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Abstract.

The stability of compressible flow relevant to aeronautical applications are investigated regarding the effect of large

temperature gradients. The temperature gradients when large are responsible for strong variations in gas properties

such as density, viscosity and conductivity. These variations change the characteristics of the flow both in terms of

its stability parameters such as growth rate and wave speed and in terms of the flow topology and vorticity distribution.

Direct numerical simulations and linear stability theory are used as tools for the intended study. Results show the stability

characteristics of a chosen reference flow configuration against which the large temperature gradient cases are compared.

Vorticity, pressure distribution and normal velocity components are presented for a range of Reynolds numbers for the

reference flow configuration. The results show the change in growth rate, wavenumbers and wave speeds for the given

changes in temperature of the lower mixing layer stream.
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1. INTRODUCTION

The use of model problems for parametric investigation of different flow conditions related to aerospace engineering

problems allows fast and reliable analysis. The compressible mixing layer serves as a model problem for the analysis of

high speed air breathing propulsion problems such as reactant mixing in a combustion chamber or noise generation in

exhaust nozzles. In both cases two parallel streams at different velocities may be composed of different chemical species

or with large temperature differences. In such cases properties variation may result in significant differences in flow

stability characteristics such as growth rates and flow topology. The present investigation addresses the question of how

temperature gradients affects the development of Kelvin-Helmholtz instability. The study is part of an on going project

on stability and acoustic of compressible flows relevant to propulsive systems.

The research on the stability of binary mixing layers at the Instituto de Aeronáutica e Espaço (IAE) started in 2006

with the Masters’ thesis of Salemi (2006) (Salemi and Mendonca, 2008) and Quirino (2006). The first used hydrodynamic

stability theory to study binary mixing layers in compressible flow where the base flow was given by the similarity solution

of the boundary layer equations. The second one used direct numerical simulation methods to solve the compressible

Naver-Stokes equations to study the effect of strong heat sources on the stability of the mixing layer.

After these initial studies other works where conducted on more complex mixing layers either double mixing layers

or mixing layers modified by jets and wakes (Mendonça, 2010; Souza, 2011; Souza et al., 2014; Mendonca, 2014; Soares

et al., 2014; Fernandes et al., 2014; Freitas et al., 2014; Manco, 2014; Manco and Mendonca, 2014). Considering a

canonical base flow given by a combination hyperbolic tangent and hyperbolic secant profiles Mendonça (2010) and

Soares et al. (2014) studied different aspects of the influence of jets and wakes on the stability of compressible and

incompressible mixing layers. Using direct numerical simulations Manco (2014); Manco and Mendonca (2014) are

studying mixing layer stability looking into the nonlinear effects and the topological development of the resulting flow
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due to the interaction of mixing layers, jets and wakes.

Since the binary mixing layer velocity, temperature and mass fraction profiles are very different from the canonical

profiles given by hyperbolic tangent and secant profiles, Mendonca (2014); Fernandes et al. (2014); Freitas et al. (2014)

solved the boundary parabolic layer equations for a compressible binary flow in order to arrive at the base flow profiles.

Given the resulting base flow profiles the stability analysis were performed using the compressible form of the Rayleigh

equation given by the Gropengiesser transformation of variables (Gropengiesser, 1970; Salemi, 2006).

The present investigation extend these previous work using some of the methodologies developed by the group for the

study of more complex mixing layer configurations.

2. METHODOLOGY

The study is performed through numerical simulation of a compressible mixing layer flow. The governing equations

are the Navier-Stokes equations for compressible, inert flow in two dimensions, without body forces, heat sources and

radiation. The numerical methodology is based on high order, low dissipation and low dispersion schemes.

2.1 Governing Equations
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Thus, the set of equations becomes:
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Where the viscous stresses are related to the strain tensor linearly
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These equations are non-dimensionalized using the upper stream variables as reference conditions and the mixing

layer vorticity thickness as the reference length, such that

Re =
ρ1U1δw

µ1

, P r =
µ1cp1
k1

, Ma =
U1

a1
. (4)

Where, ρ is the density, U1 is the fast stream velocity, µ1 is the fast stream viscosity coefficient, cp is the specific heat at

constant pressure, k is the conductivity and a is the speed of sound. Subscript 1 refers to the fast stream.

2.2 Numerical Methodology

In order to properly capture disturbance evolutions associated with hydrodynamic stability problems, the numerical

method must be of high order, have low dissipation and low dispersion properties. Therefore, for spatial and temporal

discretization the following schemes are available in the code.

Spatial Schemes

• 4th order Central Finite Difference.

• 6th order Compact Finite Difference (Lele, 1992).

• 4th order Dispersion Relation Preserving Finite Difference (Tam and Webb, 1993).

Temporal Schemes

• 4th order, 4 steps Runge Kutta.

• 4th order, Low Dissipation and Low Dispersion Runge-Kutta (Hu et al., 1996).

• 4th order, Low storage six stage Runge Kutta for non-linear operators (Berland et al., 2006).

Non-reflecting boundary conditions are also applied in order to avoid noise generated at the boundaries from reaching

the domain of interest. More details about the numerical schemes and the boundary condition treatment may be found in

Manco (2014).
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3. RESULTS AND DISCUSSIONS

3.1 Code Verification

The present viscous Navier-Stokes code was developed from an Euler code developed by Manco (2014). In order to

verify the implemented numerical scheme comparisons are presented for a mixing layer where the upper stream has Mach

number equal to Ma = 0.8 and the lower scheme has Ma = 0.2. Figure 1, taken from Manco and Mendonca (2018),

show comparisons between amplification rate obtained with a inviscid linear stability analysis code and Euler simulations

for a range of frequencies. The growth rate αi is based on the evolution of the kinetic energy along the streamwise

direction.

Figure 1. Growth rate versus frequency ω, comparison between linear stability analysis and Euler numerical simulation.

3.2 Reference Case

The effect of temperature gradients will be investigated comparing results with a low temperature gradient reference

case. Results are presented in terms of flow topology, given by the vorticity, normal velocity and pressure distribution.

3.2.1 Base flow parameters

The base flow is given by a canonical laminar state defined by the distribution of density, non-dimensional streamwise

velocity, and pressure. The flow is assumed parallel and the velocity distribution follows a hyperbolic tangent profile.

U(y) =
1

2

[

(U1 + U2) + (U1 − U2) tanh

(

2u

δ

)]

(5)

The fast stream has velocity U1 = 0.8 and temperature T1 = 1, while at the slow stream U2 = 0.2 and T2 = 0.8.

The laminar temperature distribution T (y) is given by the Crocco-Busemann relation and the corresponding non-

dimensional density is 1/T (y)

3.2.2 Reference flow results

Figures 2 through 4 show the evolution of a mixing layer with a mild temperature gradient with T1 = 1 and T2 = 0.8.

The vorticity distributions for the Euler solution and three Reynolds number viscous solutions are presented in Fig. 2. The

Euler solution, although somewhat noisy show a stronger growth than the viscous solutions. One expected result from the

viscous simulation is the attenuation of noise radiated from the boundaries. The lowest Reynolds number solution show a

strong stabilization of the Kelvin-Helmholtz structures due to viscous effects. Figure 3 show the pressure distribution of

this same test case out of which the same conclusions are drawn, but the solution is not as noise as the vorticity, which

involve computations of gradients of the velocity field. Finally, the normal velocity field is presented in Fig. 4, where the

instability attenuation due to viscous effects are again noticeable.
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Figure 2. reference flow vorticity distribution

Figure 3. reference flow pressure distribution
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Figure 4. reference flow normal velocity component distribution
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3.3 Strong Temperature Gradient Cases

The effect of temperature gradients is presented in this section. The upper stream nondimensional temperature is kept

T1 = 1, while the lower stream temperature is fixed at T2 = 1, T2 = 0.5 and T2 = 2. The frequency of each case was

selected to correspond to the highest growth rate frequency obtained from a linear stability analysis. For T2 = 0.5 the

frequency is ω = 0.8, for T2 = 1, ω = 1 and for T2 = 2, ω = 1.2. The results are shown in Figs. 5 through 7 in terms

of vorticity distribution pressure and normal velocity component. According to Fig. 5, the topology of the flow structure

is not significantly affected, but the disturbance growth is clearly stronger for the T2 = 0.5 case, while for T2 = 2 the

disturbance is clearly the weakest, as seen in Fig. 6 and 7. This results are consistent with the linear stability analysis

presented in the next section. The wavenumber change due to changes in T2 is also consistent with the linear stability

results, where one has to observe that each case correspond to a different frequency.

T1 = 1 and T2 = 0.5, ω = 0.8.

T1 = 1 and T2 = 1, ω = 1.

T1 = 1 and T2 = 2, ω = 1.2.

Figure 5. Vorticity Distribution.

3.4 Linear Stability Theory Analysis

Figure 8 show comparisons of growth rate, phase speed and wavenumber for lower stream temperature T2 from 0.1 to

10. The results show that reducing the lower stream temperature the range of unstable frequencies is reduced. The fastest

growing mode for T2 = 0.5 is a little larger than that for T2 = 1 isothermal case, but as the slow stream temperature

is decreased the flow becomes more stable, both in terms of the highest amplification rate and in terms of the range of

unstable frequencies. When the slow stream temperature is higher than the fast stream, the mixing layer becomes more

stable, but the range of unstable frequencies increase with increasing T2. The phase speed increases continuously as

the lower stream temperature is increased while the wavenumber reduces monotonically. The wavenumber observed in
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T1 = 1 and T2 = 0.5, ω = 0.8.

T1 = 1 and T2 = 1, ω = 1.

T1 = 1 and T2 = 2, ω = 1.2.

Figure 6. Pressure distribution.

the DNS solutions are compatible with this results, considering that each case was run at a different frequency, the one

corresponding to the highest amplification rate. As T2 is increased, the frequency considered is reduced, resulting in a

lower wavenumber for the lower T2 and a higher wavenumber for the higher T2. Nevertheless the dispersion characteristic,

with a relatively constant phase speed with frequency, does not change with T2, where the results show that the phase

speed levels off for higher frequencies.

4. CONCLUSIONS

Direct numerical simulation of mixing layers with large temperature gradients have been performed using a high order,

low dissipation and low dispersion numerical method. The results show small changes in the flow topology in terms of the

vorticity distribution. The results are consistent with linear stability theory results that show the change in amplification

rate, wavenumber and wave speed with respect to the isothermal problem. This investigation will be extended to consider

two different chemical species on the upper and lower streams as a preliminary study prior to the study of mixing layer

with chemical reaction.
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T1 = 1 and T2 = 0.5, ω = 0.8.

T1 = 1 and T2 = 1, ω = 1.

T1 = 1 and T2 = 2, ω = 1.2.

Figure 7. Normal velocity component.
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