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Abstract. Boundary fluid flow over a concave surface can be unstable to disturbance generating streamwise-oriented
counter-rotating vortices. These vortices are known as Gortler vortices. Due to its importance in the engineering indus-
try, there are several studies carried out on this subject. Some recent studies are focus on the development of unsteady
disturbances. In the present work, the evolution of unsteady disturbances is studied through the Direct Numerical Simula-
tion (DNS). The unsteady disturbances are inserted through suction and blowing technique. The results indicate that the
spanwise wavelength has a great influence on the evolution of Görtler vortices and also that the growth rate is reduced
with the increase of disturbance frequency.
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1. INTRODUCTION

The instability in boundary layers on the concave surface may lead to the formation of streamwise-oriented counter-
rotating vortices (Saric, 1994), as shows the in Fig. 1. The generation of these vortices occurs because of the imbalance
of centrifugal and inertial forces. This type of vortex was studied initially by Görtler (1941) which bears his name. The
Görtler vortices appear in several aerodynamic flows as turbine blades or airfoils, so it is of great importance for the
aeronautical industry.

Figure 1. Görtler vortices. Source Görtler (1941)

The vortices can be generated both experimentally and numerically by introducing infinitesimal disturbances in the
flow. These disturbances can be inserted by the external factors such as surface roughness, acoustic vibrations among
other (Denier et al., 1991) or by an internal factor as wall-transpiration (suction and blowing strip) (Souza et al., 2004).
Moreover, the disturbances are also classified herein as steady and unsteady. The researchers considered only the steady
case until 2010. Boiko et al. (2010) published the first experimental and theoretical article for the unsteady disturbances.
They made theoretical investigation through the linear-stability theory (LST). Marensi and Ricco (2017) and Xu et al.
(2017) used a direct numerical simulation (DNS) and a similar mathematical formulation to study boundary layers on
a concave surface inserting unsteady perturbation through the free-stream vortical disturbance (FSVD). The difference
between them is that Marensi and Ricco (2017) focus on wall-based control results and Xu et al. (2017) focus on the
secondary instability of the vortices.

The goal of the present work is to investigate the influence of the spanwise wavelength in the unsteady Görtler flows
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through direct numerical simulations when the unsteady disturbances are inserted through a suction and blowing strip.

2. MATHEMATICS FORMULATION

The governing equations are the incompressible and unsteady Navier-Stokes equations and heat transfer transport
equation in the curvilinear system being x streamwise, y wall-normal and z spanmwise coordinates with Lamé coefficients
h1 = 1 − ykc and h2 = h3 = 1 (Floryan and Saric, 1982), where kc = L/R is the wall curvature being L the
reference length and R the radius of curvature. Furthermore, it is used Floryan’s order of magnitude analysis to eliminate
curvature terms of high order. The methodologies utilized to simplify the solution of governing equations are: (a) the
vorticity-velocity formulation to eliminate the pressure terms; and (b) the vorticity, velocity and temperature components
are decomposed in baseflow and perturbation parts. The baseflow is assumed to be two-dimensional and the system of
perturbation equations is given by:
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where the variables (u, v, w, ωx, ωy, ωz, θ) are the disturbance velocity, vorticity and temperature component. The
Reynolds, Görtler and Prandtl numbers are defined as Re = U∞L/ν, Go = (kc

√
Re)1/2 and Pr = ν/α respectively,

where U∞ is freestrem velocity, ν is kinematic viscosity and α is the thermal diffusivity of the fluid. In addition, the other
variables are defined as (when a bar on top of the variables implies baseflow quantities):

a = ωx(v̄ + v)− ωy(ū+ u),

b = ωzu+ ωzū+ ω̄zu− ωxw,

c = ωyw − ω̄zv − ωz v̄ − ωzv,

d = 2ūu+ u2.

e = ūθ + uθ̄ + uθ

f = v̄θ + vθ̄ + vθ

g = w(θ̄ + θ)

In order to solve the Eq. (1)-(8) it is necessary to specify the boundary conditions. However, they will not be addressed
here with exception of the disturbance insertion region where it will be described in the next section. The boundary
conditions used in this work can be found in (Malatesta et al., 2017).
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Figure 2. Computational domain, where the inflow is at x = x0, the disturbance is introduced at x1 ≤ x ≤ x2, the region
of interest is localized at x2 ≤ x ≤ x3, the damping region is at x3 ≤ x ≤ x4 and the outflow is the x = xmax. Source

(Malatesta et al., 2017).

3. NUMERICAL FORMULATION

The Eqs.(1)-(8) are solved numerically in the domain illustrated in Fig. 2, where the inflow is at x = x0, the dis-
turbance is introduced at x1 ≤ x ≤ x2, the region of interest is localized at x2 ≤ x ≤ x3, the damping region is at
x3 ≤ x ≤ x4 and the outflow is at x = xmax.

The flow can be taken periodic in the spanwise direction, so the Eqs. (1)-(8) are approximated by the linear combina-
tion of K + 1 Fourier modes, for example:

u(x, y, z, t) =

K∑
k=0

Uk(x, y, t)e−iβkz, (9)

where βk = 2πk/λz is the spanwise wavenumber and λz is the spanwise wavelength. Therefore, it obtains the following
system of equations:
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In the disturbance insertion region (x1 ≤ x ≤ x2), the boundary conditions will be modified introducing unsteady
disturbance instead of steady disturbance. The perturbation are inserted through suction and blowing of mass at Vk
velocity along the streamwise direction with k = 1. Thus, this boundary condition is given by following the function:

V1(x, 0, t) =

{
A sin3(ε) cos(ωt) for x ∈ [x1, x2]

0 for x ∈ [x0, x1) ∪ (x2, xmax]
, (18)

where A is the amplitude, ε = π(x− x1)/(x2 − x1), ω = 2πfL/U∞ and f is the frequency.
The code used for the simulation is the High Order Parallel Code (HOPe) being “High Order” due to high order that

the temporal and spatial derivatives are approximated by the high order compact finite difference-schemes (Lele, 1992)
and classical 4th order Runge-Kutta integration schemes (Ferziger and Peric, 2012), receptively and the “Parallel” because
the code is parallelized using the domain decomposition technique in the streamwise direction and the communication is
made by MPI library. In addition, the wall-normal direction is used the stretching of mesh. For more details about HOPe
see (Souza, 2017).

4. RESULTS

The verification is done considering the steady disturbance case, that is when f = 0 Hz and the results are compared
with of Souza (2017), where the radius of curvature is R = 3.2 m, and the freestream velocity is U∞ = 5.0 m/s. The
kinematic viscosity considered is ν = 1.509 × 10−5 m2/s and reference length used is L = 0.1 m. Thus, the following
values for the Reynolds and Görtler number are Re = 33124.0 and Go = 2.385 respectively.
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(a) λz = 9.0 mm
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(b) λz = 18.0 mm

4 5 6 7 8 9 10 11

x

� 16

� 14

� 12

� 10

� 8

� 6

� 4

� 2

0

lo
g
(E
n
k
)

Reference

obtained

(c) λz = 36.0 mm

Figure 3. The disturbance energy (19) for the following spanwise wavelength:(a) λz = 9.0 mm, (b) λz = 18.0 mm and
(c) λz = 36.0 mm.

The distance between two consecutive points at streamwise direction is dx = 1.0 × 10−2 and the initial spacing at
wall-normal direction is dy = 8.0 × 10−4 with stretching of 1%. The temporal step is dt = 2.0 × 10−3. The number
of points used in the streamwise and wall-normal direction is Nx = 1345 and Ny = 201 respectively. In the spanwise
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direction is adopted 11 Fourier modes and it is considered 32 points in the physical space. The disturbances are introduced
between at x1 = 1.2 and x2 = 1.52 and the damping region is bewteen at x3 = 13.9 and x4 = 14.4.

The metric used for steady case is the disturbance energy proposed by Li and Malik (1995) and it is defined:

Enk =


1
2

∫∞
0

(|Uk|2 + |Wk|2)dy for k = 0.∫∞
0

(|Uk|2 + |Vk|2 + |Wk|2)dy if k > 0
(19)

The spanwise wavelengths considered are λz = 9.0, 18.0 and 36.0 mm with their respective values for the wave-
length of the fundamental Fourier mode Λ = (U∞λz/ν)(λz/R)1/2 = 158.099, 447.173 and 1264.799. In addition, the
following amplitudes A = 3.9× 10−3, 1.35× 10−3 and 4.1× 10−5 are considered respectively.
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(a) f = 3 Hz
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(b) f = 6 Hz
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(c) f = 9 Hz
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(d) f = 12 Hz

Figure 4. The maximum streamwise velocity amplitude in the yz-plane with the λz = 9.0 mm for the following frequen-
cies:(a) f = 3 Hz, (b) f = 6 Hz, (c) f = 9 Hz and f = 12 Hz.

The results are shown in Fig. 3, where the dash line is reference solution (Souza, 2017) and the solid line is the solution
obtained by simulation. It can be observed a good agreement between the results for the three spanwise wavelengths. The
saturation point is the intersection between mode (0,0) and the mode where is introduced the disturbance. The disturbance
energy for λz = 9.0 mm is presented in Fig 3(a), where the saturation point is in x ≈ 8.75. In Fig. 3(b), for λz = 18.0
mm, the saturation point is in x ≈ 9.25. Finally, in Fig. 3(c), the saturation point for λz = 36.0 mm is at the same point
that for λz = 18.0 mm. It can be observed that the energy of all modes increases in the saturation region as the spanwise
wavelength increases.

In unsteady disturbance simulations, the number of points in the streamwise direction is the only parameter changed.
Moreover, four different frequencies are considered f = 3, 6, 9 and 12 Hz with the following values for ω = 0.3769,
0.7539, 1.1309 and 1.5079. The evolution of the unsteady disturbances in the flow is analyzed through a Fourier analysis
in time. Thus for a Fourier mode, the vorticity, velocity and temperature components depend only on the variables x and y
and they have the following notation: Φm,k(x, y), where Φ is the flow properties and the indicesm and k are the temporal
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and spacial Fourier modes respectively. The metric used to analyze the results is given by:

Umaxm,k = max
y

Um,k(x, y) (20)

In the λz = 9.0 mm, it is used Nx=1385 for f = 3, 6 and 9 Hz and Nx = 1615 for f = 12 Hz. In the Fig. 4, it is
presented the results with the Eq. (20) for the four different frequencies. Through the three first graphs of the Fig. 4, it can
be observed that the saturation point is further away from the origin as the frequency increases. However, the saturation
point does not appear for f = 12 Hz, even with a larger domain. Moreover, when f = 3, 6 and 9 Hz the mode (2, 0) is
more relevant than (0, 2), but for f = 12 Hz has the opposite occurs.

For the λz = 18.0 mm case, it is used Nx = 1385 for f = 3 and 6 Hz, Nx = 1625 for f = 9 Hz and Nx = 1865 for
f = 12 Hz. In Fig. 5, it is shown the results obtained by simulation which observes the same behavior of the saturation
point to the λz = 9.0 mm case for f = 3, 6 and 9 Hz. When f = 12 Hz the intersection between the modes (0, 0) and
(1, 1) can be observed, but this intersection happens before the f = 9 Hz. It may note that the region where mode (0, 2)
is dominant over (0, 0) grows as the frequency increases for f = 3, 6 and 9 Hz. However, this fact is not true for f = 12
Hz.
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(a) f = 3 Hz
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(b) f = 6 Hz
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(c) f = 9 Hz
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(d) f = 12 Hz

Figure 5. The maximum streamwise velocity amplitude in the yz-plane with spanwise wavelength λz = 18.0 mm for the
following frequencies:(a) f = 3 Hz, (b) f = 6 Hz, (c) f = 9 Hz and f = 12 Hz.

Finally, in case of λz = 36.0 mm, it is adopted Nx = 1865 for f = 3 Hz, Nx = 2105 for f = 6 and 9 Hz and
Nx = 2425 for f = 12 Hz. In Fig. 6, it is presented the results obtained by simulation. In Fig. 6, it is presented the
results obtained by simulation. Note that there is no relation between the increase of the frequency and the distance of the
saturation point with the origin. Note also that with the exception f = 3 Hz case, the modes continue to grow throughout
the domain without presenting a neutral region, in other words, a region where there is no growth and decrease of the
maximum streamwise velocity. Similarly to the case of λz = 18.0 mm, the mode (0, 2) is dominant over the mode (0, 0)
in all cases. Moreover, the mode (1, 1) decreases for f = 12 Hz.
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(a) f = 3 Hz
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(b) f = 6 Hz
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(c) f = 9 Hz
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(d) f = 12 Hz

Figure 6. The maximum streamwise velocity amplitude in the yz-plane with spanwise wavelength λz = 36.0 mm for the
following frequencies:(a) f = 3 Hz, (b) f = 6 Hz, (c) f = 9 Hz and f = 12 Hz.

5. CONCLUSION

In the present work, the behavior of unsteady Görtler vortices was analyzed by means of numerical simulation. The
adopted code was verified by comparison with other numerical simulation. For the unsteady simulation, Görtler vortices
were analyzed using three spanwise wavelength and four disturbances frequencies. The results show that the mode (0,2)
becomes more dominant as the frequency increases. The mode (1,1) showed to be more dominant for lower frequency.
The results showed also that the saturation point moves in the streamwise direction as the frequency or the spanwise
wavelength increase.
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