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Abstract: Chaos and control of chaotic systems have applications in aeronautics, communications, chemical process
and even in biological systems. One of major interests in the study of chaos is that real systems usually are controlled
taking into account the simplified hypothesis that cut out nonlinearities, delays, dimensions, thermal errors and effects.
In this work are presented dynamical analysis and control for a four-dimensional Lorenz system. Numerical
simulations have shown that for certain parameters, the system has a chaotic behavior, and that the SDRE control is
efficient in taking the original system coordinate to the desired one.
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1. INTRODUCTION

According to Vaidyanathan and Volos (2016a, 2016b) chaos theory describes the qualitative study of unstable
aperiodic behaviour in deterministic nonlinear dynamical systems. For the motion of a dynamical system to be chaotic,
the system variables should contain nonlinear terms and it must satisfy three properties: boundedness, infinite
recurrence and sensitive dependence on initial conditions.

According to Ge et al. (2000), Wang et al. (2006) and Sun et al. (2007), the control of chaotic systems designs state
feedback control laws that stabilizes the chaotic systems around the unstable equilibrium points. In addition, the active
control technique is used when the system parameters are known, and adaptive control technique is used when the
system parameters are unknown.

The SDRE technique has become very popular within the control community over the last decade. This method,
first proposed in Pearson (1962) and later expanded in Wernli and Cook (1975), was independently studied in Mracek,
and Cloutier (1998) and alluded in Friedland (1996). The method entails factorization (that is, parameterization) of the
nonlinear dynamics into the state vector and the product of a matrix valued function that depends on the state itself
Tusset et al. (2012).

According to Macek and Strumik (2010), the four-dimensional Lorenz system can be written as follows:

X =—0X+oy—oyW

y=—xy+rx-y
: 1)
7=xy—bz

W=ogX—o,W

The system represented by Eq. (1) can be represented in state-space form as:

X = A(X)X )
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2. NUMERICAL SIMULATION

In Fig. 1, it is observed the variation of x considering the following parameters: x, =1, y, =1, 7, =15, wy =1,
r=28, =10, b=8/3, 0, =2 and 0<0,<10.
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Figure 1. Dynamics of the four-dimensional Lorenz system. (a) Bifurcation Diagram. (b) Phase Diagram for
o,=2

As can be seen in Fig. 1a for o, < 6.132the system has chaotic behavior and for o, > 6.132 the behavior becomes
periodic. The phase diagram of Fig. 1b, with o, = 2, proves the chaotic behavior.

In Fig. 2 is observed the variation of x, considering the following parameters: x, =1, y, =1, z,=15, w, =1,
r=28, 0=10, b=8/3, 0y=7 and 0<0,,<30.
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Figure 2. Dynamics of the four-dimensional Lorenz system. (a) Bifurcation Diagram. (b) Displacement for
o, =3 . () Phase Diagram (x,y,z) for o, =3. (d) Phase Diagram (x,y,w) for o, =3.

As can be seen in Fig. 2a, for the case when o >6.132, it is possible to obtain chaotic behavior considering the
interval 2.539 < o,, <4.25. The phase diagram of Figs. 2b, 2c and 2d considering o,, =3 demonstrates the chaotic

behavior.
Figure 3 shows the variation of the Lyapunov exponent, considering the two most significant ones, considering the
variation of o, and o inthe intervals 0 <o, <10 and 0<o,,, <30.
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Figure 3. Variation of Lyapunov exponent: (a) Lyapunov more significant. (b) Second most significant
Lyapunov.
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As it can be observed in Fig. 3a that the region in red represents for which parameters of o, and oy, the system

(1) will have the chaotic behavior, and in Fig. 3b the region in red represents for which values of o, and o, the
system tending to have hyperchaos.

3. PROPOSED CONTROL
Considering the introduction of the control signal U in Eq (1), it is obtained the control system:

X =—0X+0y —ogW+Uy

Yy =—Xy+IX—y+u, 4
z=xy—-bz+u,

W= 0pX—0,W+Uy,

The objective is to define a control law U = [ul U, Ug u4]T that takes the system (4) from any initial condition
X (0) = X, to a desired coordinate X (t) = X", where X" is previously due.

Considering the control system (4) in matrix form:

X =A(X)X+BU (5)

The control U can be obtained by the following equation:

U=-RBTPe (6)

where: e = [xl X Xp—Xy X=Xz X —XZJ and P is a symmetric matrix and can be obtained from Riccati algebraic
equation:

PA+ATP-PBR'B'"P+Q=0 @)
where Q is a definite symmetric or semi-definite positive matrix and R is a symmetric positive definite matrix.

Considering the following parameters: x, =1, y,=1, z,=15, wy; =1, r=28, ¢=10, b=8/3, 0,=2 and
oy, = 2. With matrices A(X) and B given by:

-o o 0 oy 1000
-y+r -x-1 0 O 0100
AX)=|"? B= ®)
y X -b 0 0 010
oy 0 0 o, 0 001
and defining: X" =[2 2 10 2], and the matrices Q and R as:
1 000 1000
0100 0100
Q=10" , R=10" 9)
0010 0010
0 001 0 0 01

In Fig. 4 is possible to observe the system (5) with the introduction of the SDRE control (6), obtained considering
the matrices given by Eqgs. (8) and (9).
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Figure 4. Dynamics of the four-dimensional Lorenz system with control. (a) Position of x;. (b) Position of x,. (c)
Position of x3. (a) Position of x,.

As can be seen in Fig. 4, the control by SDRE is effective in maintain the systems in the desired coordinate. In
order to determine the effects of uncertainties on the performance of the proposed controller, it is estimated that an error

of +20% is encountered in the parameters (r,« ,b, o and «,), with a similar strategy used in Tusset et al. (2017).

In Fig. 5, the robustness of the control to maintain the system in a desired coordinate is observed, considering the
proposed control with variation in parameters: a, =a(0.8+0.4r(t)), r, =r(0.8+0.4r(t)), e, = x(0.8+0.4r(t)),

b, =b(0.8+0.4r(t)), ap, =(0.8+0.4r(t)), and o, =, (0.8+0.4r(t)), where r(t) is a random number
rt)=[01].

Considering that ‘e is the error obtained with the control without parametric uncertainties and ‘e * is the error
obtained with the control with parametric uncertainties, in Fig. 5 can be observed the robustness of the control

e oy 0 o,
L . -y+r, -x-1 0
considering the matrix: A(X) = y . 0 of the control U (Eg. (6)).
|

oy 0 0 o,

u
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Figure 5. (a) Error obtained with the control without parametric uncertainties. (b) Error obtained with the
control with parametric uncertainties. (c) Comparison between ‘e ” and e, > for position x;. (d) Comparison

between ‘e’ and ‘e’ for position x,, X3and X,.

In Fig. 5 is possible to observe the robustness of the control with uncertainties in keep the same error obtained with
the control without uncertainties. This demonstrates that the control is robust to parametric uncertainties.

4. CONCLUSIONS

In this work the SDRE control technique was presented in a four-dimensional Lorenz system. The objective of the
technique was to eliminate the chaotic behavior of the system. As can be seen, the technique was efficient in maintain
the system in a desired coordinate. Considering the variation of the parameters of the state matrix A(X), it was possible
to demonstrate that the control is robust in the case of parametric variations.
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