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Abstract. The present work aims at analyzing the heat transfer in a flow inside a channel of parallel flat plates. It is
considered that flat plates to have distincts thermophysical properties and that they are in contact with thermal
reservoirs with different temperatures, in which guarantees an asymmetry in the problem studied. The flowing fluid is
considered non-Newtonian of power law type. The Classical Integral Transformation Technique (CITT) was used to
solve the energy equation. The temperature field and the local Nusselt numbers in the upper and lower plates are
evaluated for several values of the power law index and the Biot number. The obtained results were confronted with
existing ones in the open literature in order to validate the presented model.
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1. INTRODUCTION

With the great technological advance of modernity it becomes providential a thorough knowledge about the real
processes of heat transfer, as well arise a need to analyze them quantitatively. Such an advance brings forth,
increasingly, extremely complex engineering problems, requiring precise solutions in a short period of time that provide
the optimization of the resources employed and that satisfies the market need. In this context, numerical methods have
been gaining strength and achieving good approximations to the desired solutions. With the advent of high-tech
computers, these problems, which in the great majority do not present analytical solution, can be treated by numerical
approximation methods which are quite useful in engineering applications (Diniz, 2005). Due to the increasing need for
accurate solutions in a short period of time, the numerical approximation techniques have gained space over the
experimentation and the classical analytical methods. This occurs because the experimentation almost always very time
consuming and the costs of acquiring and gauging of equipment are enormous for each new situation, and classical
analytical methods have certain limitations (Veronese et al., 2012).

In particular, problems of diffusion of heat and mass, area of study of great interest of the engineering by attending
to several practical situations, the CITT presents itself as a consecrated methodology having been successfully used
in several classes of heat transfer and fluid mechanics problems, as can be seen in (Mikhailov e Ozisik, 1984).

The heat transfer in laminar forced convection of Newtonian or non-Newtonian fluids in the thermal entrance
region of circular and rectangular ducts has been studied both analytically and numerically for the various boundary
conditions (Norris and Streid, 1940; Shah, 1975; Johnston, 1994; Chalhub, 2011; Veronese et al., 2012 and Assad et al.,
2018). A fairly comprehensive review of the literature can be found in the works of (Kaka¢ et. al, 2014; Shah and
London, 2014 and SANTOS et al.,2001).

The problem to be studied is a developed flow of non-Newtonian fluid of power law type, inside a channel of
parallel flat plates, subject to the contour conditions of the 3™ type (Robin's condition, due to heat exchange with the
environment), as shown in Fig. 1. It can be verify that the flat plates have different thermal conductivities and distinct
heat transfer coefficients, besides observing that they are in thermal contact with environments that have different
temperatures. In the specialized literature, usually the reference system is placed in the center of the channel taking into
account the condition of symmetry in the flow. Due to the asymmetry imposed by the considerations adopted, in the
present work we will take the reference in the wall corresponding to the lower plate, which allows us to analyze the
problem from the viewpoint of asymmetry, that is, different contour conditions for upper and lower plates.
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Figure 1. Problem illustration

The non-Newtonian fluids have varying viscosities in response to the stress applied to it, have an intrinsic
nonlinearity. As examples it can be cite biological fluids and pharmaceuticals, petroleum, detergent, soap, plastics,
among others. The present work observes the influence of rheology of the fluid on the development of the temperature
Field, in addition to observing the influence of the Biot number about the local Nusselt numbers of the upper and lower
plates.

2. MATHEMATICAL MODELING

For the mathematical modeling of the proposed physical problem, the following considerations were made:
e Laminar flow, in steady state;

Incompressible fluid;

The thermophysical properties of the fluid and the plates are considered constant;

The speed profile is fully developed at the thermal input;

The effects of viscous dissipation will not be considered;

Impermeability and non-slip on walls;

Neglecting body forces;

No internal power generation;

Uniform pressure gradient in the axial direction;

Neglecting the axial diffusion of the fluid;

The length of the channel is much larger than its height.

It is desired to determine the temperature distribution of the fluid. Taking into account the mentioned heat transfer
problem, the mathematical modeling for a fully developed flow, shown in Fig. 1, can be written as follows:

Energy equation

2

OX oy?

where p, Cp and k¢ represent, respectively, the specific mass, the specific heat at constant pressure and the thermal
conductivity of the fluid. The velocity field, proposed in the present work, for the fully developed flow mentioned,
solving the Navier-Stokes equations and considering the non-slip on the walls, as well as the reference system adopted,
it is given by:

_ _n+
2n+1 yy|n L 2)
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_ _n+t
2n+1 y n L 3)
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where un corresponds to the average flow velocity and n represents the power law index. If n=1, the fluid is
Newtonian, if n>1, the fluid is dilatant and if n<1, the fluid is pseudoplastic.
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Contour Conditions
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2.1 Dimensionless Form

For the analysis of the problem were defined the following dimensionless parameters, given by equations (7a-j),

with the objective of solving not only a particular problem, but a class of problems that are defined by the same
proposed model.

. u . . . .
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where v is the kinematic viscosity, « is the thermal diffusivity of the fluid, x is the thermal conductivity of the lower
plate, x» is the thermal conductivity of the upper plate, L is the distance between the plates, Dn= 2.L is the hydraulic
diameter, h; corresponds to the heat transfer coefficient of the lower plate, h, is the heat transfer coefficient of the upper
plate and Pr , Ren and Pe are, respectively, the numbers of Prandtl, Reynolds and Peclet.

Applying the dimensionless parameters in equations (1), (2), (3), (4) and (5), we find the energy equation, the
boundary conditions and the inlet condition in the dimensionless form:

Energy equation dimensionless

2
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Boundary conditions dimensionless
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S

Inlet condition dimensionless
0O(X,¢)=1, 0<¢<l, X=0 (11)

Since the problem has a non-homogeneous boundary condition in the ¢ direction, given by eq. (10), a mathematical

filter will be used for CITT be applied properly, as well as to improve computational performance. The proposed filter
be of the form:
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6(X,5)=0"(X,5)+0(s) (12)
The introduced mathematical filter is given by:

Bi,® ,
C = L= 1-BI,.
(<) Bi, — Bi,Bi, —Bil[ iy (13)

The CITT will be applied in G)*(X,g), where it will be possible to obtain its solution. Through this solution, we

will use equations (13) and (12) to find the general solution of the proposed physical problem. Following the CITT
methodology, appropriate auxiliary problems must be defined, as well as the development of a transformed-inverse pair.

2.2 Auxiliar eigenvalue problem in the radial direction

The auxiliary problem for the temperature field falls on the typical Sturm-Liouville problem. The auxiliary
eigenvalue problem for the determination of the temperature field is written as follows:

d’y,
dng(g)'F,Uizu(g)‘Pi(g):O* O<¢=<1 .
() | gi w()=0 : c=0 (15)
dg
d\iig(g)JrBiZ'LPi(g):O o=1 (10

In the present work the integral transform method is used to determine the eigenvalues (pi), the eigenfunctions,
Yi(g), and the norms (N;), as described by (Cotta, 1993). The integral transform method was implemented in the
computational code in the Fortran INTEL platform to solve the associated eigenvalue problem.

2.3 Integral transformation of the temperature field

Following the methodology of use of CITT, we will define a transformed-inverse pair with the purpose of reducing
the original problem, that it is a partial differential equation, in an infinite and coupled system of ordinary differential
equations. In a second moment, the inverse formula can be used to obtain the solution of the original problem (Cotta,
1993 and 1998). The integral transformed pair defined for this problem is given by:

1
®.(X)= Nlm (U@, (X,c)Mds,  Transformed an
i 0
0" (X,¢)= 3 % Inverse (18)
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Analytically treating equation (8) by means of integral operators, with the aid of the auxiliary problem and the
transformed-inverse pair, we can transform this partial differential equation into a system of ordinary differential
equations given by:

do,(X) ,—
—_r 7 ‘O.(X)=0 19
x A (%) (19)

whose general solution is classical, given by:

7 Ju@)Wi(s)ds = f (20-21)
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From this solution, we can use the inverse formula, given by Eq. (18), to find the general solution of the proposed
physical problem.

The average temperature dimensionless can be calculated by the expression:

[u)e(X,¢)dg

av.

(22)

(X) 1
[u(c)ds

Considering Nu, (X)) the Local Nusselt number on the lower plate, and Nu,(X) the Local Nusselt number on
the upper plate, we have to:

Nu, (X) =— 2 do(X.<) (23)
O(X,0-0(x), ds |_
NU, (X) = — 2 do(X,s) (24)
®(X )av‘ - ®(X !1) dg |g:1
3. RESULTS

3.1 Validation of results (Symmetric case)

For the purposes of benchmarking the results of the present study were confronted with results found in the
specialized literature, particularly in Shah(1975), Chalhub (2011) and Assad et al.(2018), showing the robustness and
effectiveness of CITT in solving of proposed physical problem. The comparison is made for the classical case, where
the symmetry condition is taken into account and the reference system is puts in the center of the channel. In Table (1)
compares the average temperature dimensionless and the local Nusselt number for the symmetric case (Bii=Bi e 6,=0)
where the fluid is considered Newtonian (n=1) and the temperature is specified on the walls.

In Table (2) compares the local Nusselt number for non-Newtonian fluids with different power law index and a
symmetric contour condition of the 1% type, where it can be verified a good agreement with the results presented here.

Table 1. Comparison of the average temperature dimensionless and the local Nusselt number for a Newtonian
fluid with prescribed temperature in the walls

Average Temperature Dimensionless Local Nusselt Number
o aX

X =4 L2 Present Present

Uy, Shah Assad et al. Present Shah Assad et al. Work Work
(1975) (2018) Work (1975) (2018) Nu, (X) Nu, (X)
0.016 0.92774 0.92774 0.92774 12.822 12.82173 12.82174 12.82174
0.032 0.88604 0.88604 0.88604 10.545 10.54481 10.54481 10.54481
0.048 0.85137 0.85137 0.85138 9.5132 9.51325 9.51325 9.51325
0.064 0.82065 0.82065 0.82065 8.9100 8.90998 8.90999 8.90999
0.080 0.79258 0.79258 0.79258 8.5166 8.51664 8.51664 8.51664
0.096 0.76648 0.76648 0.76648 8.2456 8.24558 8.24558 8.24558
0.112 0.74191 0.74191 0.74191 8.0532 8.05322 8.05323 8.05323
0.128 0.71860 0.71860 0.71860 7.9146 7.91461 7.91461 7.91461
0.144 0.69636 0.69636 0.69636 7.8139 7.81392 7.81392 7.81392
0.160 0.67503 0.67503 0.67503 7.7405 7.74050 7.74050 7.74050
1.600 0.04459 0.04459 0.04459 7.5407 7.54070 7.54070 7.54070
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Table 2. Comparison of the local Nusselt number for non-Newtonian fluids with prescribed temperature in the

walls
X * X" =0.002 X" =0.02
Present Present P t P t
Chalhub | Chalhub Chalhub Chalhub resen resen
(2011) (2011) As(sgglzt)al. Work Work (2011) (2011) As;szaglzt)al. Work Work
n FVM GITT Nu, (X) | Nu,(X) | FvMm GITT Nu,(X) | Nuy(X)

n=0.5 | 26.8448 26.8453 26.8448 26.8451 26.8451 12.9082 12.9082 12.9082 12.9082 12.9082
n=1.0 | 24.6882 24.6885 24.6882 24.6884 24.6884 12.0145 12.0145 12.0145 12.0145 12.0145
n=2.0 | 23.3941 23.3943 23.3941 23.3942 23.3942 11.4618 11.4618 11.4618 11.4618 11.4618
n=10 | 22.2101 22.2103 22.2101 22.2102 22.2102 10.9469 10.9469 10.9469 10.9469 10.9469
n=50 | 21.9535 21.9537 21.9535 21.9536 21.9536 10.8343 10.8343 10.8343 10.8343 10.8343

. X*=0.2 X"=2
X
Present Present Present Present
Chalhub | Chalhub | Assad etal. Work Work igngu)b C(ggllhlu)b Assad et al. Work Work
n (US| () @018) | Nu(X) | Nuy(X) | FvM GiItt | @18 | Nu(x) | Nu(X)

FVM GITT

n=0.5 | 8.04903 8.04903 8.04903 8.04903 8.04903 7.93976 7.93976 7.93976 7.93976 7.93976
n=1.0 | 7.63215 7.63215 7.63215 7.63215 7.63215 7.54070 7.54070 7.54070 7.54070 7.54070
n=2.0 | 7.35890 7.35890 7.35890 7.35890 7.35890 7.27790 7.27790 7.27790 7.27790 7.27790
n=10 | 7.09586 7.09586 7.09586 7.09586 7.09586 7.02415 7.02415 7.02415 7.02415 7.02415
n=50 | 7.03742 7.03742 7.03742 7.03742 7.03742 6.96769 6.96769 6.96769 6.96769 6.96769

Now we will analyze the development of the temperature field, explaining the thermal input length for each case
analyzed. In the present work we define the thermal input length as the largest dimensionless length necessary for the
fluid to reach its final temperature with a margin of 10% relative difference. The Figures (2-4) show the development of
the thermal field for the symmetrical flow of a non-Newtonian fluid with constant temperature in the walls. Three cases
were analyzed for the power law index (n= 0,25; 1 e 4), which were also studied by Assad et al.(2018). A good
agreement can be perceived, as can be seen in table 3.
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Table 3. Comparison of the thermal development length for different power law index

n=0.25 n=1 n=24
Assadetal.2018) | L, =0.2965 | L, =03295 | L, =0.3465
Present Work Ly, =0.2979 | L, =03296 | L, =0.3469

3.2 Obtained Results (Asymmetric Case)

In this section we will analyze the case where the flow is asymmetric (Bii#Bi2), evaluating the influence of the
asymmetry consideration on the development of the temperature field and on the Local Nusselt numbers in the lower
and upper plates. For all the graphs and tables contained in this paper, 200 eigenvalues and 200 corresponding

eigenfunctions were used in the auxiliary problem. For all the cases analyzed below it is considered that Bi1 — 0,

varying only the values of the Biot number in the upper plate (Bi2), the values of the power law index (n) and the values
for the relative temperature difference between the environments in thermal contact with the plates (6,).

In tables 4 e 5 it is compared, for non-Newtonian fluids with power law indexes equal to 0.25; 1 and 4, 6,=0, and a
Biot number specified on the upper plate (Bi.), the values of the Local Nusselt numbers on the upper and lower plates. It
is possible to verify different values among them, as a result of the condition of asymmetry. It can also be seen that as
the Biot number increases, the difference between Nui(X) and Nuz(X) decreases, tending asymptotically the symmetry
situation. The same behavior can be verified in Tables 6 and 7.

Table 4. Comparison of Local Nusselt numbers on the lower and upper plates for Bi2= 15 and 0.=0.

X X =0.001 X =0.01 X =01 X =1
n Nu,(X) | Nuy(X) | Nu(X) | Nuy(X) | Nu(X) [ Nu,(X) | Nu(X) | Nuy(X)
n=0.25 23.6313 | 274204 | 11.2416 | 13.0358 | 7.7762 9.6056 | 7.73135 | 9.66144
n=1.00 195778 | 221299 | 9.7347 10.8757 | 7.0764 8.3041 7.0475 | 8.3390
n=4.00 18.0403 | 202030 | 9.09889 | 10.0359 | 6.74109 | 7.74274 | 6.72069 | 7.76665

Table 5. Comparison of Local Nusselt numbers on the lower and upper plates for Biz= 45 and 6.=0.

X X =0.001 X=0.01 X=01 X =1
n Nu, (X) Nu, (X) Nu, (X) Nu, (X) Nu, (X) Nu, (X) Nu, (X) Nu, (X)
n=0.25 23.7444 26.6150 11.4353 12.1410 8.19127 8.81987 8.17603 8.82902
n=1.00 19.6503 20.8582 9.8617 10.3032 7.36641 7.79058 7.35632 7.79736
n =4.00 18.0998 19.1051 9.20357 9.56354 6.98129 7.32768 6.97408 7.33238

In tables 6 and 7 it is compared the values of the local Nusselt number in the lower and upper plates for non-
Newtonian fluids with power law indexes equal to 0.25; 1 and 4, 6,= 0.1, and a Biot number in the upper plate (Bi-)
specified. A difference of results can be verified in relation to the cases presented in tables 4 and 5, where convergence

is established for the local Nusselt number around the value 4, according to increases of Bio.

Table 6. Comparison of Local Nusselt numbers on the lower and upper plates for Biz= 15 and 02=0.1

X X =0.001 X=0.01 X=01 X =1
n Nu, (X) Nu, (X) Nu, (X) Nu, (X) Nu, (X) Nu, (X) Nu, (X) Nu, (X)
n=0.25 23.6112 27.5267 11.17443 13.22375 7.41094 10.55953 4.03685 3.95696
n=1.00 19.5628 22.1933 9.68377 10.9995 6.80177 8.93678 4.06333 3.92673
n=4.00 18.0270 20.2540 9.05403 10.1390 6.50394 8.26068 4.07948 3.90776

Table 7. Comparison of Local Nusselt numbers on the lower and upper plates for Bi>= 45 and 6.=0.1

X X =0.001 X =0.01 X =0.1 X =1
n Nu(X) | Nuy(X) | Nu(X) | Nuy(X) | Nu(X) [ Nu,(X) | Nu(X) | Nuy(X)
n=025 237127 | 256819 | 11.3464 | 122814 | 7.73438 | 958221 | 4.02173 | 3.97688
n=1.00 106279 | 20.9007 | 9.79673 | 104002 | 7.03278 | 8.31354 | 4.04128 | 3.95598
n = 4.00 18.0805 | 19.1402 | 9.14721 | 9.64579 | 6.69694 | 7.76184 | 4.05414 | 3.94188
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3.2.1 Influence of the power law index (n)

At this point, the scope returns to the influence of the power law index on the development of the temperature field.
Four distinct power law indexes (n=0.25, n=1, n=4 and n=16) are used, respectively representing pseudoplastic,
Newtonian and dilatant fluids. For Bi»=10 and 6,=0.1, we investigate the influence of the fluid rheology on the
evolution of the thermal field. The results are shown in Figures 5-10.
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Figure 5. Thermal field for n=0.25, Bi, = 10 and 6,=0.1
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Figure 6. Thermal field for n=1, Bi, = 10 and 6,=0.1
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Figure 10. Nusselt number for Bi, = 10 and 6,=1

The figures 5-10 show that the results are different when different power law indices are considered. Through Figure
9 it can be seen that the Nusselt number converges to smaller values in the proportion in which the power law index
increases, and this happens for the nusselt in the lower and upper plate. Also in this figure it can be seen that the Nusselt
number converges asymptotically to a common curve, as n increases. In figure 10, due to the temperature difference
between the lower and upper plates, it is possible to conclude that there is no convection in the upper plate until a
certain dimensionless length from which the Nusselt number (Nuy) begins to increase, converging to the value 4

independent of n.

3.2.2 Influence of Biot number on upper plate (Biz)

In this topic the influence of the Biot number on the upper plate over the temperature field will be discussed. For
n=1 and #,=0.3, the development of the thermal field is evaluated for cases where Bi, assumes the values 1,10,100 and

1000, respectively. The results are shown in Figures 11-14.
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Figure 11. Thermal field for Bi, = 1, n=1and 6,=0.3
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Figure 16. Nusselt number for n=1 and 6,=1

In the figures 15 and 16 is possible to observe the influence of the Biot number on the upper plate about the nusselt
numbers. Figure 15 shows that the difference between Nu; (X) and Nuz (X) decreases as the number of Biot increases,
tending asymptotically the situation of symmetry, since we consider Bi;—oo.

3.2.3 Influence of the 02

The temperature field is then evaluated for the case where n= 1, Bi,—o e 8, assumes the values 0.4, 0.6, 0.8 and
1.0, respectively. It can be seen from Figures 17-20 that the temperature field tends to develop to establish a uniform

gradient in the direction of the dimensionless height.
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Figure 17. Thermal field for 6,= 0.4, n=1 and Bi,—
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4. CONCLUSIONS

It is concluded, from the analysis of the results obtained, that the application of CITT is effective in solving the
problem proposed, since, for the symmetrical case, the presented formulation was validated with the results found in the
specialized literature. In this way, the objectives were satisfactorily achieved, where the influence of the power law
index and the Biot number on the development of the thermal field and on the local Nusselt numbers in the upper and
lower plates was shown. The study carried out in the present work is of great relevance, since it aims to provide
parameters for better dimensioning of thermal equipment, as well as providing them with an energy optimization in the
process of heat transfer.
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