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Abstract. In the paper named "Forecasting the Length of the Undeveloped Flow Region in the Inlet of Asymmetric 
Bifurcations I", also presented to this congress, an equation of prediction of the length of the not fully developed flow 
region in asymmetric bifurcations is proposed. However, only the variation of the bifurcation angles and flow rates, for 
a pipe with 20 mm in diameter, are evaluated. In this work, it is intended to complement this first manuscript with 
results acquired from simulations where the diameter of the tube is varied. Constants and exponents are calculated 
from the measurement of the region of interest in the images generated via CFD. Thus, a more complete equation is 
obtained, with values collected from the variation of all the quantities that influence the phenomenon. The development 
of a prediction equation for the thermal entrance length, in a method similar to the present one, is recommended to 
complete the study of the entrance region in bifurcations. 
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1. INTRODUCTION  
 

In flows that need to be laminar, a lot of obstacles may cause unwanted turbulence. A new not fully developed flow 
region will appear whenever there are valves, bends, bifurcations, and other restrictions in the flow path. Several studies 
have proposed equations that intend to predict the extent of this turbulence in curves and helicoids of conventional or 
thin pipe (Austin and Seader 1974; Newson and Hodgson, 1974; Yao and Berger, 1975; Agrawal et al, 1978; Soh,and 
Berger, 1984; So eta al. 1991;  Srpinger et al, 2009), in symmetric bifurcations of microchannels (Amado et al 2018a), 
in asymmetric bifurcations of pipe with 20 mm in diameter (Amado et al 2018b) and other schemes. 

Some authors have postulated equations in angular length format. Austin and Seader, 1974, have presented Eq. (1), 
which intends to predict the size of the flow-developing region in curved tubes, expressed in terms of an angle φ, which 
varies as a function of the radius of curvature, R, and the internal radius a, as well as the Dean Number, De. However, 
most authors, like Srpinger et al., 2009, present their equations in the format of Eq. (2), where Re is the Reynolds 
Number and D, the inner diameter of the tube. 

 

𝜑 = 49 ቀ𝐷𝑒
௔

ோ
ቁ
଴.ଷଷ

                                                                                                                                                        (1) 
 

L = k (2R)mRen Dp                                                                                                                                                         (2) 

 
For the case of Eq. (2), constants k, m, n and p have to be found, according to the shape of the stretch whose length 

of the flow development region is to be predicted and depending on the fluid properties and flow characteristics. 
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2. MATERIALS AND METHODS 
 

As a complementary work to the article submitted to this ENCIT2018, under the heading "Forecasting the Length of 
the Undeveloped Flow Region in the Inlet of Asymmetric Bifurcations I" (Amado et al, 2018a), the intention of this 
manuscript is to complete the results presented there. In this sense, flow simulations were performed seeking represent 
asymmetric bifurcations with variation in the pipe diameter, but maintaining constant the half-angles of the forks (30 ° 
and 45 °) as well as the fluid flow rate Q (2.78 x 10-9 m3/s of water in NTP conditions). 

 
2.1 Simulation Strategy 

 
The simulation strategy used was the same as that adopted in Amado et al, 2018a. Implementations in finite 

difference method and in a commercial package were carried out with the purposes of comparing and check the 
appearance of the region of interest and measure it. The image is expected to have an aspect similar to the scheme 
shown in Fig. 1 (Amado et al, 2018b). 

 

 
Figure 1. Sketch showing the region of turbulence occurring due to the existence of a bifurcation in a pipe and the 

length L of the flow development region at the entrance of one side of the fork (Amado et al, 2018b). 
 
Eq. (2) was assumed as the ideal shape to predict the length of the developing flow region at the entrance of the 

outlets of bifurcations. 
 

3. RESULTS AND DISCUSSION 
 
Figure 2 and 3 show images obtained through the above-mentioned commercial code and Fig. 4 shows an 

analogous image obtained by the finite difference method. The condition represented consists of half-angles θ1 and θ2 as 
30º and 45º, flow rate Q as 2.78 x 10-9 m3/s and diameter of 0.03 m. Note that the flow shown in Fig. 2 and 3 has a 
shape similar to that shown in Fig. 1, in the inlet region of the bifurcation, as well as the flow represented in each of the 
outlets of Fig. 4 has a format similar to that shown in those figures, validating the simulation in finite difference 
method. 

Table 1, 2 e 3 shows, respectively, results of length measurements in images generated in the simulations, for the 
bifurcations with variation of angles and flow rates Q, according Amado et al, 2018a and diameters, raised herein. 

For results of Tab.3 analyzed in isolation, Eq. (3) is the best approximation for predicting the extension of the region 
of interest. 

 
L=2.25(2R)-0.1Re0.59Dh1.1                                                                                                                                              (3) 

 
According to Amado et all, 2018a, for the first two isolated conditions of variation shown in Tab. 1 and 2, the best 

equations would be Eq (4) for angular variation and Eq (5) for flow variation.  
 

L=0.0061(2R)-0.1Re-1,4Dh1.1                                                                                                                                          (4) 
 
L=0.23(2R)-0.1Re-0.2Dh1.1                                                                                                                                              (5) 
 
Figure 5 shows the measured length values listed in Tab. 3 against those calculated through Eq. (3). 
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Figure 2. Simulation in commercial code, flow in a bifurcation with half-angles θ1 e θ2 as 30º and 45º, flow rate Q 
1.39 x 10-9 m3/s, for inlet and outlets with 0.02 m in diameter and 0.9 m of length. 

 

 
Figure 3. Simulation in commercial code, flow in a bifurcation with half-angles θ1 e θ2 as 30º and 45º, flow rate Q 

1.39 x 10-9 m3/s, for inlet and outlets with 0.02 m in diameter and 0.09 m of length. 
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Figure 4. Simulation in finite difference method, flow in a bifurcation with half-angles θ1 as 30º at right and θ2 as 45 at 
left, flow rate Q 2.78 x 10-9 m3/s, for inlet and outlets with 0.03 m in diameter and 0.9 m of length. 

 
Table 1. Values of half-angles and length L of the not fully developed flow region, measured via CFD, according 

Amado et al, 2018a. 
 

Bifurcation Angle (grades) Diameter and Flow Rates Length measured (m) 
Outlet 1 left  5 

0.020 m of diameter and 
1.39 x 10-9 m3/s of Q at the 

feeder channel inlet 

0.00303 
Outlet 1 right  15 0.00441 
Outlet 2 left  15 0.00379 

Outlet 2 right  30 0.00455 
Outlet 3 left  30 0.00512 

Outlet 3 right  45 0.00599 
Outlet 4 left  45 0.00558 

Outlet 4 right  60 0.00633 
Outlet 5 left  60 0.00665 

Outlet 5 right  75 0.00735 
Outlet 6 left  75 0.00574 

Outlet 6 right  90 0.00623 
 
 

Table 2. Values of flow rate and length L of the not fully developed flow region, measured via CFD, according 
Amado et al, 2018a. 

 
Bifurcation Q (m3/s) Angles and Diameters Length measured (m) 
Outlet 1 left  2.78E-10 

Half-angles θ1 e θ2 as 45º 
and 30º and channels with 

diameters of 0.020 m 

0.00453 
Outlet 1 right  2.78E-10 0.00433 
Outlet 2 left  3.48E-10 0.00552 

Outlet 2 right  3.48E-10 0.00477 
Outlet 3 left  5.56E-10 0.00519 

Outlet 3 right  5.56E-10 0.00446 
Outlet 4 left  6.95E-10 0.00559 

Outlet 4 right  6.95E-10 0.00375 
Outlet 5 left  9.04E-10 0.00512 

Outlet 5 right  9.04E-10 0.00362 
Outlet 6 left  1.39E-09 0.00453 

Outlet 6 right  1.39E-09 0.00387 
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Table 3. Values of diameter and length of the not fully developed flow region, measured via CFD. 

 
Bifurcation Diameter (m) Angles and Flow Rates Lengh measured (m) 

in Same as the respective out 

Half-angles θ1 e θ2 as 45º 
and 30º and 2.78 x 10-9 
m3/s of Q at the feeder 

channel inlet 

Not measured 

Outlet 1 left  0.01 0.00476 
Outlet 1 right  0.01 0.00562 
Outlet 2 left  0.015 0.00440 

Outlet 2 right  0.015 0.00595 
Outlet 3 left  0.02 0.00453 

Outlet 3 right  0.02 0.00387 
Outlet 4 left  0.025 0.00516 

Outlet 4 right  0.025 0.00460 
Outlet 5 left  0.03 0.00486 

Outlet 5 right  0.03 0.00453 
Outlet 6 left  0.035 0.00608 

Outlet 6 right  0.035 0.00598 
 
 

 

 
 

Figure 5. Graphical comparison between values measured by CFD and values predicted by Eq. (3). 
  
 
Equation (6) adapted for bifurcations of microchannels by Amado et al., 2018b, from the work of Springer et al., 

2009, for helicoids and toroids, also fits adequately to the results of diameter variation, maintaining constants half-
angles θ1 and θ2 as 45º and 30º and Q as 2.78 x 10-9 m3/s at the feeder channel inlet. Fig. 6 shows the comparison. 
However, this proposition is not homogeneous from the dimensional point of view and, therefore, escapes the purpose 
of mathematical rectitude of this work. 

 
L=0.161(2R)03.1Re0.59Dh0;76                                                                                                                                         (6) 
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Figure 6. Graphical comparison between values measured by CFD and values predicted by Eq. (6). 
 
The best combination of values of k, m, n and p for an equation covering all values raised in Amado et all, 2018a, 

and in the present work, would be Eq. (7) below. Figures 7, 8 and 9 show the values of tables 1, 2 and 3 against values 
calculated by this equation. 

 
L=2.69(2R)-0.1Re0.59Dh1.1                                                                                                                                              (7) 
 
For the condition of variation of Q, maintaining constant angles and diameters, there was some scattering, but in the 

conditions of variation only of angles or only of diameters, the coincidence was reasonably good. 
 

 
 

Figure 7. Graphical comparison between values measured by CFD and values predicted by Eq. (7), for angular 
variation. 
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Figure 8. Graphical comparison between values measured by CFD and values predicted by Eq. (7), for flow rate 
variation. 

 

 
 

Figure 9. Graphical comparison between values measured by CFD and values predicted by Eq. (7), for variation of 
diameter. 

 
 
Equation (7) is dimensionally and physically honest. Dimensionally, because the sum of m and p must be equal to 

1, which is the exponent of L, and physically, mainly because it is well known that the larger the diameter of the 
channel and the radius of curvature of the arc containing the feeder channel and the outlet, the smaller will be L. 
Likewise, the larger the Reynolds number, the larger the value of L, or greater the turbulence at the entrance of the 
bifurcation. 

As a last remark, this work recommends that similar analysis be made to predict the extent of the undeveloped 
thermal region. Equations found in specialized literature, as presented by Janssen and Hoogendoorn, 1978, or Liu and 
Masliyah, 1994, can be tested or new models can be postulated. Results of measurement in CFD images can be used for 
the survey of constants and exponents, as performed in the present work. 
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4. CONCLUSIONS 
 
Equations of prediction of the flow developing length in asymmetric bifurcations were presented. Expressions 

shaped as L = k (2R)mRen (D)p were employed as the standard format. Values predicted by these equations were 
compared to values measured in images generated via CFD, performed using the finite difference method. 

When varying only diameters D (from 0.01m to 0.035 m), keeping the flow rate Q of 2.78 x 10-9 m3/s and the half-
angles of the forks θ1 and θ2 (45º and 30º) as constants, L=2.25(2R)-0.1Re0.59Dh1.1 was the best correlation found. But 
when all the process variables are taken into account, considering the results presented in Amado et al, 2018a and those 
presented herein, (0.01m < D < 0.035m; 5.56 x 10-10 m3/s < Q < 2.78 x 10-9 m3/s and 5o < [ θ1 or θ2] < 90o) the best 
equation was L=2.69(2R)-0.1Re0.59Dh1.1. 

The development of a prediction equation for the thermal entrance length, in a method similar to the present one, is 
recommended to complete the study of the entrance region in bifurcations. 
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