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Abstract. The objective of this work is to present numerical results of the extrudate swell problem of Oldroyd-B fluids
employing arbitrary viscosity ratios β ∈ [0, 1]. To this effect, we formulated a finite difference method to solve the
governing equations whereby the mass conservation, momentum and constitutive equations are solved implicitly on a
staggered mesh. In this work, the extra-stress tensor τ is computed via the conformation tensor which is solved by a
semi-implicit method while the implicit Euler method is applied to solve the momentum equation. Analytic solutions for
steady state tube flow are used to verify the Oldroyd-B code. To demonstrate the convergence of the numerical method
on free surface flows, the extrudate swell was simulated on several refined meshes and details of the numerical solutions
are presented. Moreover, by making β → 0, the convergence of the Oldroyd-B model to the Upper-Convected-Maxwell
model, on this complex free surface flow problem, is demonstrated.
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1. INTRODUCTION

Many industrial applications involve flows of viscoelastic materials in complex production lines as for example filling
of containers in the food and cosmetic industries. These flows have attracted many researchers making the area of nu-
merical solution of viscoelastic flows responsible for intense activity in the past decades. The problems studied include
confined flows (Rajagopalan et al., 1990; Wang, 2013; Ferrás et al., 2014; Alves et al., 2003) and free surface flows
(e.g. Crochet and Keunings (1982); Russo and Phillips (2010); Castillo et al. (2015); Konaganti et al. (2015); Comminal
et al. (2017); Tomé et al. (2016); Ren et al. (2015); Sadek and Yildiz (2013); Xu and Yu (2018)). These problems can
be modelled either by the use of partial differential equations, called differential constitutive models or using integral
equations, named integral constitutive models or still a mixed of both, the so called integro-differential models. However,
the majority of the research on viscoelastic flows employ differential constitutive models and in particular, the Oldroyd-B
model has been the differential model most studied. This model has attracted the investigators because it is difficult to
tackle and there are many experimental and numerical (Sridhar et al., 1986; Boger and Walters, 2012; Housiadas et al.,
2007; Xue et al., 1998; Aboubacar and Webster, 2001; Brasseur et al., 1998; Bonito et al., 2006) results available in the
literature that can be used to verify new techniques for simulating viscoelastic flows. Many investigators employ Eule-
rian methods and use the primitive variable formulation of velocity and pressure together with a decoupling strategy to
calculate the velocity and pressure fields. Examples of these techniques are projection methods, SIMPLE, PISO, among
others. Apart from these techniques, stream function formulations have been used to simulate confined flows (Choi et al.,
1988; Kupferman, 2001; Tian and Yu, 2011) and more recently were applied to solve free surface flows (e.g. Comminal
et al. (2017)). However, the difficulties in applying the stream function to simulate three-dimensional flows has made
this approach less attractive so that the primitive variable formulation has been used to simulate viscoelastic free surface
flows.

The fluid free surface can be tackled by several techniques, for instance the Volume-of-Fluid (VOF) method that was
introduced by Hirt and Nichols (1981) in the early 80’s and has been used to simulate non-Newtonian flows by many
investigators in the past 20 years (e.g. Kim and Lee (2003); Bonito et al. (2006); Janßen et al. (2013); Zhang (2013);
Moraga et al. (2015); Comminal et al. (2017)). This method has the advantage of easy implementation but it is known
of being a high diffusion technique so several improved versions have been developed (Kim and Lee, 2003; Zhang, 2013;
Figueiredo et al., 2016). Another approach to represent the free surface is the level set function. This function is convected
with the fluid flow and its evolution in time is effected by solving a hyperbolic equation. Generally, this function is treated
as a distance function from the interface. This method was introduced by Osher and Sethian (1988) and has capacity
of capturing multiphase flow phenomena. It has been used to simulate filament stretching and jet buckling (Deganello
et al., 2011; Ville et al., 2011; Castillo et al., 2015), mold filling (Zhuang et al., 2017) among other problems (Osher and
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Fedkiw, 2001; Sussman et al., 1994; Kohno and Tanahashi, 2004; Sethian, 2001; Dou et al., 2007; Zhuang et al., 2017).
Different from VOF and the level set method, the front tracking method employs markers to describe the fluid interface.
In two-dimensions the interface is represented by a set of points (xi, yi) that represents the interface between two fluids
while in three dimensions the markers are nodes that define quadrilaterals or nodes defining triangles. The co-ordinates of
the markers are updated continuously according to the instantaneous velocity of the fluid. In two-dimensions the interface
is visualized by connecting these points by straight lines or a zero-order spline while in three dimensions the interface
is composed of linear by parts quadrilaterals and triangles. The first ideas of this method was presented by Harlow and
Welch (1965) who introduced the Marker-and-Cell method in the early 60’s. Since its discovery, other improved versions
have been developed and used by many authors to simulate free surface flows of Newtonian and non-Newtonian flows in
two and three dimensions (see for example, Tomé et al. (2016); Amsden and Harlow (1970); Tomé et al. (2007); Harlow
and Welch (1965); Tryggvason et al. (2001); Irfan and Muradoglu (2017); Pivello et al. (2014); Muradoglu and Tasoglu
(2010); Wang et al. (2017); Yi et al. (2016); Terashima and Tryggvason (2009); Tomé et al. (2012)).

This work deals with the numerical solution of the Oldroyd-B model for free surface flows using the finite difference
method on a staggered grid. The fluid free surface is tracked by an improved marker-and-cell type method that was
presented by Tomé et al. (2000). The main feature of the technique employed is the use of a stress splitting (Rajagopalan
et al., 1990) that is independent of the viscosity ratio β = ηS/η0 to obtain the solution of the momentum equations and to
tackle the free surface boundary conditions. The extra-stress tensor is calculated employing the usual rheological splitting
τ = τP + 2ηSD and is computed as a function of the conformation tensor A. Results are presented for the extrudate
swell problem.

2. BASIC EQUATIONS

The mass conservation and momentum equations for incompressible viscoelastic fluid flows can be written as,

∇ · u = 0 , (1)

ρ
[∂u
∂t

+∇ · (uu)
]

= −∇p+∇ · τ + ρg , (2)

where u is the velocity vector, p is the pressure, g is the acceleration of gravity vector, ρ is the density of the fluid and τ
is the extra-stress tensor. It is assumed that the flow is governed by the Oldroyd-B constitutive equation which is given by

τ + λ1
∇
τ = 2η0

[
D + λ2

∇
D

]
, D =

1

2

[
(∇u) + (∇u)T

]
, (3)

where D is the rate-of-deformation tensor. The symbol
∇
τ represents the upper-convected derivative given by

∇
τ =

∂τ

∂t
+∇ · (uτ )−

(
∇u
)
τ − τ

(
∇u
)T
.

In Eq. (3), λ1 is the relaxation time, λ2 = λ1
ηS
η0

is the retardation time, η0 = ηP + ηS is the sum of the solvent (ηS) and

polymeric (ηP ) viscosities. The ratio β =
ηS
η0

measures the quantity of solvent viscosity within the fluid. When β = 0,

Eq. (3) reduces to the Upper-Convected Maxwell (UCM) model and if β = 1 we have Newtonian flow.
To solve the momentum Eq. (2), we employ the following transformation (known as EVSS (Rajagopalan et al., 1990;

Guénette and Fortin, 1995))

τ = T + 2η0D , (4)

which after being introduced in the momentum Eq. (2), it becomes

ρ
[∂u
∂t

+∇ · (uu)
]

= −∇p+ η0∇2u +∇ ·T + ρg . (5)

Instead of solving the Oldroyd-B constitutive equation, we write the extra-stress tensor τ using the conformation tensor
A by

τ =
η0
λ1

(
1− β

)(
A− I

)
+ 2βη0 D , (6)

where the conformation tensor A is evolved in time by solving

A + λ1
∇
A = I . (7)
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2.1 Boundary conditions

The boundary conditions can be summarized as follows: on rigid boundaries the no-slip condition is imposed; on
inflows, the velocity is prescribed while the extra-stress tensor obeys fully developed flow. On outflows, homogeneous
Neumann conditions are imposed for the velocity field. On the free surface, in the absence of surface tension, the boundary
conditions are given by equations

nT · (σ · n) = 0 , mT · (σ · n) = 0 , (8)

where, σ = −pI+T+ 2η0D is the stress tensor and n and m are unity vectors normal and tangential to the free surface,
respectively.

2.2 NUMERICAL METHOD

The Equations (1), (5), (6), (7) and (4) are solved by the finite difference method on a staggered grid (Fig. 1a displays
an example of a staggered cell). The fluid (also the free surface) is modeled by an improved Marker-and-Cell method
(Amsden and Harlow, 1970) developed by Tomé et al. (2000) wherein the fluid surface is determined by a closed linear
spline that is defined by the nodes defined by the marker-particles (see Fig. 1b). To implement this technique it is neces-
sary to divide the cells within the mesh into several types: Boundary (B), Inflow (I), Outflow (O), Full (F), Surface (S)
and Empty (E). Figure 1c displays an example of such cells.

(a)

(b)
(c)

Figure 1: (a) Example of a staggered cell in the mesh. (b) Representation of fluid free surface (line connecting the
particles) and volume of fluid (yellow area). (c) Type of cells in the domain.

Let δt be specified and tn+1 = tn + δt. Then, Eqs. (1), (5), (6), (7) and (4), written in cylindrical coordinates, can
be solved for the unknowns un+1 = u(r, z, tn+1)), pn+1 = p(r, z, tn+1), Tn+1 = T(r, z, tn+1), τn+1 = τ (r, z, tn+1)
and An+1 = A(r, z, tn+1), as follows. These equations are used in dimensionless form and contain the nondimensional

numbers, Reynolds number: Re =
ρ0 U L

η0
, Weissenberg number: Wi = λ1

U

L
, Froude number: Fr =

U√
Lg

, in which

L and U are typical scales for velocity and length, respectively, ρ0 is the fluid density and g is the acceleration of gravity
(for details see Tomé et al. (2007)).

The computational cycle is performed in three steps, as follows:

� STEP 1: The velocity un+1 and the pressure pn+1 are computed using the implicit technique developed by Oishi
et al. (2011). In this technique, a tentative velocity field ũn+1 is calculated from the momentum Eq. (5) using the
implicit Euler method while the final velocity un+1 is given by un+1 = ũn+1−∇ψ where ψ is a potential function
that is obtained by solving the Poisson equation ∇2ψ = ∇ · ũn+1 to guarantee that ∇ · un+1 = 0 within the
fluid. The Poisson equation is solved by the conjugate gradient method subject to Dirichlet and Neumann boundary

conditions. The pressure is calculated as pn+1 = p(n) +
ψ

δt
− 1

Re
∇2ψ.

This technique is described in details by Oishi et al. (2011) and for this reason is not given here.
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� STEP 2: Calculation of τn+1, An+1 and Tn+1.

In this step we first calculate the conformation tensor An+1 by solving Eq. (7) using finite differences. Equation
(7) is implicitly approximated at the center of a cell (i, j) by the equation

An+1
i,j − δt

[
(∇un+1

i,j )An+1
i,j + An+1

i,j (∇un+1
i,j )T − 1

Wi
An+1
i,j

]
= An

i,j − δt
[
∇ · (un+1

i,j An
i,j)−

1

Wi
I

]
. (9)

which is applied to each F and S cell within the domain. This originates a (3 × 3) linear system that is solved for
each F and S-cell.

After An+1 has been calculated, the extra-stress tensor τn+1
i,j is obtained by

τn+1
i,j =

1

ReWi

(
1− β

)(
An+1
i,j − I

)
+

2

Re
βDn+1

i,j , (10)

and the non-Newtonian tensor Tn+1
i,j is computed from

Tn+1
i,j = τn+1

i,j −
2

Re
Dn+1
i,j . (11)

� STEP 3: The last step in the calculational cycle is to move the marker-particles to their new positions by solving

dr

dt

∣∣∣
P

= u(r, z)n+1
P ;

dz

dt

∣∣∣
P

= w(r, z)n+1
P , (12)

for each particle P = [rP zP]T . The particle velocity uP = [u(r, z)n+1
P v(r, z)n+1

P ]T is found by a bilinear
interpolation using the nearest velocities and the ODE system is resolved by a second-order Runge-Kutta method
(RK21). For details see Tomé et al. (2007) and Oishi et al. (2011).

3. VERIFICATION RESULTS

To verify the numerical method described in Section 2.2, fully developed tube flow was simulated and the numerical
predictions were compared with the analytic solutions.

A tube of radius R = 1.0 m and length H = 10Rm composed the computational domain Ω = [0 , R] × [0 , 10R] as
illustrated in Fig. 2b. The tube was empty and fluid was injected at the inflow with the imposition of the following fully
developed profile:

w(r) =
(
1− r2

)
, u(r) = 0, γ̇ =

dw

dr
= −2r, (13a)

τzz(r) =
2

Re
Wi
(
1− β

)
γ̇2, τ rz(r) =

1

Re
γ̇, τ(r) = τθθ(r) = 0, (13b)

The input data were: L = R = 1m, U = 1ms−1, ρ = 1000kg m−3, η0 = 4000.0Pa.s, λ1 = 1.0s and λ2 = 0.2s (β = 0.2).

Therefore, Re =
ρ U L

η0
= 0.25 and Wi = λ1

U

L
= 1.0. By using the meshes presented in Tab. 1, this problem was

simulated until time t(U/L) = 100.0 on each mesh.

(a)

INFLOW

OUTFLOW

(b)

Figure 2: Description of flow domain (a) and computational domain (b).



17th Brazilian Congress of Thermal Sciences and Engineering (ENCIT 2018)
November 25th-28th, 2018, Águas de Lindóia, SP, Brazil

Table 1: Meshes used to simulate tube flow.

Mesh M10 M20 M30 M40

δr = δz 0.1000 0.0500 0.0333 0.0250
Cells in the mesh (10×100) (20×200) (30×300) (40×400)
δt 6.25000e-05 1.56250e-05 3.47222e-06 1.95312e-06

Figure 3 displays the numerical solutions obtained for w(r, zm), τzz(r, zm) and τ rz(r, zm) plotted at the cross section
in the middle of the tube at zm = 5R. For comparisons, the analytic solutions are also plotted in Fig. 3. It can be seen that
the numerical solutions agree well with the corresponding analytic solutions on the meshes employed. Moreover, Tabs. 2
and 3 show that, the errors calculated with the norm defined by Eq. (14) decay with mesh refinement and the calculated
convergence order is about two. This is in accordance with the second-order finite difference approximations employed
to solve the equations.

E(·)Mk =

√
δk
∑
iMk

[
(·)Exact − (·)Num

]2
,

δk = δrMk, Mk denotes mesh M10, M20, M30, M40.

(14)

Table 2: Errors between analytic and numerical solutions calculated on
meshes M10, M20, M30 and M40.

Mesh E(w(r, zm)) E(τ rz(r, zm)) E(τzz(r, zm))

M10 1.6838260e-03 2.2804317e-02 1.1240207e-01
M20 4.2603404e-04 5.7499787e-03 2.8459013e-02
M30 1.8985006e-04 2.5595843e-03 1.2678808e-02
M40 1.0655251e-04 1.4404461e-03 7.1377747e-03

Table 3: Convergence order obtained on the tube flow.

w(r, zm) τ rz(r, zm) τzz(r, zm)

O(M10,M20) 1.9827025e+00 1.9876785e+00 1.9817111e+00
O(M20,M30) 1.9934752e+00 1.9961059e+00 1.9940877e+00
O(M20,M40) 1.9994041e+00 1.9970409e+00 1.9953394e+00
O(M30,M40) 2.0077604e+00 1.9983588e+00 1.9971035e+00
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Figure 3: Comparison of the numerical predictions in the various meshes with the respective exact solutions: (a) w(r);
(b) τzz(r) and (c) τ rz(r).
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3.1 Numerical simulation of the die-swell phenomenon

A jet emerging from a tube exhibits the phenomenon known as die-swell, also called extrudate swell or Barus effect
(see Fig. 4a), in which the diameter of the jet inside the tube (D) is expanded (Dm > D) after the jet is extruded into the
air. This phenomenon is common in polymer processing and is associated with entropy and the relaxation of the polymer
molecules within the flow stream. This problem has been investigated by many researchers that developed numerical tools

to predict the amount of swell which is measured by the swelling ratio defined by Sr =
Dm

D
.

3.1.1 Mesh refinement

To simulate this problem, we considered the time-dependent flow of an axisymmetric jet that is flowing inside a tube
and then is extruded into the air. The flow domain is displayed in Fig. 4b and the following input data were employed:

♠ computational domain: Ω = [0 , 3R]× [0 , 15R];
♠ tube radius R = 1.0 m, tube length L1 = 5Rm and length scale: L = R;
♠ Distance between tube exit and the outflow region: L2 = 10Rm;
♠ ρ = 1000 kg m−3, η0 = 2000 Pa.s, λ1 = 1.0 s, λ2 = 0.1 s and U = 1.0 m;
♠ Re = 0.5, Wi = 1.0 and viscosity ratio: β = 0.1. Gravity was neglected.

(a)

INFLOW

OUTFLOW

(b)

Figure 4: Description of the computational domain for the simulation of die-swell.

The boundary conditions were those described in Section 2.1. The fully developed profile given by equations

w(r) =
3

2
[1− r2], u(r) = 0, γ̇ =

dw

dr
= −3r, (15)

was specified at the inflow. The extra-stress tensor is specified in Eq. (13b).
To substantiate the code on this problem, we performed mesh refinement and simulated the die-swell on the grids

defined in Tab. 4. These simulations started at t = 0 and were carried out until time t = 200s; at this time, it was assumed
that steady state has been reached. Figure 5 displays the velocity w(0.5δr, z) and the first normal stress difference
N1 = (τzz− τ rr)(z) on the line (0.5δr, z) on the meshes simulated. We can see that the numerical solutions obtained are
in good agreement. It is also observed that on the tube exit, both the velocity and N1 present an overshoot that is caused
by the corner singularity on the tube exit (André and Clermont, 1987). The free surface profiles obtained are shown in
Fig. 6 where it can be seen that the free surfaces on the coarse grids approximate the solution obtained on the finest grid
M30, as the grid is refined. These results confirm the convergence of the numerical method and verifies our code on the
die-swell problem.
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Table 4: Meshes used to simulate die-swell flow.

Mesh M10 M16 M20 M24 M30

δr = δz 0.10000 0.06250 0.05000 0.04166 0.03333
Cells in the mesh (30×150) (48×240) (60×300) (72×360) (90×450)
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Figure 5: Simulation of die-swell on several meshes: (a)
w(0.5δr, z) and (b) N1(0.5δr, z). Results obtained on
meshes M10, M16, M20, M24 and M30.
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Figure 6: Mesh refinement: free surface ob-
tained on each mesh.

3.1.2 Simulation of die-swell and comparison with results from literature

To demonstrate the applicability of the code on the die-swell problem, we performed a series of simulations varying
the Weissenberg number Wi while keeping fixed the value of the Reynolds number. The flow domain and the input data
were the same employed in the mesh refinement results (see Section 3.1.1, Fig. 4) together with mesh M10 (see Tab. 1). In
these simulations we used Re = 0.25 and the following velocity profile was imposed at the tube entrance (the extra-stress
components are specified according to Eq. 13b)

w(r) = 2[1− r2], u(r) = 0, γ̇ =
dw

dr
|wall = −4. (16)

With the purpose of making a comparison with results from literature, the simulations were carried out by varying the
recoverable shear that was used in the works of Crochet and Keunings (1982), Tomé et al. (2007) and Tanner (1970),
given by

Sλ =
N1

2τ rz
= Wi(1− β)|γ̇|wall = 4 (1− β)Wi. (17)

The values of Sλ and the associated values of Wi for β = 1/9 employed in the simulations are displayed in Tab. 5
below.
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Table 5: Values of the recoverable shear Sλ and corresponding Wi = λ1 (since L = U = 1)
calculated using Eq. (17) used in the die-swell simulations.

Sλ 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Wi = λ1 0.1406 0.2812 0.4219 0.5625 0.7031 0.8437 0.9844 1.1250

The simulations started at t = 0 and were performed until t ∗ (U/L) = 100. At t = 0 the die was empty and was
continuously filled until t = 5 when the jet is leaving the tube and being extruded in the air. After this time, the fluid
started the swelling process which changed according to the value of Sλ. It is expected that larger values of Sλ will lead
to larger swelling ratios Sr. Indeed, Fig. 7 displays a front view visualization of the simulation for Sλ = 1.5 while Fig. 8
presents the visualizations for Sλ = 4, at the selected times shown. At time t = 5 the results are similar for both values
of Sλ but from time t = 10 the differences become more evident. After this time, it is seen that the jet with Sλ = 1.5
travels faster than the jet with Sλ = 4. This effect is due to the fact that the jet with Sλ = 4 presents a swell much larger
than the swell corresponding to Sλ = 1.5 and consequently due to mass conservation, the jet with Sλ = 1.5 moves faster.
Moreover, after entering the outflow region, both jets undergo a secondary swell (see t = 25 for Sλ = 1.5 and t = 30 for
Sλ = 4) and it is seen that the jet with Sλ = 1.5 establishes steady state around t = 50 while the jet with Sλ = 4 seems to
reach steady state around t = 100. The final swelling ratio obtained for each Sλ is displayed in Tab. 6 in which the results
obtained by Crochet and Keunings (1982) and Tanner’s law (see Eq. 18) are also shown for comparison. Finally, Fig. 9
plots the results of Tab. 6 together with the results obtained by Tomé et al. (2007). We can see in Fig. 9 that the results
of this work agree better with Tomé et al. predictions for small values of Sλ and fits better Tanner’s law and Crochet and
Keunings for values of Sλ above 2.

Sr = 0.14 +
[
1.0 +

S2
λ

2

] 1
6

(18)

(a) t=5 (b) t=10 (c) t=15 (d) t=25 (e) t=30 (f) t=35 (g) t=40 (h) t=50 (i) t=100

Figure 7: Simulation of transient die-swell for Re = 0.25, β = 1/9, Sλ = 1.5 at selected times.

(a) t=5 (b) t=10 (c) t=15 (d) t=25 (e) t=30 (f) t=35 (g) t=40 (h) t=50 (i) t=100

Figure 8: Simulation of transient die-swell for Re = 0.25, β = 1/9, Sλ = 4.0 at selected times.
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Table 6: Swelling ratios Sr obtained in the simulations and comparison with Tanner’s law, Crochet and Keunings results.

Sλ 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Sr (this work) 1.2320 1.2770 1.3250 1.3870 1.4410 1.645 1.7000 1.7880

Sr
Crochet and Keunings (1982)

1.1573 1.2357 1.3035 1.3799 1.4762 1.5972 1.8001 1.9198

Tanner’s law (Tanner, 1970) 1.1598 1.2099 1.2738 1.3409 1.4063 1.4685 1.5271 1.5822

S
λ
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Figure 9: Simulation of transient die-swell for Re = 0.25, β = 1/9. Swelling ratios obtained by various authors.

4. CONCLUSIONS

This work presented a numerical technique for solving the Oldroyd-B model for time-dependent free surface flows.
The methodology employs the marker-and-cell method to describe the fluid free surface and is based on the ideas em-
ployed by Tomé et al. (2007). The novelties of this technique are the use of an EVSS transformation that permits to solve
the momentum and mass conservation equations without the appearance of the viscosity ratio β so that we can make
β = 0 in the governing equations to solve the UCM model. Also, the extra-stress tensor is calculated as a function of
the conformation tensor A that is approximated by finite difference equations that are solved exactly. This numerical
technique was validated against analytic solutions for fully developed tube flow and mesh refinement confirmed the con-
vergence of the method on this particular problem. The capability of this methodology in solving complex free surface
flows was demonstrated by applying it to simulate the die-swell problem for various values of the Weissenberg number.
Mesh refinement studies and comparison with other authors corroborated the efficiency of the method in dealing with
complicated free surface flows.
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