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Abstract. Results of highly resolved simulations, filtered in space and time, are used to generate sub-grid closure models
for large scale simulations of gas-solid fluidized flows. Actual closures provide a good qualitative description of gas-solid
flows but their quantitative accuracy remains an issue. Enhancements over the sub-grid filtered parameters are required.
Among these parameters are the effective stresses. Recent studies showed that macro-scale parameters such as gas flow
Reynolds number and domain average solid volume fraction present a considerable effect over the filtered parameters
in dilute gas solid flows. Thus, macro-scale parameters should be accounted for in sub-grid closure models. This study
extends the previous findings and analysis (Mouallem et al., "Effect of the flow macro-scale on the effective stresses in gas-
solid riser flows", COBEM2017). It has been shown that the effect of macro-scale parameters diminishes when shifting
from dilute to dense flows.
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1. INTRODUCTION

Modeling in gas-particle flows has always been a challenge for researchers. Two-fluid modeling represents one im-
portant line of research in this area. It is widely used in large scale simulations of such flows (e.g. Gidaspow, 1994).
This method successfully describes the qualitative properties of such flows, but fails when one is looking to carry out an
accurate quantitative analysis . This failure stems from the incapability of actual closure models to accurately describe
relevant sub-grid effects. Closures for effective stresses represent one of the problems to tackle. This article is intended
to be a contribution in that context by discussing possible sub-grid modeling enhancement for effective stresses. Clo-
sures for effective stresses, which are usually expressed as effective pressures and dynamic viscosities, have been derived
empirically as well as theoretically (Gidaspow and Ettehadieh, 1983; Bouillard et al., 1989; Tsuo and Gidaspow, 1990;
Sinclair and Jackson, 1989; Campbell and Wang, 1991; Massoudi et al., 1992; Gidaspow, 1994; Enwald et al., 1996;
Sinclair, 1997). An usual procedure for deriving sub-grid effective closures consists on averaging or filtering over results
of highly resolved simulations with microscopic two-fluid modeling. In those formulations, both phases are assumed to
behave as a newtonian fluid. For the solid phase, pressure, dynamic viscosity and bulk viscosity are all brought from the
kinetic theory of granular flows (Jenkins and Savage, 1983; Lun et al., 1984; Garzó and Dufty, 1999; Gidaspow, 1994).
This theory is analogous to the kinetic theory of dense gases. In the latter theory, fluid properties (pressure, viscosity) are
determined based on the thermodynamic temperature, while in the first theory, a granular temperature is defined which
allows us to determine the solid pressure and viscosity. A number of works have been developed which provided effective
stresses analyses and correlation departing from results of highly resolved simulations with microscopic two-fluid mod-
eling (Agrawal et al., 2001; Andrews IV et al., 2005; Igci et al., 2008; Milioli and Milioli, 2011; Igci and Sundaresan,
2011a,b; Parmentier et al., 2012; Ozel et al., 2013; Milioli et al., 2013; Agrawal et al., 2013; Schneiderbauer and Pirker,
2014; Sarkar et al., 2016). In general, the highly resolved simulations provide meso-scale solutions over which filtering is
performed to provide sub-grid filtered data for parameters such as the effective pressures and viscosities of both phases. At
the current state of affairs, those effective parameters are correlated to inside filter averaged parameters only, disregarding
any effects of the outside flow topology.

In a recent work (Mouallem et al., 2017), the effect of two macro-scale variables, the average solid volume fraction
and average gas Reynolds number, over the filtered parameters has been investigated for riser gas-solid flows. It has been
found that these macro-scale variables affect considerably the flow topology and filtered parameters. Moreover, these
macro-scale variables should be accounted for in sub-grid closure models in a step forward to improve their accuracy. In
this previous work, however, only dilute gas-solid flow conditions were considered.. To get a better understanding of the



Mouallem J., Niaki R., Chavez N., Netzalaff G., Milioli C.C., Milioli F.E.
Effect Of The Flow Macro-Scale On The Effective Stresses In Dense Gas-Solid Flows

effect of macro-scale variables over the whole range of gas solid flows, this work extended the previous study to the dense
regime.

2. METHOD

Highly Resolved Simulations (HRS) are performed using a microscopic two-fluid model, as described in Agrawal
et al. (2001). The filtered two-fluid model is used for Large Scale Simulations (LSS). By averaging results from the
HRS, one can derive the required sub-grid closures needed for the undetermined terms in the filtered two-fluid model.
This is illustraded in ”Figure 1”. There is a considerable literature describing two-fluid modeling applied to gas-particle
fluidized flows (Anderson and Jackson, 1967; Gidaspow, 1994; Enwald et al., 1996). Both the microscopic and filtered
formulations of the two-fluid model are described next, in order to show where the sub-grid closures are needed, and the
referred means by which they are derived.

2.1 Microscopic Two-Fluid model

The microscopic formulation of the two-fluid model as applied to gas-particle fluidized flows is partially presented
in “Tab. 1”, emphasizing the formulation of main concern in the present work. Micro-scale closures for the solid phase
stresses are established by applying the kinetic theory of granular flows (KTGF) (Jenkins and Savage, 1983; Lun et al.,
1984; Gidaspow, 1994; Garzo et al., 1999), where the continuous solid phase micro-scale properties are derived as a func-
tion of a granular temperature determined from a pseudo-thermal energy balance. These closures are the same as the ones
assumed by Agrawal et al., 2001. In addition to the conservative equations of continuity and momentum, the microscopic
model also requires a conservation equation of granular energy to be resolved as well (Gidaspow, 1994; Agrawal, 2001).
“Equations (2..1), (2..2), (2..3), and (2..4)” represent the continuity and momentum conservation equations for the gas and
solid phases. “Equation (2..5)” represents the volumetric continuity. “Equation (2..6)” represents the conservation of granu-
lar energy. Closures for the stresses are presented next in the table. Other closures (for the granular energy conservation,
and interface forces) can be found in (Agrawal et al., 2001).

Table 1: Two-fluid model

Continuity and momentum conservation equations :
∂

∂t
(ρgφg) +∇ · (ρgφgvg) = 0 (2..1)

(2..2)
∂

∂t
(ρsφs) +∇ · (ρsφsvs) = 0

(2..3)
∂

∂t
(ρgφgvg) +∇ · (ρgφgvgvg) = −φg∇ · σg −MI + ρgφgg

∂

∂t
(ρsφsvs) +∇ · (ρsφsvsvs) = −∇ · σs − φs∇ · σg + MI + ρsφsg (2..4)

Volumetric continuity :
(2..5)φg + φs = 1

Granular energy conservation equation :

(2..6)
3

2

[
∂

∂t
(ρsφsΘ) +∇ · (ρsφsvsΘ)

]
= −σs:∇vs +∇ · (κs∇Θ) + Γslip − Jcoll − Jvis

Closure for stresses :

σl =

[
Pl −

(
λl +

2

3
µl

)
(∇ · vl)

]
I− 2µssl l = g, s (2..7)

sl =
1

2

[
∇vl + (∇vl]

T
)
− 1

3
(∇ · vl) I l = g, s (2..8)

µg = constant λg = 0 (2..9)

(2..10)µs =
(2 + α)

3

{
ξ∗

g0η(2− η)

(
1 +

8

5
φsηg0

)(
1 +

8

5
η(3η − 2)φsg0

)
+

6

5
ηµb

}
λs = ηµb −

2

3
µs α = 1.6 (2..11)

µb =
256ξφ2

sg0

5π
ξ∗ =

ξ

1 + 2βξ
(ρsφs)2g0Θ

ξ =
5ρsdp(πΘ)

1
2

96
(2..12)

Ps = ρsφs(1 + 4ηφsg0)Θ (2..13)

g0 =
1

1−
(

φs

φs,max

) 1
3

φs,max = 0.65 η =
1 + e

2
(2..14)

Other required closures can be found in (Agrawal et al., 2001)
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Figure 1: Two-Fluid models for Highly Resolved Simulations (HRS) and Large Scale Simulations (LSS)

2.2 Filtered Two-Fluid model

The two-fluid model with microscopic closures can be transformed into coarse-grained (or filtered) equations through
filtering, using spatial averaging over a certain length scale (filter size). This procedure provides a filtered two-fluid model
presented in ”Tab. 2”.

As a results of the averaging process, filtered parameters appear which require constitutive formulations to close the
set of equations. Regarding the effective stresses of main interest in the present work, the terms that require closure are
the particle and gas effective pressures and viscosities, represented by ”Eq (2..22) and (2..23)” respectively. Just as done for
the microscopic model given in ”Tab. 1”, the filtered model in ”Tab. 2” is only presented partially, emphasizing the for-
mulation of main concern in the present work. Further closures for the filtered model can be found in (Agrawal et al., 2001)

Table 2: Filtered two-fluid model

Filtered continuity and momentum conservation equations:
∂

∂t

(
ρgφg

)
+∇ ·

(
ρgφg ṽg

)
= 0 (2..15)

∂

∂t

(
ρsφs

)
+∇ ·

(
ρsφsṽs

)
= 0 (2..16)

∂

∂t

(
ρgφg ṽg

)
+∇ ·

(
ρgφg ṽg ṽg

)
= −φg∇σ̃g −∇ · τ ′g −

(
B′gs + MI

)
+ ρgφgg (2..17)

∂

∂t

(
ρsφsṽs

)
+∇ ·

(
ρsφsṽsṽs

)
= −∇ · σs −∇ · τ ′s − φs∇ · σ̃g +

(
B′gs + MI

)
+ ρsφsg (2..18)

Filtered volumetric continuity:
φg + φs = 1 (2..19)

Closure for effective stresses :
τ ′` = ρ`φ`(̃v`v`) + ρ`φ`ṽ`ṽ` = Peff,`I− 2µeff,`s̃` for ` = g, s (2..20)

s̃` =
1

2

(
∇ṽ` + (∇ṽ`)

T
)
− 1

3
(∇ · ṽ`) I for ` = g, s (2..21)

Peff,` =
1

3
tr(τ ′`) for ` = g, s (2..22)

µeff,` =
|τ ′shear,`|
2|̃sshear,`|

(2..23)

Other required closures can be found in (Agrawal et al.,2001)

2.3 Numerical Simulations

Following (Mouallem et al., 2017), numerical simulations were performed using the open source Fortran code MFIX
(Syamlal et al.,1993; Syamlal et al.,1998). Periodic boundaries, in all directions, were applied for a 16 cm x 16 cm domain
size. According to literature (Agrawal et al., 2001), a grid size between 1 and 2mm provides grid size independent results.
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Following this, a numerical mesh of 128x128 was used, resulting in a grid size of 1.25 mm.
The domain average gas Reynolds number, fixed in each simulation, is given by:

〈Reg〉 =
dpρg 〈φg〉 〈vg,y〉

µg
(2..24)

Where 〈vg,y〉 represents the domain averaged gas phase velocity in the axial (vertical) direction. The domain average
solid volume fraction 〈φs〉 was also set constant in the various simulations, at the values of 0.35, 0.45 and 0.50. For each
domain averaged solid volume fraction, the domain average gas Reynolds number was calculated for the suspension case.
A suspension simulation consists of applying a pressure gradient in the vertical direction to exactly balance the weight of
the gas and solid mixture existing in the domain:

∆Py
L

= ρs 〈φs〉 g + ρg 〈φg〉 g (2..25)

After calculating the suspension case domain average gas Reynolds number 〈Reg〉susp, the actual 〈Reg〉 is set fixed
in each simulation by composing a ratio 〈Reg〉/〈Reg〉susp

= 1.00, 8.15, 16.30 and 24.45 for each 〈φs〉 considered.
Gas and solid properties were set as follows: the particle diameter dp = 7.5x10−5m, the particle density ρs =

1.3kg/m3, the gas density ρg = 1.3kg/m3, the gas viscosity µg = 1.8x10−5kg/m.s, the coefficient of restitution
ep = 0.9. From those properties, the terminal settling velocity of a particlevt = 0.2184m/s, and the particle Froude
number Fr = v2

t /(gdp) = 64.85.

2.4 Two-bin filtering

”Figure 2” represents a snapshot of the simulation in the statitical steady state regime. The blue color represents the
gas phase, while the red color represents the solid phase. The red square represents the filter size. The filter size denotes
the area where the averaging proccess will be conducted. This area is yellow highlighted. Once the flow field enters the
statistical steady state regime, the averaging proccess begins. A huge number of simulation snapshots was taken in order
to ensure reliable statistics. Once all the parameters inside the filter size are averaged, the values are classified by ranges
of filtered solid volume fraction and filtered slip velocity (named markers). The filter is then displaced all over the domain
and the filtered parameters are further averaged into appropriate bins for the various ranges of the markers. Once we get
all the information from a specific snapshot, the same procedure is conducted for the next snapshot. Note that averaging
in space and averaging in time give statistically equivalent results.

Figure 2: Illustration of a snapshot of solid volume fraction and a two-binning table.

3. Results and discussion

The results presented here are only for a unique dimensionless filtered slip velocity ṽslip,y/vt = 0.21, and the dimen-
sionless filter size ∆f/(v

2
t /g) = 4.112. The effective pressures and viscosities of concern are made dimensionless by the

amount ρsv2
t and ρsv3

t /g, respectively. 64 columns and 80 rows formed the two-bin table. The average solid volume frac-
tion φs varied from φsmin = 0.005 up to φsmax = 0.645, while the average slip velocity varied from Vslipmin = 0.001

cm/s up to Vslipmax = 111.6 cm/s. These values were found suitable to catch all the flow properties.
”Figures 3a, 3b, and 3c” show the variation of the effective solid and gas pressures, Peff,s and Peff,g, for domain

average solid volume fractions 〈φs〉 = 0.35, 0.45 and 0.50, respectively, as a function of the filtered solid volume fraction
φs, for Reynolds number ratios varying from 1.00 to 24.45. As seen, the domain average gas Reynolds number has
a significant effect over the effective pressures for both phases. A noticeable variation can be seen for 〈φs〉 = 0.35
especially for 0.3 < φs < 0.4. Variations of up to one order of magnitude can be observed.

”Figure 3d” presents the effective pressure Peff of both phases for 〈φs〉 = 0.35 and 0.45, and Reynolds number
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ratios 1 and 24.45. For both phases, small differences can be seen between the profiles for 〈φs〉 = 0.35 and 0.45 at low
Reynolds number ratios. The difference decreases for the higher Reynolds ratio 24.45. Very remarkable difference among
the profiles can be observed for the high Reynolds ratio 24.45, when the results for 〈φs〉 = 0.35 and 0.45 (symbols)
are compared to those for Reynolds Ratio = 1(lines) . One possible explanation for this behavior can be related to the
increased degree of homogeneity of a dilute flow at high Reynolds numbers.

”Figures 4a, 4b, and 4c” show the variation of the effective solid and gas viscosities , µeff,s and µeff,g for the same
conditions in 3, that is for domain average solid volume fractions 〈φs〉 = 0.35, 0.45 and 0.50, respectively, as a function of
the filtered solid volume fraction φs, for Reynolds number ratios varying from 1.00 to 24.45. The effective viscosities of
both phases are little affected by the domain average gas Reynolds number for all domain average solid volume fractions.

”Figure 4d” presents the effective viscosity µeff of both phases for the same conditions in ”Fig. 3d”. In contrast with
the behavior seen for Peff in ”Fig. 3d”, when passing from 〈φs〉 = 0.35 to 〈φs〉 = 0.45, under the low and high Reynolds
number ratio of 24.45, the differences among the profiles are relatively small for both phases.
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Figure 3: Effective solid and gas pressures, Peff,s and Peff,g , as a function of the filtered solid volume fraction, φs,
for various gas Reynolds ratios 〈Reg〉/〈Reg〉susp

= 1(−), 8.15(/), 16.30(.), and 24.45(�), for the domain average solid
volume fraction 〈φs〉 = 0.35 (a) , 0.45 (b) and 0.50 (c). For figure 3d: the domain average solid volume fractions 〈φs〉 =
0.35 (continuous line and gray symbols) and 0.45 (dashed line and white symbols), gas Reynolds ratios 〈Reg〉/〈Reg〉susp

=

1 (line) and 24.45(�).
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Figure 4: Effective solid and gas dynamic viscosities, µeff,s and µeff,g , as a function of the filtered solid volume
fraction, φs, for various gas Reynolds ratios 〈Reg〉/〈Reg〉susp

= 1(−), 8.15(/), 16.30(.), and 24.45(�), for the domain
average solid volume fraction 〈φs〉 = 0.35 (a) , 0.45 (b) and 0.50 (c). For figure 4d: the domain average solid volume
fractions 〈φs〉 = 0.35 (continuous line and gray symbols) and 0.45 (dashed line and white symbols), gas Reynolds ratios
〈Reg〉/〈Reg〉susp

= 1 (line) and 24.45(�).

4. Conclusions

The filtered two-fluid model used in large scale simulations (LSS) presents some unknow terms that need closures.
Sub-grid closure models can be obtained through averaging over highly resolved simulation (HRS) data. Effective stresses
are among the important parameters requiring closures. To improve the present closure models, the effect of new system
variables must be explored. In the current work, the effect of the macro-scale parameters, the domain average solid volume
fraction and domain average gas Reynolds number, over the effective stresses was investigated. 2D highly resolved
simulations with microscopic two-fluid modeling were performed using the open source code MFIX. Periodic boundaries
in all directions were applied over a domain of 16cm x 16cm. Filtering was considered in the statistical steady state flow
regime, over a large enough time interval to provide for suitable statistics. Gas Reynolds number were varied from 1.00
to 24.45 times the gas Reynolds number required for the suspension case. For both phases, the effective pressure varied
by up to one order of magnitude and the effective viscosity showed very little variation in the concerning range of gas
Reynolds number. This is in contrast to what was previously observed under dilute conditions (Mouallem et al., 2017),
where the effective pressures varied by up to two orders of magnitude and the effective viscosities varied by up to one
order of magnitude, in the same gas Reynolds number range.
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