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Abstract: The interest in asteroids has increased in recent years, with several missions underway or in the planning phase.
Considering the technological challenges for navigation around such small bodies, often dealing with multiple systems,
such as the asteroid binary system 65803 Didymos (1996 GT), our study analyzed the use of the Extended Kalman Filter
in minimizing position errors and velocity in the navigation of a spacecraft in a binary system of astetoids. After the
development of the filter for a generic double system, a case study was made for the asteroid binary system Didymos
65803 (1996 GT), including the analysis of the naming filter error of position and speed of observations of the Moon’s
orbit called Didymoon. At the end of the study, we can conclude that the Extended Kalman filter showed a good behavior
in minimizing position and velocity errors of the spacecraft and Didymoon.
Keywords: Asteroid, spacecraft navigation, Extended Kalman filter.

1. INTRODUCTION

The study of asteroids represents an important step in understanding the formation of our solar system. Another
important motivation for developing missions for asteroids, is the risk of colliding asteroids with Earth. A more recent
motivation lies in the commercial exploration of asteroids through mining. With these motivations several missions are
underway or being planned to study them.

The study and exploration of asteroids represent a great technological challenge, much is under development and
there are several problems to be solved. One of the challenges that will be the focus of the present study is the navigation
around these small bodies, often multiple systems, where bodies are often very close. As an example we have the asteroid
65803 Didymos (1996 GT), which has a moon (Didymoon) orbiting the main body (Didymos), target of the mission
Asteroid Impact & Deflection Assessment (AIDA) (Michel et al., 2016). Nowadays, in deep-space navigation missions,
star sensors, planetary sensors, pulsars, doppler effect, among other methods, are used to determine the position and
velocity of a spacecraft in deep space (Jagannathan, 1994; Wood et al., 2012; Rad and Azari, 2014). However, when it
comes to asteroids with such tiny dimensions, new solutions that make navigation as autonomous and accurate as possible
have been developed. One of the more modern methods, called autonomous optical navigation, uses the spacecraft’s own
camera to determine its position and velocity (Riedel et al., 2000; Cui and Zhu, 2014).

Knowing the challenges involved in determining the orbits of spacecraft in asteroid environments, the present study
will analyze the use of the extended Kalman filter as a means of minimizing errors from the position and velocity sensor
measurements of an orbiting spacecraft of a double asteroid.

The study was developed as follows:

• Since this is a nonlinear system, the extended Kalman filter was used;

• The filter was developed for a dual generic system, with a primary body at the center of the inertial frame and
a secondary one in orbit around the primary. The direct and indirect perturbations of the secondary body of the
system on the movement of the spacecraft were considered;

• A complete model was developed, which was numerically integrated. This model will provide the reference mea-
sures; White noise was added to the reference measurements from the complete model. These averages were used
as sensor measurements in the update phase of the extended Kalman Filter; The asteroid Didymos was chosen as
the target of a deeper analysis of the extended Kalman filter;

• The behavior of the filter and the impact of the estimation for the Didymoon trajectory and of a spacecraft navigating
in the Didymos-Didymoon system were analyzed.
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2. METHODS

2.1 Full Model

Figura 1: Representation of the binary system.

Consider the system shown in Figure 1, where a spacecraft orbits a system consisting of a main body (Alpha) and a
moon orbiting this body (Beta). This spacecraft will be subject to the gravitational forces of Alpha and Beta, as well as
the non-sphericity of the main body. The model also considers the solar radiation pressure and the gravitational forces
of the bodies in the vicinity. It is considered eccentric orbits for the asteroids because this is the most common situation.
It is also considered the perturbation caused by Earth, Jupiter, Mars and Venus. It will also be considered the effect of
non-sphericity of the bodies Alpha and Beta. Thus, the equations of motion for Beta and for the spacecraft, relative to the
inertial frame positioned at the center of Alpha, are given, respectively, by:

r̈b = −µab
r3b

rb + Pshape,b (1)

where µab = G (ma +mb), being G the universal gravitational constant, ma the mass of Alpha and mb the mass of Beta.
rb is the position vector of the Beta and Pshape,b is the acceleration due to non-sphericity of Alpha in the Beta motion.

r̈s = −µa
r3s

rs + µb

[
(rb − rs)

(rb − rs)
3 − rb

r3b

]
+ Pshape,s + PSRP + P3C (2)

where µa = Gma and µb = Gmb and rs is the position vector of the spacecraft. Pshape,s is the acceleration due to
non-sphericity of Alfa in the spacecraft motion. PSRP is the acceleration due to solar radiation pressure. P3C is the sum
of the accelerations due to all the planets considered and Didymoon. The second term of Equation 2 refers to the third
disorder caused by Beta, where the direct and indirect disturbances are considered.

2.2 Extended Kalman Filter

The extended Kalman filter is applied to nonlinear systems. The present study considered the model of non-linear
and linear measurements, where the measurements are provided in a linear manner directly by the simulated sensor. The
measures (y) come directly from the real model presented in Section 2.1, where a white noise (zero mean noise) was
inserted into these measurements. In this way, we have:

ẋ = f (x) (3)
yk = Hx + νk (4)

where x are the states, f is the non-linear vector function of the state x in the time t, ν is the white noise and H is the
matrix that relates the measurements to the parameters. Through the expansion of f in Taylor series and truncating to the
linear term, we arrive at (Kuga, 2005):

F =


∂f1(X)
∂xb

∂f1(X)
∂yb

∂f1(X)
∂zb

. . . ∂f1(X)
∂vs,x

∂f1(X)
∂vs,y

∂f1(X)
∂vs,z

∂f2(X)
∂xb

∂f2(X)
∂yb

∂f2(X)
∂zb

. . . ∂f2(X)
∂vs,x

∂f2(X)
∂vs,y

∂f2(X)
∂vs,z

...
...

...
. . .

...
...

...
∂f12(X)
∂xb

∂f12(X)
∂yb

∂f12(X)
∂zb

. . . ∂f12(X)
∂vs,x

∂f12(X)
∂vs,y

∂f12(X)
∂vs,z

 (5)

For the filter is used a reduced form of Equations 1 and 2, considering only the gravitational forces referring to the Alpha
and Beta bodies of the system:

r̈b = −µab
r3b

rb (6)
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r̈s = −µa
r3s

rs + µb

[
(rb − rs)

(rb − rs)
3 − rb

r3b

]
(7)

For the model considered in this study, after the reduction of Equations 6 and 7 to the first order, the states are given by:

x =
[
xb yb zb vb,x vb,y vb,z xs ys zs vs,x vs,y vs,z

]T
(8)

and Equation 3 is rewritten as follows:

ẋ =



f1 (x)
f2 (x)
f3 (x)
f4 (x)
f5 (x)
f6 (x)
f7 (x)
f8 (x)
f9 (x)
f10 (x)
f11 (x)
f12 (x)



=



vb,x
vb,y
vb,z

−µab

r3b
xb

−µab

r3b
yb

−µab

r3b
zb

vs,x
vs,y
vs,z

−µa

r3s
xs + µb

[
(xb−xs)
r3bs

− xb

r3b

]
−µa

r3s
ys + µb

[
(yb−ys)
r3bs

− yb
r3b

]
−µa

r3s
zs + µb

[
(zb−zs)
r3bs

− zb
r3b

]



(9)

Therefore, the matrix F is given by:

F =



0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
a31 a33 a33 0 0 0 0 0 0 0 0 0
a41 a42 a43 0 0 0 0 0 0 0 0 0
a51 a52 a53 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1
a101 a102 a103 0 0 0 a107 a108 a109 0 0 0
a111 a112 a113 0 0 0 a117 a118 a119 0 0 0
a121 a122 a123 0 0 0 a127 a128 a129 0 0 0



(10)

the terms of the matrix are:

a31 = − µab
r3b,k−1

+
3µab x̂

2
b,k−1

r5b,k−1

a32 = +
3µab x̂b,k−1 ŷb,k−1

r5b,k−1

a33 = +
3µab x̂b,k−1 ẑb,k−1

r5b,k−1

a41 = +
3µab ŷb,k−1 x̂b,k−1

r5b,k−1

a42 = − µab
r3b,k−1

+
3µab ŷ

2
b,k−1

r5b,k−1

a43 = +
3µab ŷb,k−1 ẑb,k−1

r5b,k−1

a51 = +
3µab ẑb,k−1 x̂b,k−1

r5b,k−1

a53 = +
3µab ẑb,k−1 ŷb,k−1

r5b,k−1

a53 = − µab
r3b,k−1

+
3µab ẑ

2
b,k−1

r5b,k−1
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a101 = +
µb

r3bs,k−1

+
3µb (x̂b,k−1 − x̂s,k−1)

r5bs,k−1

(x̂s,k−1 − x̂b,k−1)−
µb

r3b,k−1

+
3µb x̂

2
b,k−1

r5b,k−1

a102 = +
3µb (ŷb,k−1 − ŷs,k−1)

r5bs,k−1

(x̂s,k−1 − x̂b,k−1) +
3µb x̂b,k−1 ŷb,k−1

r5b,k−1

a103 = −3µb (ẑb,k−1 − ẑs,k−1)

r5bs,k−1

(x̂s,k−1 − x̂b,k−1) +
3µb x̂b,k−1 ẑb,k−1

r5b,k−1

a107 = − µb
r3bs,k−1

+
3µb (x̂b,k−1 − x̂s,k−1)

r5bs,k−1

(x̂b,k−1 − x̂s,k−1)−
µa

r3s,k−1

+
3µa x̂

2
s,k−1

r5s,k−1

a108 = +
3µb (ŷb,k−1 − ŷs,k−1)

r5bs,k−1

(x̂b,k−1 − x̂s,k−1) +
3µa x̂s,k−1 ŷs,k−1

r5s,k−1

a109 = +
3µb (ẑb,k−1 − ẑs,k−1)

r5bs,k−1

(x̂b,k−1 − x̂s,k−1) +
3µa x̂s,k−1 ẑs,k−1

r5s,k−1

a111 = +
3µb (x̂b,k−1 − x̂s,k−1)

r5bs,k−1

(ŷs,k−1 − ŷb,k−1) +
3µb x̂b,k−1 ŷb,k−1

r5b,k−1

a112,k−1 = +
µb

r3bs,k−1

+
3µb (ŷb,k−1 − ŷs,k−1)

r5bs,k−1

(ŷs,k−1 − ŷb,k−1)−
µb

r3b,k−1

+
3µb ŷ

2
s,k−1

r5b,k−1

a113 = +
3µb (ẑb,k−1 − ẑs,k−1)

r5bs,k−1

(ŷs,k−1 − ŷb,k−1) +
3µb ŷb,k−1 ẑb,k−1

r5b,k−1

a117 = +
3µb (x̂b,k−1 − x̂s,k−1)

r5bs,k−1

(ŷb,k−1 − ŷs,k−1) +
3µa x̂s,k−1 ŷs,k−1

r5s,k−1

a118 = − µb
r3bs,k−1

+
3µb (ŷb,k−1 − ŷs,k−1)

r5bs,k−1

(ŷb,k−1 − ŷs,k−1)−
µa

r3s,k−1

+
3µa x̂

2
s,k−1

r5s,k−1

a119 = +
3µb (ẑb,k−1 − ẑs,k−1)

r5bs,k−1

(ŷb,k−1 − ŷs,k−1) +
3µa ŷs,k−1 ẑs,k−1

r5s,k−1

a121 = +
3µb (x̂b,k−1 − x̂s,k−1)

r5bs,k−1

(ẑs,k−1 − ẑb,k−1) +
3µb x̂b,k−1 ẑb,k−1

r5b,k−1

a122 = +
3µb (ŷb,k−1 − ŷs,k−1)

r5bs,k−1

(ẑs,k−1 − ẑb,k−1) +
3µb x̂b,k−1 ẑb,k−1

r5b,k−1

a123,k−1 = +
µb

r3bs,k−1

+
3µb (ẑb,k−1 − ẑs,k−1)

r5bs,k−1

(ẑs,k−1 − ẑb,k−1)−
µb

r3b,k−1

+
3µb ẑ

2
b,k−1

r5b,k−1

a127 = +
3µb (x̂b,k−1 − x̂s,k−1)

r5bs,k−1

(ẑb,k−1 − ẑs,k−1) +
3µa x̂s,k−1 ẑs,k−1

r5s,k−1

a128 = +
3µb (ŷb,k−1 − ŷs,k−1)

r5bs,k−1

(ẑb,k−1 − ẑs,k−1) +
3µa ŷs,k−1 ẑs,k−1

r5s,k−1

a129 = − µb
r3bs,k−1

+
3µb (ẑb,k−1 − ẑs,k−1)

r5bs,k−1

(ẑb,k−1 − ẑs,k−1)−
µa

r3s,k−1

+
3µa ẑ

2
s,k−1

r5s,k−1
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The Kalman filter consists of two phases, the propagation and updating phases. The propagation phase of time tk−1 to
the next instant tk is given as follows:

• The propagation of the state ˙̄x will be done by integrating the equations of motion using the runge-kutta method in
7a order, with initial condition x̄k−1 = x̂k−1;

• The propagation of covariance will be done discreetly (Kuga, 2005):

Pk = φk,k−1P̂k−1φ
t
k,k−1 + Qk

where Q is the covariance of dynamic noise and φk,k−1 is the transition matrix, given by:

φ = eF∆t

The phase of updating the filter by the measurements at the instant of time tk is given by (Kuga, 2005):

Kk = P̄kHt
k(HkP̄kHt

k + Rk)
−1

P̂k = (I − KkHk)P̄k (11)
x̂k = x̄k + Kk(yk − Hkx̄k)

where Kk is the gain of Kalman, and x̂k and P̂k are the state and covariance updated to the instant k.

3. RESULTS

In this section the results of the study will be presented. The asteroid Didymos was chosen for the filter test. As
mentioned earlier, this asteroid has a Moon (Didymoon, the Beta of the system) that orbits the main body (Didymos, the
Alpha of the system). Table 1 shows the characteristics of Didymos-Didymoon system and the initial conditions for the
simulations, the data were taken from HORYZONS system from NASA and Michel et al. (2016).

Tabela 1: Characteristics of the Didymos-Didymoon systems and initial conditions for the simulations.
Body Didymos Didymoon
Orbits Sun Didymos

Semi-major axis (a) [km] 246003643.42886 1.18
Eccentricity (e) 0.38375 0.03

Inclination (i) [degree] 3.4076 0.005
Orbital period 770.14 dias 11.92 horas

Equatorial radius [km] 0.39 0.0815
Mass [kg] 5.23×1011 5×109

Obliquity [degree] 171 –
Argument of periapsis [degree] 319.25039 0

Longitude of ascending node [degree] 73.233299 0
Mean anomaly [degree] 96.832791 0

Through several tests to correctly regulate the filter for the Didymos-Didymoon system, in relation to estimating the
trajectories of Didymoon and a spacecraft in orbit around Didymos, the values for R and Q were found:

Q = 1× 10−6 ∗ I(12×12)

R =
[
(σ1)

2
(σ1)

2
(σ1)

2
(σ2)

2
(σ2)

2
(σ2)

2
(σ1)

2
(σ1)

2
(σ1)

2
(σ2)

2
(σ2)

2
(σ2)

2
]
∗ I(12×12)

where σ1 is equal to 1 × 10−1 and σ2 is equal to 1 × 10−3. As previously mentioned, the measurement is provided
linearly, with the positions and velocities coming directly from the complete model, but with an error introduced. This
error is provided by using the matlab routine randn which generates a white noise. The generated values are multiplied
by σ1 for the positions and by σ2 for the velocities. This is even if we introduce an error in the measures of ±100
meters for the positions and ±1 m/s for velocities, or at least approximately 68% of the measurement errors will be within
these intervals, following the Gaussian distribution. In all simulations it was used as the initial covariance condition:
P0 = P̂0 = I(12×12).

3.1 Estimation of trajectory of Didymoon

In this section we present the results for the estimation of position and velocity of Didymoon for a day, with updates
occurring every 1 minute.
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Figura 2: Results for the estimation of the position of Didymoon. (a) Error between the estimated position coordinates
and that provided by the Didymoon reference model. (b) Standard deviation of the position coordinates estimated for
Didymoon. (c) Residual estimates of position coordinates of Didymoon.
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Figura 3: Results for the estimation of the speed of Didymoon. (a) Error between the estimated velocity coordinates and
that provided by the Didymoon reference model. (b) Standard deviation of estimated velocity coordinates for Didymoon.
(c) Residual estimates of Didymoon velocity coordinates.
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Figura 4: Estimated and reference trajectories of Didymoon. (a) View from the XY plane. (b) View from the XZ plane.
(c) View from the YZ plane.

As shown in Figure 2(a), the filter was able to reduce the positioning error from 100 meters to less than 2 meters with
a standard deviation of around 20 meters after the convergence of the filters, as shown in Figure 2(b). Another important
behavior of the filter is showed in Figure 2(c), which shows that the residuals of the position estimates have an average
close to zero, with a standard deviation of approximately ±100 meters.

Analyzing Figure 3(a) we can note that the velocity error approached zero, going from the order of 10−3 to 10−6.
The same occurred for the standard deviation, as shown in Figure 3(b), which converged to near zero, being in the order
of 10−5. As shown in Figure 3(c), for the position the residue has mean zero, with standard deviation in the order of the
noise introduced.

Figures 4(a), 4(b) e 4(c) show the dispersion of the measurements, the reference trajectories and the estimated ones.
They give a real dimension of the problem, where even with a great dispersion of the measurements, the Kalman filter
was able to put the reference or estimated orbits very close.

3.2 Estimation of the trajectory of a spacecraft in the Didymos-Didymoon system

Table 2 shows the initial conditions of the spacecraft, whether it was an orbit inside the orbit of Didymoon and with
an eccentricity of 0.4, to force the spacecraft to pass near Didymoon.

Tabela 2: Initial conditions of the spacecraft.
Semi-major axis (a) [km] 0.79

Eccentricity (e) 0.4
Inclination (i) [degree] 0.005

Argument of periapsis [degree] 0
Longitude of ascending node [degree] 0

Mean anomaly [degree] 0
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Figura 5: Results for the estimation of the position of the spacecraft. (a) Error between the estimated position coordinates
and that provided by the spacecraft reference model. (b) Standard deviation of the estimated position coordinates for the
spacecraft. (c) Residue of spacecraft position coordinates estimates.
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Figura 6: Results for the estimation of the velocity of the spacecraft. (a) Error between the estimated velocity coordinates
and that given by the spacecraft reference model. (b) Standard deviation of the estimated velocity coordinates for the
spacecraft (c) Residue of estimates of spacecraft velocity coordinates.
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Figura 7: Estimated and reference trajectories of the spacecraft. (a) View from the XY plane. (b) View from the XZ plane.
(c) View from the YZ plane.

Figures 5(a) and 5(b) show that, as in the case for Didymoon, presented in Section 3.1, the position estimation error
drops to 2 meters, with a standard deviation of 20 meters. What is striking are the three peaks of the standard deviation
(Figure 5(b)), which probably occur in three close passages of the spacecraft by Didymoon. The filter does not diverge
after these three moments. Figure 5(c) shows noise with mean zero and standard deviation close to the error of 100 meters.

Figures 6(a) and 6(b) show the estimation error and the standard deviation of the spacecraft velocity tending to zero,
as in the case for Didymoon. In Figure 6(b), even if almost imperceptible, there are small peaks at the same instants of
time as for the position estimate, indicating a spacecraft encounter with Didymos. Figure 6(c) shows that the residue has
zero mean, with standard deviation in the order of the introduced error, as in Didymoon velocity estimation.

Figures 7(a), 7(b) and 7(c) show that, despite the great dispersion of measurements, even in this case where close
encounters of the spacecraft with Didymoon occur, the extended Kalman filter was able to take the estimated path close
to the reference path.

4. CONCLUSION

At the end of the study, the effectiveness of the Kalman extended filter is clear in minimizing the error from the sensor
noise. Reducing position errors of the order of 100 meters for errors of 2 meters, with standard deviation of 20 meters and
errors in the components of velocity of the order of 1 m/s tending to zero. The tuning of the filter was a great challenge
because it was a dozen states. Future studies should consider the measures as non-linear, in order to approximate the
results of the reality to be found.
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