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Abstract. The Time Traveling Regularization (TTR) is a regularization methodology for the solution of inverse problems.
The TTR must be applied together with an optimization technique, for this work the Golden Section was used. One of the
big advantages of the use of this methodology is the noise reduction of the outputs results on inverse problems in heat
conduction. In this work, a methodology is proposed for the heat flux estimation in a three-dimensional heat conduction
inverse problem. The methodology was based on the Golden Section and TTR. To validate the methodology, lab-
controlled experiments were performed in a AISI 304 sample. The three-dimensional direct model was solved from the
finite differences method. The heat flux was estimated through the TTR and Sequential Function Specification Method
(SFSM). Both methods presented similar results with low variation between the estimated heat flux. The similarity among
the obtained results and the heat flux values generated by the resistive heater, as well the low temperature residues,
validate the proposed methodology.

Keywords: Inverse Problems, Nonlinear Heat Transfer, Time Traveling Regularization, Function Specification
Method, Optimization.

1. INTRODUCTION

Due to the necessity of industrial application and science in general, the field of inverse problems has grown in the
last decades. These problems can be applied in process of computer tomography, nondestructive experiments, shape
optimization and geophysics problems for example. Also, the inverse heat conduction problem (IHCP) can be used to
study complex manufacturing problems as welding and machining processes.

The inverse problem is an ill-posed problem, thus it does not follow at least one of the criteria established by Hadamard
(1902) to classify well-posed problems. In this case, the IHCP does not follow the third criterion, which is the continuity
relation between the solution and the input data. In other words, the IHCP can be considered as a cause and effect problem.
In the direct problem the causes are known (boundary conditions and thermal properties) and it is desired to obtain the
temperature field in the domain (the effect). However, in the inverse problem the causes are unknown and estimated by
the observation of the variation of effects over time. The classical IHCP is the determination of the unknown heat flux
boundary condition by monitoring the temperature data in one or more points of the domain.

The temperature data provided for the solution of the IHCP contains inherent errors caused by the measuring
instruments. Thus, it is important to note that the estimated values obtained for the desired parameters are strongly affected
by these errors since the problem is ill-posed. Therefore, the results obtained are estimates and the main objective is to
approximate the estimated values as much as possible to the real values. Thus, besides using regularization techniques,
the experimental procedure should be performed optimally in order to minimize the noise in the experimental data.

One of the pioneers in inverse heat conduction problems was Stoltz (1960), who proposed a method to determine the
heat flux on the surface of spheres during a quenching process. The Stoltz method is easy to implement, but very sensitive
to noise in temperature data. To minimize this problem, Beck et al. (1985) proposed a regularization to Stoltz method,
eliminating much of the noise in the estimated heat flux values. In addition, it used multiple temperature sensors to
perform the estimation of heat flux. This method is known as Sequential Function Specification Method (SFSM). The
SFSM is easy to programming and fast computationally, because the method is not iterative and the temperature variation
is directly calculated by the Duhamel’s theorem. The method is so fast if compared to others techniques that Najafi (2015),
proposed a real time solution for an IHCP with multiple unknown heat fluxes boundary conditions. However, the method
is not able to solve nonlinear problems.

Alifanov (1974) used the conjugate gradient method to estimate functions in IHCP. The method is based on an
optimization process with iterative regularization. This technique is able to solve linear and nonlinear problems of function
or parameters estimation.
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Tikhonov and Arsenin (1977) proposed a method known as Tikhonov Regularization, which uses Duhamel’s theorem
and a least squares optimization in addition to a linear factor that regularize the noises present in experimental
temperatures. The Thikonov Regularization is an easy technique to program, however, it requires inversion of matrices,
which causes a high computational cost.

The Golden Section method (Vanderplaats, 2005) is another optimization method that can be used to heat flux
estimation. The method is simple and has the advantage of not requiring the calculation of derivatives. In addition, it can
be used to solve nonlinear problems. However, it is necessary the use of a regularization method to show the real behavior
of the estimated function.

This paper proposes an alternative methodology to solve inverse heat conduction problems. The Time Traveling
Regularization (TTR) is a regularization technique that uses the Golden Section method as optimization technique. It
corrects the problem of noise caused by inherent errors in temperature measurements. TTR analyzes multiple information
ahead in time to estimate the heat flux at the current time.

The study of IHCP is very important to manufacturing processes. For example, the determination of the thickness of
the inner lining of a steel furnace was one of the industrial problems studied by Radmonser and Wincor (1998). The wall
thickness may decrease due to the process and should be monitored. As the internal temperatures of 1500 °C prevented
any type of measures, Radmonser and Wincor modeled an inverse problem and calculated the wall thickness numerically.

The IHCP also can be applied to manufacturing process problems such as welding and machining. Magalhaes et al.
(2016) studied the IHCP of GTA welding process of aluminum 6065 T5. The inverse problem as solved using BFGS
optimization technique. In the machining process one of the most important parameters to consider is the cutting tool life.
The study of the temperature field on the cutting tool surface is very important for the development of new technologies.
Because temperatures are difficult to measure near the cutting zone, an inverse approach is needed. Santos et al. (2014)
proposed a mathematical and experimental model to estimate the heat flux at the cutting tool surface. Then, the estimated
heat flux was used to calculate the temperature field by the solution of the direct problem.

In many industrial processes, the real problems are nonlinear, due to large temperature variations. For example, the
mentioned welding and machining processes. However, nonlinear problems are difficult to solve, thus, many authors
consider the problems linear. In this paper, in addition to proposing an alternative method of IHCP solution, it is also
shown a method to use the SFSM to solve nonlinear 3D inverse problems of heat flux estimation.

In this work, the validation of TTR method for heat flux estimation in 3D models was performed. Thus, an experiment
was performed on a sample of stainless steel AISI 304 at the heat transfer laboratory (LabTC) of Federal University of
Itajubd (UNIFEI). The results obtained with the TTR technique were compared with de heat flux values provided by the
resistive heater to validate the technique.

2. METHODOLOGY
2.1 Direct model

The direct model of the heat conduction problem studied in this paper is shown in Fig. 1. A stainless steel AISI 304
flat plate is subjected to a heat flux q(t). This flux is generated by a resistive heater located at the top surface of the plate
and all the other surfaces are insulated to avoid heat losses to the external environment. If the material has thermal
conductivity k, density p, specific heat at constant pressure cp, and initial temperature To, the problem is modeled by Egs.

(1):

i(k OT (X, y,z,t)j+g kaT(x, Y, Z,t) +E(k oT (X, y,z,t)jzpcp oT(X,Y,7,1) w2
OX OX oy oy oz 0z ot
B k8T(x, Yy, Z,1) —q(t) (Lb)
on s1
aT (X! y! Z!t) — 0 (1.C)
on s2
T(x,y,2,0)=T, (1.d)

where S1 is the surface subjected to the heat flux, S2 is the insulated surface and n is the outward-drawn normal unit
vector to the surface.
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Figure 1. Stainless steel AISI 304 plate subjected to the heat flux q(t).
2.2 Sequential Function Specification Method (SFSM)
The SFSM is used to solve the inverse heat conduction problem proposed in this paper. By this method, the unknown
heat flux boundary condition can be estimated.

To solve the inverse problem, is used the objective function given by Eq. (2) that minimizes the differences between
the measured temperatures, Yu.r-1, and the calculated temperatures, Tyr-1, from time step M to r future time steps ahead.

S= Z(YM via ™ T +i—1)2 2)
i=1

Assuming that the heat flux components ql,qz,,,,qu lare known, from time ty to tm+r-1 the heat flux values are

considered constants. To add stability, the future heat flux components are assumed to be equal §

@3).

, as shown in Eq.
m_1 wn in Eq

Av=0ma =Amez =---=Uusra = QMfl 3)

Using a numerical approximation of Duhamel’s Theorem and the heat flux constant functional form given by Eq. (3),
the temperature Tw+i.1 can be calculated by Eq. (4),

TM+i—:fM+i—1+qM ZXMH—l 4)
i1

where fM iy is the estimated temperature by the Duhamel’s theorem and X; are the thermal sensitivity coefficients,
defined by Eq. (5):

oT.
X =—1 5
Lo, ©)

Combining Egs. (2) and (4), and optimizing the result for qu, yields

r

z (YM +i-1 -I:M +i-1 )X i

Qu= = (6)

X
i=1

Equation (6) represents a direct formulation to estimate the heat flux step by step. It can be noted that larger is the
number of future time steps, r, better is the stability of the estimated heat flux. However, if r is excessively large, the
estimated heat flux curve may be super-regularized, that is, it will be very smoothed, losing the characteristics of the real
heat flux curve.
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The sensitivity coefficients can be calculated through the same model of the Egs. (1). Calculating the derivatives of
Egs. (1), results:

kV2X (X, y,z,t)=pcpw (7a)
_ k@X (X, Y, Z,t) -1 (7b)
on s1
aT(x,y,z,1) 0 (70)
on s
X(x,y,2,0)=0 (7d)

2.3 Time Traveling Regularization (TTR)

The technique proposed in this article consists of analyzing a hypothetical time line for each initial guess proposed by
the optimization technique. Then it compares the parameter to be minimized at a future time. In other words, the method
analyzes how the response of each initial guess given by the optimization method will affect the numerical temperature
response at a future time. The TTR is combined with the Golden Section optimization method (Vanderplaats, 2005).

Figure 1 shows a diagram of TTR algorithm. The optimization method requires an initial guess for the variable to be
minimized. From this value, the variable is considered constant from time t; to tj«. The objective function value is
compared to a small tolerance. If the guess is not enough to minimize the function, then the optimization technique will
set the next value and restart de model from time step tjj. The algorithm stops when the stop criterion is satisfied and
advances to the next time step.

Start
Define the model mesh ves Objetctive Function is
and boundary conditions minimized?
Define variables and make No
the Initals guess of the j <ijmact ? No
optimization method
Restart the thermal model
from j -1 and redefine the
j=1 j++ Yes guesses
End
For i =1 to r evaluate the For i =1 to r evaluate the
thermal model thermal model

Figure 2. TTR algorithm.
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The objective function to be minimized is given by Eq. (8). In this equation, the introduction of temporal analysis
through TTR significantly reduces noise in the estimated parameters. When the r value increases, the noise decreases.
Therefore, the objective function is modified to compare temperatures of several time steps ahead, resulting in Eq. (9).

Ei =(Y i _T,-,-)z (8)

obj

=S 1oy ®

i=0
2.4 Iterative Sequential Function Specification Method

In cases of nonlinear heat conduction problems, the classical SFSM approach based on the calculation of temperatures

by Duhamel’s theorem cannot be used. In this case, an iterative technique based on Gauss Minimization Method (Beck
and Arnold, 1977) will be presented.

Let T be a vector of observations of size n whose formulation depends on a vector of unknown parameters S of

length p. If S varies AB , then the temperature at a point of the domain can be approximated by an expansion in Taylor
series, as shown in Eq. (10).

Ab (10)

—

+ JRE—
b 9B ;
The gradient in Eq. (10) is the sensitivity matrix and can be represented by Eq. (11).

_ ﬂ oT

b-+Ab

oT, oty o, |
op, p, op,
-\ o
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o5 o, B,

To solve the inverse problems the objective function given by Eq. (12) must be minimized.
- —\T (- -
s=(y -7 (V-7) (12)
Substituting Egs. (10) and (11) in Eq. (12), and minimizing it for {b}, results:
AB:([X 1" [X ])‘1[x ]T(\?—ﬂ ) (13)
B B B g

Note that in the IHCP studied in this work, the parameter £ has only one component, which is the heat flux q(t),

thus Ab = A( . For each time step M, the increment of heat flux AQ must be computed until the Eq. (14) reaches
convergence.

gt =q® +Aq? (14)
3. EXPERIMENTAL PROCEDURE

In order to validate the methodology proposed in this paper, it was performed a three-dimensional heat conduction
experiment on AlSI 304 stainless steel samples at Heat Transfer Laboratory of Federal University of Itajuba.
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Figure 3 represents AISI 304 sample dimensions used in the experiment. The dimensions of the resistive heater, used
to provide the heat flux on the top surface, are shown in Fig. 4. It is observed that the three-dimensional behavior is

guaranteed, since the heat flux is restricted in a small area of the top surface.

100,0

Figure 3. AISI 304 sample dimensions.
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Figure 4. Resistive heater dimensions.
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Figure 5. Symmetrical assembly of the experiment.

The experimental assembly is shown in Fig. 5. It is important to mention that all the surfaces of the samples were
insulated. The experiment carried out has symmetrical assembly to ensure that all heat flux is transmitted to the samples,
avoiding losses.

To provide the necessary heat flux, a kapton resistive heater with resistance of 15 Q was used. The advantage of using
this type of heater is due to its small thickness and good malleability. In order to minimize the contact resistance between
heater and sample, the silver thermal paste Arctic Silver 5 was used. The heater is connected to the Instrutemp ST 305-11
power supply. To measure the experimental temperatures, the Cormel/Alumel — 30 AWG thermocouple, welded by
capacitive discharge, was used. The thermocouple was located at the coordinate (x,y,z)=(25.0,25.0,9.5) mm on the base

of the sample and at the center of the resistive heater.
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4. RESULTS

To calculate the temperature distribution of the three-dimensional direct problem, a computer program was developed
using the finite element method with Galerkin methodology. A tetrahedral mesh was generated with 20078 elements. The
thermophysical properties considered for AISI 304 were obtained from Carollo (2010), with thermal conductivity 14.61
W/meC and thermal diffusivity of 3.74 x 106 m2/s. The sample was initially at 19.5 °C. The experiment lasted 240 s, and
at first the heater was kept off for 40 s, then switched on at an average power of 2000 W/m? to the time of 200 s and
turned off again. Figure (6) shows the experimental data measured by the thermocouple.

26 T T T T

Temperature (°C)

19 1 1 1 1
0 50 100 150 200 250

Time (s)

Figure 6. Measured temperature data.
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Figure 7. Comparison between heat flux estimated by TTR, Function Specification Method and the theoretical flux
provided by the heater.

The heat flux was estimated by TTR and SFSM and iterative SFSM using 55 future time steps to each one. Figure 7
shows the results obtained for heat flux estimation comparing with its theoretical value. It is observed that heat flux
behavior estimated by the three techniques is the same and represents well the thermal input generated by the resistive
heater. Note that the estimated heat flux values are slightly below the experimental curve. This can be explained by the
fact that electrical resistance, due to the length of the heater wires, were not considered.
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Figure 8 shows the residuals between the heat fluxes estimated by the techniques and the experimental flux. It can be
observed that the residuals are very low compared to the value of 2000 W/m? of the real heat flux. In the region where

the heater reaches stability, the mean residue between the experimental heat flux and the estimated is 95 W/m?2 and the
standard deviation of 43 W/m2,
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Figure 8. Residuals

Figure 9 shows the residual values between the heat flux estimated by TTR and SFSM. It is observed that the residuals
are very low compared to the value of the heat flux (2000 W/m2). In the region of interest, where the heater reaches the

steady state, the difference between the two techniques is minimal, obtaining an average value of 1.63 W/m2 with a
standard deviation of 6.34 W/mz2.
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Figure 9. Residuals between the heat flux values estimated by TTR and SFSM.

Figure 10 shows the comparison between the temperatures calculated by the estimated heat fluxes and those measured
by the thermocouple. The temperatures values obtained by the direct problem are very close to the experimental ones,
with larger differences in regions of greater derivative. The residuals between the estimated and experimental
temperatures are shown in Figure 11. The temperatures calculated by the SFSM presented larger errors if compared to
the other methods, with mean residue of 0.063 °C and deviation of 0.026 °C. Otherwise, the iterative SFSM had the lowest

residue values with mean of 0.002 °C and deviation of 0.022 °C. The TTR method also presented low residual values with
mean of 0.011 °C and deviation of 0.025 °C.
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Figure 10. Experimental and estimated temperatures.
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Figure 11. Residuals between experimental and estimated temperatures.

5. CONCLUSIONS

This work presents a comparison between three techniques used to estimate the heat flux of inverse heat conduction
problems. In order to obtain good comparative results, experiments were performed on stainless steel AlSI 304 with the
heat flux defined by a step function. The experimental temperatures measured at one point on the sample was used to
estimate the heat flux by the method proposed in this paper (Golden Section with TTR), the SFSM proposed by Beck et
al. (1985) and the iterative SFSM. The estimated heat flux values were compared with the experimental heat flux provided
by the resistive heater, showing very precisely results. Since the SFSM is an established method in literature, it can be
concluded that the heat flux estimation by TTR is reliable to estimate heat flux boundary conditions.

The TTR methodology has the advantage of not requiring the calculation of numerical derivatives, as opposed to the
SFSM, that requires the evaluation of the thermal sensitivity coefficients. The iterative techniques (TTR and iterative
SFSM) showed better results. In addition, they can be used for nonlinear problems. However, the classical has the lower

computational time.

6. ACKNOWLEDGEMENTS

The authors would like to thank CNPg, CAPES, and FAPEMIG for their financial support.



R .G. D. Silva, E. S. Magalhdes and S.M.M. Lima e Silva
A Time Traveling Regularization Method For Three Dimensional Inverse Problems in Heat Conduction

7. REFERENCES

Alifanov, O.M., 1974, “Solution of an Inverse Problem of Heat Conduction by Iteration Methods”, Journal of Engineering
Physics, Vol. 26, pp. 471-476.

Avriel, M., 1976, “Nonlineaer Programming. Analysis and Methods”, Prentice-Hall, Englewood Cliffs, NJ.

Beck, J.V., Blackwell, B. and Clair, C.St., 1985, “Inverse Heat Conduction: Ill-posed Problems”, Wiley-Interscience
Publication, New York, NY.

Carollo, L. F. S., Lima e Silva, A. L. F., Lima e Silva, S. M. M., 2012, “Applying different heat flux intensities to
simultaneously estimate the thermal properties of metallic materials”, Measurement Science and Technology, 23,
10pp.

Radmonser, E., ¢ Wincor, R., 1998, “Determining the inner contour of a furnace from temperature measurements”,
Industrial Mathematics Institute, Johannes Kepler Universitat Linz, Techinical Report 12.

Stoltz Jr., G., 1960, “Numerical solution to an inverse problem of heat conduction for simple shapes”, Journal of Heat
Transfer”, Vol. 82, No. 1, pp. 20-26.

Tikhonov, A.N. e Arsenin, V.Y., 1977, “Solutions of I1l-Posed Problems”, V. H. Winstons and Songs, Washington, DC.

Vanderplaats, G.N., 2005, “Numerical Optimization Techiniques for Engineering Design”, Vanderplaats Research and
Development Inc, USA.

Hadamard, J., 1902, “Sur les probléemes aux Dérivées Partielles et leur Signification Physique”. Princeton University
Bulletin. pp. 49-52.

Najafi, H., Woodbury, K. A., Beck, J. V., 2015, “Real time solution for inverse heat conduction problems in a two-
dimensional plate with multiple heat fluxes at the surface”. International Journal of Heat and Mass Transfer, v. 91,
pp. 1148-1156.

Magalhdes, E. S. et al, 2016, “Microsctructural Analysis in GTA Aluminum Alloy Welding Using Inverse Problems”.
Apllied Thermal Engineering, v. 100, p. 333-339.

Beck; J. V.; Arnold, K. J., 1977, “Parameter Estimation in Engineering and Science”. Wiley Interscience, New York,
1977.

Santos, M. R. et al., 2014 “Analyses of Effects of Cutting Parameters on Cutting Edge Temperature Using Inverse Heat
Conduction Technique”. Mathematical Problems in Engineering, v. 2014, p. 1-11.

8. RESPONSIBILITY NOTICE

The authors are the only responsible for the printed material included in this paper.



