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Abstract. This paper proposes the representation of the dynamic model of a wheeled mobile robot (WMR), considering
the center of mass and the center of rotation separated by a distance 'a’. This system has three degrees of freedom,
presents nonholonomic restrictions, two motorized wheels and a free wheel which ensures its stability. The dynamic
model of WMR was performed through the Euler-Lagrange formalism and model obtained in this work will be used in
the design of a control strategy to trajectory tracking. Designed controllers were based on the PID and Backstepping
technique and the results of the simulations demonstrate the convergence of robot velocity to controller velocity,
consequently trajectory tracking. However, some divergences were verified, where the linear control presents a settling
time of 10s and maximum overshoot at the control input (torque) of 0.3 Nm, unlike the nonlinear control where settling
time is close to 0 and maximum overshoot in the torque of 0.8 Nm
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1. INTRODUCTION

Control of wheeled mobile robots (WMR) has attracted the attention of many researchers in robotic control because
of their difficulties in control design and implementation. WMR is known by its nonholonomic constraint system and
during the last decade, many control methods have been proposed to address the problem of tracking control of a mobile
robot under nonholonomic constraints (Zidani, et al., 2015).

It is defined as nonholonomic, finite-dimensional system, where some kind of constraint is imposed on one or more
states of system. These limitations can be caused by the conservation of angular moment, conditions imposed by the
impossibility of moving in one or more directions, as a result of the imposition of restrictions during the design of the
control system, by the fact that the system does not have actuators in all directions of the space of the problem, and in
several other situations (Figueredo and Jota, 2014).

The problem of trajectory tracking consists in making the robot to reach and follow a determined trajectory in
Cartesian space, starting from a certain initial configuration, inside or outside the trajectory (Vieira, 2005). The base
structure is composed of three wheels (a front passive wheel and two active rear wheels) and its movement is directly
related to the velocity of the wheels. For a rectilinear displacement, the wheel velocities must be equal; To turn left or
right it is necessary that the velocities of the wheel (on the opposite side that you wish to turn) is higher than the other,
and if there is a need to rotate around the center, the velocities must have the same module, however opposite directions.

The appropriate design of a control requires knowledge about the kinematic and dynamic model of the robot. In
relation to kinematics, it is fundamental to understand the behavior of the mechanical system that begins with the process
of describing the movement’s contribution of each wheel. In the dynamics is made a study of the movement in which the
forces are considered, using the formulation of Lagrange.

The purpose of the controller for the kinematic model is to produce velocity outputs for the robot to make the tracking
error between the actual and reference trajectories converges to zero. A torque controller is designed based on the system
dynamics such that the velocities of the mobile robot converges to the generated desired velocities (Mohareri, et al.,
2012).
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The objective of this paper is the development of a dynamic controller (torque controller) for wheeled mobile robot
which has its center of rotation and center of mass located at different points. It will be designed a conventional controller
(PID) and a nonlinear control based on the Backstepping technique, comparing its results. In addition, it is fundamental
to determine the parameters of the controllers.

2. DYNAMIC MODEL OF WMR

Consider a WMR shown in Fig. 1. It can be modeled by a platform of mass m and width L, operated by two
independent wheels of radius r and a freewheel ensuring its stability (Zidani, et al., 2015). The center of rotation (A) is
located on the axis (Y ") which connects the two wheels and moment of inertia (1) is at a distance a from the axis Y* on
the axis X ".

Figure 1. Representation of WMR
The robot configuration, also called posture (), can be written by the three degrees of freedom.
q@®) =[x@) y@®) 6] €Y)

where 0 is the orientation of the robot in relation to the fixed reference in space (YOX) and (x,y) are the coordinates
of center of mass.

The well-known dynamic equation of the mobile robot system with n-generalized coordinates g € R™, and inputs r
= n-m, can be described as (Chih-Yang, et al., 2012):

M(@)§ + V(a4 + F(@) + G(q) + 14 = B(@)T — AT(q)2 (2)

where M(g) € R™" is a symmetric positive definite inertia matrix, Vim(g,q) € R™" is the centripetal and Coriolis
matrix, F(q) € R™ denotes the surface friction, G(q) € R™! is the gravitational vector, ty € R™ denotes bounded
unknown disturbances including unstructured unmodeled dynamics, B(g) € R™™™ is the input transformation matrix,
,T € RM™MX g 3 control input vector, A € R™" is a matrix associated with the nonholonomic constraints, A € R™ is
a Lagrange multiplier associated with the constraints, and q and ¢ denote velocity and acceleration vectors, respectively.
The variables in the Eq. (2) are defined as:

cos@ cosb@

|m 0 0 r_ —sin6 _1lsine sine6 _[*p
M(@)=|0 m 0 A" =| cos0 | B(q) = = I ) T= [TE] 3
0 0 ma®+ 1 —a - —

2 2

It is considered a planar motion of the robot, in this way, there is no slope in the path to be covered, then the term of
gravity is eliminated in the dynamic equation. In addition, suppose that friction and disturbances are neglilible in the
system (Mohareri, et al,2012).

G(q) = F(@) = 14=0 )

Differentiating the kinematic model, which is derived from the position vector , we have:
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§(®) = j(@v®) +J(@)v(t) ()
Substituting Eq. (4) and (5) into (2), we have:

M@ U (@v®) +J(@v(®) + Vinla, DU (@v(t) = B(g)T — AT(@)2 (6)
In order to eliminate the Lagrange coefficients (1) it is necessary to multiply the above equation by J, resulting in:
J"™M(@J(@v®) +]"M(@] (@) + ] Vn(a, DI (@v(t) =" B(@)T ™
can be rewritten as:

M (t) + Vv () = B(@)T C))
where: M = J" (@M (@) (@), Ve = " (@M @] (@) +]"(@)Vn(q,9)J (@) and B(q) = ] (@)B(q)-

After performing the calculation of the matrices and replacing them in (8), we arrive at the following dynamic model:

. _ . 11 1
R A T B W B A ) ®
3. PID CONTROLLER

The solution to design a PID is to linearize the system around the equilibrium point. To find the equilibrium points
(Vequ € Weqy), We consider v = @ = 0 and Tp oqy = Tg equ = 0. Thus, we have:

0 = 0.03weqy* = Weqy =0 (10)
0= —16.67Vequequ = Vequ € R* (11)

There are several equilibrium points for the system, since v,,,, can assume any positive value. It will be taken into
account the maximum velocity that the system reaches, which in this case is 1.4 m/ s. Thus, the linearized model is given
by equation below, and it is verified that the system is controllable, since the rank of the controllability matrix is equal to
2.

A= [g —23] P B = [7110539 —1723;9] P €= [(1) (1)]

In order to apply a monovariable control technique, which is usually simpler, it is possible to use uncouplers in the
system or to design the PID controllers to meet their respective loops, loop 1 and loop 2 (Fig. 2), and then check the
influence on the other output.

(12)

loop 1

e uy +
ve Gey(s) Gy, (5) v

Gz (s)

Gzy(s) :
+ ] iz +
ae __*Q“ Gez(s) ——1% Gua(s) E)——rw

loop 2

Figure 2. Dynamic of the WMR
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The closed-loop transfer functions are given by:
- 103(Ky15% + Kpys + Kpy)
™17 (103K + 1)s2 4+ 103K,,,5 + 103K

(13)

—7159(Kgzs? + Kpzs + Kyz)

Gz = 14
M2 T (]~ 7159K ,)s? + (23 — 7159K,,,)s — 7159K, (14

To obtain settling time (criterion 2%), ta = 4s, similar to the reference signal, considering a damping factor of {= 0.8,
the poles should be allocated to s; , = —1 + j0.75. Consequently, characteristic equation = s2 + 2s + 1.6526.

Finally, equating the characteristic equation of the system with the characteristic equation above, we have the
following parameters:

2 1.5626
Km:miKu:WJKdl:O (15)
21 —1.5626

= — = " = 1
Koz 7159 ’ Kiz 7159 ’ Kiz =0 (16)

4. NON-LINEAR CONTROLLER BASED ON THE BACKSTEPPING TECHNIQUE

The model given by Eq. (9) will be rewritten as follows:
X, = ax,® + ! (17)
X1 = ax, mr Uuq

ma 4 L
—— XXt ————— U
ma2 4112 2r(ma?2+1) 2

(18)

J'CZ =
For the first step, considering only the linear velocity (x1) and a reference velocity (x;,.f), the system error is defined
as:
21 = xlref - x1 (19)
whose derivate is:
2 = Xyper — (ax 2+i) (20)
1 iref 2 mr

Proposing a Lyapunov candidate function (Vc¢) must be positive definite and its its definite negative time derivative,
being candidate:

1
Ve(z1) = 5212 21

and whose time derivative is:

. . . Uy
Vi(z) =212, = 24 [xlref —ax,” — E] (22)

The stability of z1 is obtained by introducing a control input where:

Uy = mr[—ax,? + &ypep + Kyzy | (23)
then Eq. (22) becomes:

V.(z,) = —K,z,2 <0 (K, > 0)

The next step, considering the angular velocity (xz2), the system error and its derivative is given by equations (24) and
(25), respectively:
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Zz = eref - xz (24)
. . ma L
22 = Yorer a1 T e 4 1] 2 25)
For the final controller design, a new Lyapunov function candidate is choosen as follows:
1 1
Vo(z1,25) = 52,% + 52,7 (26)
2 2
whose time derivative is:
. . . . , 1 . ma L
Ve(21) = 2121 + 2325 = 74 [X1yep — aX3% — E“ﬂ + Zy[Xpref + maZ - [ XXz T 2r(ma? + 1) U, ] (27)
If we choose:
2r(ma® +1) /. ma
U, = T(xnef + mxlxz + KSZZ) (28)
we obtain:
Ve(z) = —K52,° < 0 (29)
where Ks is positive constant that guarantees the asymptotic convergence of z; — 0.
1 1 ) ) 2r(ma® +1) /. ma
TD = E[ul + uz] = E mT‘(xlref - axZ + K4Zl) + T(Xz,«ef + mxle + K5Z2) (30)
1 1 _ 2r(ma® +1) /. ma
T = E [ul - uZ] = E [mr(xlref — ax22 + K4Z1) - f (xZTef + mxlxz + KSZZ) (31)

The fig 3 represents the kinematic and dynamic models of WMR.

q(m g Kinematic | Ve® ¥ D i Dynamic v ; a(
t ynamic | T q
ar(®) . Controller Controller Model of dt "

WMR

Figure 3. Complete structure of the wheeled mobile robot.
5. PARAMETERS

The parameters of the kinematic and dynamic controllers are determined using the Simulink® software. For this,
the complete structure of the WMR (Fig. 3) is implemented, the initial and reference conditions are defined as:
e Linear and angular reference velocities are v, = 1.4 m/s e w, = 0 rad/s.
o Reference trajectory is a straight line with a slope of 45 °.
e Inicial posture isq = [0 0 0];
The way of determining the parameters was exhaustive, obtaining: K1 = 45, K2 = 20, K3 = 50, K4 = 200, K5 = 60.
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6. RESULTS AND DISCUSSION

6.1. Dynamic controller based on Backstepping technique.
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Figure 4. Rectilinear trajectory.
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Figure 5. Tracking Error (e1 — Error in position X, e2 — Error in position y . es — Error in orientation ).
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Figure 6. Convergence of robot velocity to controller velocity (z:— Error in linear velocity and z, —Error in angular
velocity).



24th ABCM International Congress of Mechanical Engineering
December 3-8, 2017, Curitiba, PR, Brazil

Now, changing the initial posture of the robot to q = [15 10 30], we have:

30
trajetoria desejada
25 | — — — trajetaria real
20
E 45
o=
1071
5t
1]

30

Figure 7. Linear trajectory for initial posture changed to [15 10 30 °].
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Figure 8. Tracking Error for initial posture changed to [15 10 30 °] (e1 — Error in position X,
e, — Error in position y - e — Error in orientation ).
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Figure 9. Convergence of robot velocity to controller velocity for initial posture changed to
[15 1030 °] (z1— Error in linear velocity and z, —Error in angular velocity).
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6.2. Controller based on PID

Designed PID was applied under the same conditions presented in section 5.

250

-—-n

Ermo{ms)
z

Figure 10. Error of the linear (z1) and angular (z2) velocities without considering the coupling.

. 10 40
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Figure 11. Errors of the linear (z1) and angular (z2) velocities considering the coupling.

Note that the designed controllers (Gcl and Gc2) meet the meshes 1 and 2 when the coupling is not considered, ie
G12 (s) and G21 (s) = 0, as can be seen in figure 4 a). However, applying these same controllers in the coupled system,
the error presents an inappropriate behavior at the end of the trajectory, assuming very high values, as seen in figure 4 b).

The process of adjusting controller gains is performed until a satisfactory response is achieved. For gains Kp; =
0.7596; K;; = 1.165; Kp, = —2.613x107°; K;, = —1.603x10~3, we have the results shown in figures 8 to 10.
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Figure 12. Rectilinear trajectory using PID.
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Figure 13. Tracking Error using PID (e1 — Error in position x, ez — Error in position y . es — Error in orientation )
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Figure 14. Convergence of robot velocity to controller velocity using PID.
7. CONCLUSIONS

The dynamic controller designed by both PID and Backstepping presented satisfactory results in the convergence of
robot velocity to controller velocity, consequently followed the proposed trajectory. In spite of reaching the objective, the
Backstepping technique generated a settling time close to zero, unlike the PID control that generated a settling time of 10

s. At the point of view of the maximum overshoot of the control input (torque), the Backstepping presented the value of
0.8 N.m and the PID the value of 0.3 N.m

The difficulties encountered were the tuning of the PID and the determination of the constants of the non-linear
controller. In the case of PID tuning, to apply a monovariable control technique, which is usually simpler, it is possible
to use uncouplers in the system or to design PID controllers to meet their respective loops, loop 1 and loop 2, and then
check the influence on the other output.

Several simulations were performed in order to achieve stabilization of the system, and the values of the constants
were found empirically. For the constants of the non-linear controller, one can use search algorithm, like the genetic
algorithm, thus obtaining the exact values.

The study focused on the modeling and control of this system and it contributes to the modeling analysis of dynamics
for robots with center of mass and center of rotation separated at a distance 'a’', case little studied in mobile robots. In

order to compare performance, another non-linear technique can be used and infer which is the most adequate and efficient
to its needs.
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