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Abstract. In this work, we present a numerical methodology which combines flow modal decomposition via proper
orthogonal decomposition and sparse regression using deep neural networks. The framework is implemented in the
context of the sparse identification of non-linear dynamics algorithm recently proposed in the literature. The framework
is applied for the construction of reduced order models of unsteady compressible flows. The results demonstrate that
the technique provides accurate and stable reconstructions of the full order model beyond the training window of the
deep neural network. In this paper, we describe the numerical techniques employed and show the results obtained by the
current methodology.
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1. INTRODUCTION

Current supercomputers allow the application of high fidelity numerical simulations of turbulent flows over large scale
industrial configurations. These simulations may lead to discretizations with billions of degrees of freedom in order
resolve the energetically relevant spatial scales. Moreover, the fluid flow data needs to be recorded for long periods using
small time steps to compute converged statistics of the flow with sufficient accuracy.

The results from large scale computations certainly improve the understanding of several physical mechanisms such
as mixing enhancement, drag reduction, heat transfer, noise generation, to name a few. At the same time, high fidelity
calculations require the acquisition and treatment of large databases which introduces a big data challenge. In recent years,
novel data-driven algorithms have been developed and applied to perform statistical post-processing of large databases
of unsteady fluid flows. For example, one can cite techniques of flow modal decomposition (Taira et al., 2017) such as
proper orthogonal decomposition (POD) (Lumley, 1967; Sieber et al., 2016; Ribeiro and Wolf, 2017), dynamic mode
decomposition (DMD) (Schmid, 2010), and Lagrangian coherent structures (LCS) (Haller, 2015).

In order to reduce the computational costs from large scale flow simulations, reduced order models (ROM) need to
be developed for application in the preliminary stages of design. Such tools should be also useful for optimization and
flow control. Several ROM techniques have been discussed in the literature such as Galerkin projection (Rowley et al.,
2004), balanced truncation Galerkin projection (Carlberg et al., 2015), eigensystem realization analysis (Juang and Pappa,
1985) and sparse regression of nonlinear dynamics (Brunton et al., 2016). These techniques have been mostly applied for
canonical problems and their application in turbulent flows over industrial configurations is still a challenging task.

Machine learning is a possible candidate for the development of accurate and stable ROMs for industrial configura-
tions. In this work, we present a numerical methodology which combines flow modal decomposition via POD and sparse
regression using machine learning and deep neural networks (DNN) (Goodfellow et al., 2016; Glorot and Bengio, 2010;
Kutz, 2017). The framework is implemented in the context of the sparse identification of non-linear dynamics (SINDy)
algorithm (Brunton et al., 2016). The framework is applied for the construction of ROMs of unsteady compressible flows
involving noise generation and propagation. In this paper, we describe the numerical techniques employed and show the
results obtained by the current methodology.

2. FLOW SIMULATION

In this work, the compressible Navier-Stokes equations are solved in their covariant form on a general curvilinear
system. The numerical scheme for spatial discretization is a sixth-order accurate compact scheme (Nagarajan et al., 2003)
implemented on a staggered grid. A sixth-order compact scheme is also employed for interpolation (Lele, 1992) of fluid
properties on the different nodes of the staggered configuration. Compact finite-difference schemes are non-dissipative
and numerical instabilities arising from mesh non-uniformities and approximate boundary conditions have to be filtered
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to preserve stability of the numerical schemes. The high wavenumber compact filter presented by Lele (1992) is applied
to the computed solution at prescribed time intervals in order to control numerical instabilities. This filter is only applied
in flow regions far away from solid boundaries.

The time integration of the fluid equations is carried out by the fully implicit second-order scheme of Beam and
Warming (Beam, 1978) in the near-wall region in order to overcome the time step restriction due to the usual near-wall
fine-grid numerical stiffness. A third-order Runge-Kutta scheme is used for time advancement of the equations in flow
regions far away from solid boundaries. No-slip adiabatic wall boundary conditions are applied along the solid surfaces
and characteristic plus sponge boundary conditions are applied in the far field locations. The numerical tool has been
previously validated for several simulations of unsteady compressible flows (Wolf et al., 2012b,a; Arias Ramirez and
Wolf, 2015).

3. FORMULATION

The equations governing an unsteady two-dimensional compressible flow contain partial derivatives with respect to
both space x = [x, y]T and time t. Using the method of lines one can approximate the spatial derivatives first, producing
a system of nonlinear ordinary differential equations (ODEs). In the most general notation, for each mesh point, these
ODEs would be expressed in the form

dq

dt
= F(q, t) , (1)

where F is a nonlinear operator, q = [ρ, ρu, ρv,E]T is the vector of conservative variables, ρ is the density, u is the
x-component of the velocity vector, v is the y-component of the velocity vector and E is the total energy per unit of
volume.

We can consider each mesh point as a dynamical system of form Eq. (1). To determine the function F from data,
we use the sparse identification of nonlinear dynamics algorithm (SINDy) developed by Brunton et al. (2016) with some
modifications. First, we collect snapshots of the conservative variables (ρ, ρu, ρv,E) which will be our training data. For
each conservative variable, the data set is arranged into a matrix Q as

Q =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

q(x1, t1) q(x2, t1) ... q(xNp , t1)
q(x1, t2) q(x2, t2) ... q(xNp , t2)
⋮ ⋮ ⋱ ⋮

q(x1, tNT
) q(x2, tNT

) ... q(xNp , tNT
)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

(2)

where Np is the number of grid points in the computational domain and NT is the number of snapshots.
Because of the high dimensionality of the input data Q, it is first necessary to reduce the dimension of the dynamical

system. The proper orthogonal decomposition (POD) has been widely used to obtain optimal bases that represent the
most energetic content of the system dynamics with as few bases functions as possible (Lumley, 1967; Sieber et al.,
2016). In the following derivations, the vector notation will be implicitly assumed. The snapshot POD approach starts
with a decomposition of the vector quantities q(x, t) into the mean flow, q(x), and fluctuations, q′(x, t). The latter can
be further expanded into a combination of spatial modes φi(x) and their temporal coefficients ai(t) for a defined number
of N modes as

q(x, t) = q(x) + q′(x, t) = q(x) +
N

∑
i=1
ai(t)φi(x) . (3)

To calculate the POD correlation matrix of the data set Q some specific norm must be used. For an incompressible
flow, a kinetic energy norm provides an optimal result, however, for a compressible flow, other norms can be employed
(Rowley et al., 2004). Hence, the correlation between two snapshots is calculated from a L2 inner product ⟨ , ⟩. The
elements of the correlation matrix C are given by

Cij = ⟨ q′(x, ti), q′(x, tj)⟩ , (4)

and the matrix C is of size N ×N . The temporal coefficients ai = [ai(t1), ..., ai(tNT
)]T and the mode energies λi are

determined from the eigenvectors and eigenvalues of the correlation matrix C as

Cai = λiai . (5)

Here, singular value decomposition (SVD) can be employed to compute the eigenvalues λi and eigenvectors ai of C
since the matrix is real symmetric positive-definite. The spatial modes are obtained from the projection of the fluctuation
quantities onto the temporal coefficients

φi(x) =
1

λi

N

∑
j=1

ai(tj)q′(x, tj) . (6)
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Finally, the temporal coefficients and spatial modes can be stored in matrices A and Φ as

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

aT (t1)
aT (t2)
⋮

aT (tNT
)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

a1(t1) a2(t1) ... aN(t1)
a1(t2) a2(t2) ... aN(t2)
⋮ ⋮ ⋱ ⋮

a1(tNT
) a2(tNT

) ... aN(tNT
)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

(7)

and

Φ =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

φ1(x1) φ1(x2) ... φ1(xNp)
φ2(x1) φ2(x2) ... φ2(xNp)
⋮ ⋮ ⋱ ⋮

φN(x1) φN(x2) ... φN(xNp)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

, (8)

where the temporal coefficients are the columns of A and the spatial modes are the rows of Φ.
Taking the time derivative of Eq. (3), we arrive at the following equation

dq(t)
dt
=

N

∑
i=1
φi(x)

dai(t)
dt

. (9)

The last term of Eq. (9) represents the temporal evolution of coefficients ai(t) associated with N modes retained in
the POD basis. We can express this system of coupled ODEs as

da(t)
dt
= ȧ(t) = F(a(t)) . (10)

Next, we compute the derivative ȧ(t) numerically using the data a(t) for each temporal mode. The numerical scheme
employed is a 10th-order accurate compact scheme (Lele, 1992) which provides high spectral resolution being non-
dissipative and low-dispersive. The derivatives ȧ(t) are then arranged into a matrix Ȧ

Ȧ =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ȧT (t1)
ȧT (t2)
⋮

ȧT (tNT
)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ȧ1(t1) ȧ2(t1) ... ȧN(t1)
ȧ1(t2) ȧ2(t2) ... ȧN(t2)
⋮ ⋮ ⋱ ⋮

ȧ1(tNT
) ȧ2(tNT

) ... ȧN(tNT
)

⎤⎥⎥⎥⎥⎥⎥⎥⎦

. (11)

Now, we may set up a regression problem to find the weights W = [w1 w2 ... wN ] and biases b = [b1, b2, ..., bN ]T
that determine the function F (a(t)) presented in Eq. (10)

Ȧ =WΘ(A) + b , (12)

where wi is a vector of weights and Θ(A) is matrix of features.
Brunton et al. (2016) suggest that Θ(A) may consist of constant, polynomial, exponential and trigonometric func-

tions. However, in many cases, it is complicated to know what set of features should be extracted from the data. Hence,
we try to circumvent the problem of finding the functions which represent the dynamics of the problem using machine
learning to discover not only the weights W and biases b but also the features Θ(A). The “learned” features often result
in a better performance than can those obtained using “engineered” features. A learning algorithm can find a good set of
features in minutes or hours, depending on the task complexity. However, manually engineered features would require a
great amount of human time and effort for complex tasks (Goodfellow et al., 2016).

Deep learning methods are feature learning algorithms. These methods aim at learning a good set of features, often
at multiple layers, from higher layer features defined in terms of lower layer features. Automatically learning features
at multiple processing layers allow systems to learn complex functions through mapping the input to the output directly
from a given data (Bengio, 2009). Here, a standard deep feedforward network (DNN) (Goodfellow et al., 2016) is used
to learn the weights W, biases b and features Θ(A).

Figure 1 shows a sample DNN arquitecture where the input X of the DNN is the matrix A and the target Y is the
matrix Ȧ. The weights W[l] are initialized using Xavier initialization (Glorot and Bengio, 2010). The biases b[l] are
initialized to zero. The matrix W[l] is of size n[l+1] × n[l] and the vector b[l] is of size n[l] × 1, where l is the l-th
layer. For all hidden layers expect the last, the activation function G[l] is the tanh, while for the last layer, we employ a
linear function. The cost function is the mean squared error (MSE), which measures the difference between the training
samples and the predictions. In order to find the parameters W[l] and b[l] of the deep neural network that significantly
reduce the cost function, we use ADAM optimizer, (Kingma and Ba, 2014). The optimization process requires a set of
hyperparameters: learning rate α, regularization parameter λ, maximum number of iterations niter, the exponential decay
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rate for the 1st moment estimates β1, the exponential decay rate for the 2nd moment estimates β2 and a small constant
for numerical stability ε. The hyperparameters are set with a random grid search. In the current work, the open source
machine learning framework Tensorflow (Abadi et al., 2015) is used for training the DNN.

Once we have learned the parameters W[l] and b[l] of our model Eq. (12), we can use them to predict the temporal
coefficients ai given the initial conditions aT (t1). The system of coupled ODEs is integrated using an explicit 5 stage
4th-order Runge-Kutta scheme derived by Kennedy et al. (1999). As we have the temporal coefficients a(t), one can
reconstruct the flowfield using Eq. (3). However, we are interested in using a reduced order model in circumstances other
than simply reproducing the training data. The approach presented in this work allows to predict the flowfield beyond the
training window as q(x) and φ(x) depend only on the spatial coordinates x.

⋮
⋮ ⋮ ⋮

⋮

a1

a2

a3

aN

˙̂a1

˙̂a2

˙̂a3

˙̂aN

Input
layer

Hidden
layer

Hidden
layer

Hidden
layer

Ouput
layer

. . .

. . .

. . .

. . .

. . .

. . .
Figure 1. An example of a deep neural network with N inputs, many hidden layers (HL), and a output layer with N

outputs.

4. RESULTS

This section presents the results obtained by the algorithm proposed here which combines sparse regression, POD
and deep learning. In this paper, the reduced order model is employed to reconstruct simulations of a two-dimensional
compressible flow past a cylinder. The full order model (FOM) is obtained by solving the compressible Navier Stokes
equations as detailed in section 2.. The numerical simulations are conducted for Reynolds and Mach numbers Re = 150
and M = 0.4, respectively. These non-dimensional parameters are computed based on freestream quantities. The grid
configuration consists of a body-fitted O-grid of with 421 × 751 points in the streamwise and wall-normal direction,
respectively.

The flow is recorded for 1120 snapshots with non-dimensional time steps of h = 0.05. These snapshots are collected
after an initial transient period of the simulation is discarded. The reduced order model is obtained following the proce-
dures described in section 3.. The training data comprises the first 620 snapshots of the FOM and the remaining data is the
test set. The details of the architecture of the deep neural network are shown in Tab. 1 and the hyperparameters employed
in the algorithm described in the previous section are presented in Tab. 2.

Table 1. DNN architecture

Input layer HL 1 HL 2 HL 3 HL 4 HL 5 HL 6 HL 7 Output Layer
# of hidden units 12 24 20 18 16 16 16 16 12

Figures 2 to 5 show contours of density, x and y-momentum, and z-vorticity, respectively, along the cylinder and wake
regions at time t = 409.025, which is beyond the training window. The snapshots compare the results between the full
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Table 2. Hyperparameters

α λ niter β1 β2 ε
0.0005 0.000045 10000 0.9 0.999 1.0 × 10−8

Figure 2. Contours of density, t = 409.025

order model and the reduced order model using 2 and 12 POD modes out of 620 modes. Hence, the flow is reconstructed
using 0.3% and 2% of the total information available from the full order model. Reconstruction of the individual flow
variables with 2 POD modes could recover between 50 and 80% of the total energy of the modes, depending on the variable
(for example, density is reconstructed using 50% of the total energy of the modes while y-momentum is reconstructed
with 80%). For 12 POD modes, the reconstructions could recover 99% of the energy and, therefore, should lead to good
flow representations.

One can observe from the figures that the computations of the flow using the ROM framework show good agreement
with those obtained by the full order numerical simulation. For the current Reynolds number, the flow develops a typical
von Kármán vortex street along the cylinder wake. The periodical pattern of the vortex shedding can be observed in
the figures, in particular for the vorticity and y-momentum contours. When 2 POD modes are employed in the flow
reconstruction, discrepancies between the ROM and FOM are evident from the figures. However, the main features of
the flow are still recovered by the model, especially for the x-momentum solution. One should remind that, despite the
use of only 2 modes, the dynamical system is still stable. In fact, the regression via DNN is even more efficient for this
case since the POD temporal modes show a simpler behavior than those for higher order POD modes. The reconstruction
using 12 POD modes show an excellent agreement with the FOM.

In order to show a more qualitative evaluation of the model reconstructions, the density, x-momentum and y-momentum
fluctuation time histories are presented for the FOM and ROMs in Figs. 6 to 8. The figures on the left column show results
for a probe located just behind the cylinder, close to the surface. On the right column, results are obtained for a probe
downstream the cylinder wake. Results are shown for both the training window period and beyond. When 2 POD modes
are employed, the solutions show a poor representation of the dynamics observed in the FOM. The density reconstruction
is that with the highest discrepancy and that is attributed to the lower energetic content achieved by the first 2 modes. The
reconstructions show a better comparison with the FOM just behind the cylinder. For the y-momentum, the reconstruction
with 2 POD modes shows a better agreement for both probe locations. One can notice that the reduced order model accu-
rately reproduces the full order model results during and beyond the training window when 12 POD modes are employed
in the reconstruction.
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Figure 3. Contours of x-momentum, t = 409.025

Figure 4. Contours of y-momentum, t = 409.025
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Figure 5. Contours of z-vorticity, t = 409.025

360 370 380 390 400 410
t

−0.04

−0.02

0.00

0.02

0.04

ρ

FOM

ROM (2 POD Modes)

ROM (12 POD Modes)

End of the training window

(a) Probe just behind the cylinder.
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(b) Probe away from the cylinder, along the wake.

Figure 6. Fluctuation time history of density for probes located at different positions.

5. CONCLUSIONS

In the present work we present a methodology for constructing reduced order models combining flow modal decom-
position, sparse regression and deep learning. The framework is implemented in the context of the sparse identification of
non-linear dynamics (SINDy) algorithm recently proposed in the literature. Numerical simulations are performed using a
high-order compact finite difference flow solver to provide the database for the construction of the reduced order model.
In this paper, the compressible Navier Stokes equations are solved for the flow past a cylinder. We first perform a proper
orthogonal decomposition (POD) of the flow and, then, a sparse regression of the POD temporal modes is conducted using
deep neural networks.

The results demonstrate that the technique provides accurate reconstructions of the full order model provided by the
solution of the Navier Stokes equations. The method provides stable solutions even beyond the training window of the
deep neural network. In this paper, we describe the numerical techniques employed and show the results obtained by the
current methodology.
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Figure 7. Fluctuation time history of x-momentum for probes located at different positions.
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Figure 8. Fluctuation time history of y-momentum for probes located at different positions.
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