comparison between the obtained
solution with α = 1 (continuous blue line) and fourth order Runge-Kutta approximation (dashed orange line).

When Eq. (18) is simulated for different values of α, one can see a change in the amplitudes and in the position of the
nodes of the curves for both real and imaginary parts and magnitudes of the acoustic pressure and the volume velocity,
represented by Figs. 5, 6 and 7. The models with α < 1 seem to have dissipative effects that become more pronounced as
the values of α get smaller. This feature can be interpreted as an advantageous factor of Eq. (18) for fitting experimental
data, since α can be treated as a continuous adjustable extra parameter for the model.
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Figure 4. Phase difference between acoustic pressure and volume velocity (left) and acoustic power (right). Comparison
between the obtained solution with α = 1 (continuous blue line) and fourth order Runge-Kutta approximation (dashed

orange line).
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Figure 5. Real (left) and imaginary (right) acoustic pressure for the generalized solution. Comparison between models
with α = 1 (continuous blue line), α = 0.95 (dashed orange line) and α = 0.9 (thicker green line).
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Figure 6. Real (left) and imaginary (right) volume velocity for the generalized solution. Comparison between models
with α = 1 (continuous blue line), α = 0.95 (dashed orange line) and α = 0.9 (thicker green line).

4. CONCLUSIONS

In this work, we proposed a generalization of the linear equation for pressure propagation in thermoacoustics de-
veloped by Rott (1969). The general solution was achieved through the method of fractional power series. When the
arbitrary order α is equal to one, an expression equivalent to the original solution of Rott’s equation is obtained, which
is verified in two ways: physically, through the plausible behavior of the acoustic pressure and volume velocity curves
for the acoustic particle within the thermoacoustic engine; and mathematically, by comparing the obtained solution to
a fourth order Runge-Kutta approximation. For the simulations with α < 1, the pressure and velocity curves obtained
presented accentuated dissipative behaviors, which is in agreement to other studies regarding generalized wave-like equa-
tions (Agrawal, 2002). Under those circumstances, α can be interpreted as an analytical parameter that can be adjusted
to fit the obtained solution to experimental data. This feature allows to cover eventual nonlinearities without the need to
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Figure 7. Magnitudes of acoustic pressure (left) and volume velocity (right) for the generalized solution. Comparison
between models with α = 1 (continuous blue line), α = 0.95 (dashed orange line) and α = 0.9 (thicker green line).

understand their causes, as they are implicitly included in this adjustment. As a continuation of this work, the fractional
model, in principle, can then be used to predict the behavior of this thermoacoustic engine for other working conditions,
not demanding further experimental characterizations. That would completely fulfill the natural purpose of fractional
modeling. In parallel, another subsequent work would be to generalize the model even further by changing the operator
D2α toDβ , thus eliminating the dependence between the orders of the operators and extending the coverage of the model.
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