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Abstract. For some oceanic engineering applications such as tidal power generation and other flow patterns that
involves open channels, the correct approach for free surface modelling is mandatory. The deformation of free surface
is responsible for increasing confinement and enhance the turbine power extracted and efficiency. The classical
approach for oceanic waves used potential flow theory with constant pressure and no normal velocity through free
surface. This model includes to buoyancy effects in energy conservation. Although, can be analytically proven that
inducing surface pressure in interface between water and air with the same value of static pressure on the seabed and
neglecting buoyancy effects, the resulting differential equations are the same at both models. The same conclusion can
be found in the Navier-Stokes equation at the free surface. The main difference between the two approaches is the vertical
thrust that appears due to vertical pressure gradient produced by body force effects. However, this force is easily
calculated analytically.

This approach could be modelled as an elastic wall over the surface. this elastic wall could be simulated by a solid body
with orthotropic mechanical properties. The body must be modelled in order to heave stiffness only in gravity direction
and has no shear resistance. Therefore, for solving this problem, is needed the coupling between static structural model
and fluid model. Considering that the deformation of free surface is responsible for modifying the flow on every iterating,
the fluid domain must be recalculated which leads to a new pressure field in the surface. Thus, a 2-way Fluid structure
interaction model is required.
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1. INTRODUCTION

Flows subjected to free surfaces appears in different areas. For example, in oil and gas industry with offshore
operations, transport vessels and other applications have the influence of the interface between water and air on their flow
patterns. Some towing tank experiments have a free surface that have a considerable interference on the results. However,
the main motivation of the present paper is focused on oceanic energy exploitation. The ocean has a potential to generate
about 2950 TW.h on each year (World Energy Council, 2016). Besides of that, most of this energy could be extracted
from surface waves and from tides. Both phenomena have a high influence from the free surface.

Most of analytical models (Houlsby, Draper, & Oldfield, 2007) and (Whelan, Thomson, Graham, & Peir6, 2007) that
includes the constant pressure boundary from the free surface assumes this condition as a flow restriction and gives a
blockage factor that relates the submerged body cross sectional area to channel cross sectional area. However, for a CFD
simulation, is important to determine the free surface shape. The most used method for modelling this phenome is
considers a biphasic simulation using an averaged method between the fluid properties known as Volume of Fluid (VOF)
Method, however, it is computationally expensive and is accuracy is very dependent from the mesh refinement on the
free surface region.

For solving this issue, is proposed an alternative model for free surfaces, considering a monophasic flow confined by
an elastic wall. With such model, the confinement effects are accounted and there is no need of buoyancy modelling, thus
a steady state calculation is allowed. This elastic wall modelling demands a perfectly elastic body and for accounting this
non-linear problem, a two-way fluid structure interaction method is needed. In this paper, both analytical approach is used
to calculate the elastic wall properties, which is based on an orthotropic elastic body, analyzing its behavior in steady state
and transient state approach and computational methods comparing the accuracy from VOF and this proposed model.
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1.1 Model

The main analysis consists in a 2-D flow around a circular cylinder, as shown in Figure 1 in which both fluid depth
and cylinder diameter have the same order. The flow velocity is adjusted to reproduce experimental conditions
traditionally used for tidal current turbines (Bahaj, W.M.J., & McCann, 2007).

-

Figure 1 - Schematic drawing of the problem used to compare the different free surface models
The analyzed dimensions are: Domain Length: 20000 mm, Water Depth: 500 mm; Cylinder Depth: 350 mm; Solid/
Air Height: 3000 mm; Upstream Length: 5000 mm; Cylinder Diameter: 100 mm. The velocity of the flow is calculated
between 0.5 m/s and 2 m/s which represents a Froude Number from 0.225 to 0.9 and a Reynolds Number between 4,5 x
10%and 1.8 x 10°.
1.2 List of Symbols
The symbols used are shown in Table 1

Table 1 - List of Symbols

Symbol Definition Dim. Symbol Definition Dim.
U Upstream velocity LT 8 Kronecker Delta MP.LO T
Ly Upstream length L u Dynamic viscosity M.LtT?
Lp Downstream length L F;,isc  Component “i” of a viscous force M.L T2
Ly Total domain length L a,B,t Velocity Coefficient MO, L0 TO
D Cylinder diameter L AH Height difference L
H,h;  Water domain depth L m Mass flow M.L3T?
h Cylinder depth L @y Wave velocity potential function L2T?
h Air Domain / Solid Domain height L % Potential energy M.L2 T
t Time T 1) Airy’s stress function M.LL T2
uw;,u;  Velocity vector LT E Elasticity Modulus M.Lt T2
x;,x;  Coordinate L G Shear Modulus M.L1 T2
p General density M.L3 Vi Poisson Coefficient MP.LO TO
P Pressure M.LTT? T Kinetic energy by unit of length M.L T
v Kinematic viscosity L2T7? u Potential energy by unit of length M.LT?
gi Gravity Vector LT? W,.  Non-conservative work M.L T
Phss Pressure due to free surface level M.L?t T2 Wy Free surface deformation L
Phr Harmonic residual pressure M.L T2 K, Mode “n” constant MO,LO TO
P Velocity gradient pressure M.L1 T2 k., Wave number L?
n Free surface elevation L Q,., w, Frequencies T
g Gravity modulus LT? Py Fluid density M.L3
T Stress Tensor M.L1 T2 Ps Solid density M.L3
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2. THEORETICAL BASIS

This section is destined to derive the properties from the elastic body that produces the restoring force in substitution from
gravity in the standard free surface model. Is proven, for potential flow theory, in which gravity waves are based, that in
both steady and transient flow, the alternative model produces exactly the same results from the traditional model. A brief
revision from gravity surface waves is made, since this effect governs the free surface deformation in the ocean and some
parameters such as wave energy and dispersion relation are needed.

2.1 Comparison between the two free surface models in fluid flow equations
Unsteady Viscous Fluid Flow Approach

The analyzed flow consists in an incompressible viscous flow. The unsteady momentum conservation equation for a
Newtonian fluid subjected to an incompressible flow is written below (White F. , Viscous Fluid Flow 3rd Ed., 2006).

1 dp 0 d
(u1)+ (uu]) 3 a_xl ax,- Va_xj(ui)]+gi (1)
Derlvmg thls equatlon in function of x; and evoking the continuity equation for incompressible fluids, is deduced the
Poisson’s equation for pressure (Pope, 2000). This equation is fundamental to understand the dynamics of the pressure
field and makes possible to decompose the pressure in a harmonic solution (which is solution of Laplace’s equation) and
the particular solution, related to the velocity gradient components.

9°p du; Ou;

2
dx? pax] 0x; (2)

Dividing the pressure field in three components, the first two components, both solution of the Laplace’s equation,
the first one related to the free-surface elevation, pr,, and the other the residual harmonic solution, py,., and the third
component, related to the velocity gradient, p*, is given:

P(X,Z; t) = phfs [TI(X, t)' Z] + phr(x: Z, t) + p*(x: Z, t) =p-g. [TI(X' t) - Z] + phr(x' z, t) + p*(x' z, t) (3)

Expanding the Navier-Stokes equation ( 1) and substituting the decomposed pressure ( 3 ), is given respectively for
flow direction x and perpendicular to the flow direction z the momentum conservation equations:

d +6( )+6( - on lap*+ 62u+ 0%u (4)
o wu W)= "9 55 p Ox Voxz "V a2z
d +6( )+6( - on _1ap’ N 62W+ o%w (5)
ac"” ww Wl =95, paz Voxz TV a2z

There are two conditions for free surface, the first one states that the pressure is equal the surface tension in free
surface and the other that the pressure material derivative is zero in free surface (Newman, 1977). However, for open
channel flows, the effects of surface tension could be neglected (White, Conditions at a Free Liquid Surface, 2006). The
two conditions are mathematically given by:

d d d
=0 (Srustaw ”)
=n

p(x,z=n,t)=0 =O (6)

ot "0x "0z

The pressure condition in free surface leads to the pressure fluctuation term in equations (4 ) and (5 ) vanishes at
free surface. Then, the Navier-Stokes equation written at free surface becomes:

d 0
(ul)+ (uu}) _g—+@[vﬁ(u)] (7

This equation shows that flow dynamics is not dependent from gravity vector direction, only from free surface
dynamics. The right hand of Navier-Stokes equation is known as gradient from a stress tensor. Since the first term of the
right hand is directly proportional to the free surface elevation gradient, can be concluded that the stress tensor is directly
dependent from free surface elevation.

The same equation is achieved neglecting the gravity and assuming that on the free surface, pressure is given by:
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Prs(x,z=1,t) = p.g.n(x,t) + p.g. hy (8)

However, the main goal of this work is to analyze the forces acting on the submerged cylinder. For any object
subjected to a surface stress tensor such as a cylinder in a fluid flow, the surface force is given by the surface integral of
the stress tensor in its boundary. However, the Gauss Theorem could be used to transform the surface integral into a
volume integral, as shown in the following equation:

F= ﬂ‘r--n- ds—fﬂar” dv (9)
- ijitis - .
axi
S Vg

For a Newtonian fluid approach, the stress tensor is dived in a diagonal matrix, proportional to pressure and in a
symmetric matrix related to the fluid velocity gradient, composing the shear stresses (White(b), 2006). Substituting this
definition in equation ( 9) the force is decomposed in a viscous component and in a pressure component:

([ 2-1=ps ou, au] v = P av+r (10)
h fff axi P u * H ax] jfj axz ax] ax] Jf * Lvise
Ve

The difference between the buoyancy based model and the free surface modelled as an elastic support is related to
the hydrostatic pressure, that enters in the force in the volume integral from pressure gradient. Comparing the results from
both models, first for traditional model and then for the proposed model:

E,=-e ﬂf —+pga jﬂ pg£+ai)dv+p.g.vg (11)
ﬁp=—ex-fﬂ-(%+ 67) dv —e, fff pggz ap)dv (12)
Vg

Is seen, by comparison between ( 11) and ( 12) that only significant difference between the models is the buoyancy
force, which could be analytically calculated for any submerged body.

Steady State Control Volume Modelling

In order to compare the global effects due to both models, a control volume approach is useful, since only mean
values are considered. The model compares the boundary condition with elastic free surface with the traditional actuator
disk theory approach with free surface considerations (Whelan, Thomson, Graham, & Peir6, 2007). Other models as open
flow and fully confined flow can be found in (Houlsby, Draper, & Oldfield, 2007).

The base domain and analyzed sections are shown in Figure 2. This model is based on the energy conservation by
Bernoulli’s Equation, mass conservation and momentum conservation equation for one dimensional mean flow (White
F. M., 1998). Assuming for both models the same head difference, applying the continuity equation on by-pass region
and in streamtube region, are deduced the factor g3 :

[Hy(t — 1) — 7AH]«

B = (13)
(t—a)F
_ - P Buoyancy Modelled ¢
u Ugal UgBU -1y : — &y
T—=1 | Ea— : 5 :
----------------- Region "B" = =
n E:—Pc}’; *I'-Ez____“;_: By-Pass Region r : - s =
T e s < - | < = p*pgH P+ p.0(H-AH)
e N "L S g L Elastic free surface  pgn
— ! ! ' ] — W E—7 p.g.(H-0H)
Section "U” Section "UB" Section "DB" Section "D" Pt E é%
Upstream Upstream before body Downstream before body Downstream E Ei

Figure 2 - Control Volume Model for Drag Calculation (Left) and pressure distribution for both models (right)
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Table 2 - Differences between elastic free surface and standard model for control volume approach

Parameter Buoyancy Model Elastic Free Surface Model
Pressure on free surface Prs = Da Prs = p.g.-(n + Hy)
Depth difference between U Ut

upstream and downstream sections AR @ -1 AH = E (-1

Force actuating on the body F= %[Z.HU.AH - (AH)?] + va F= % [2.Hy. AH — (AH)?] + va

From Bernoulli equation, calculated through a streamline on the free surface, for traditional and proposed model,
respectively, is calculated the same height difference. This result is shown in the equations ( 14) and ( 15) below:

U2 27172 U2
p-g-HU+p7+pa=p-g-(HU—AH)+p +pa—>AH=E(r2—1) (14)
UZ 27712 UZ
p7+p.g.(HF)=p 5 +p.g.(—AH+HF)—>AH=E(1'2—1) (15)

Finally, from momentum conservation, using the pressure distribution shown in Figure 2 is given, for the traditional
model and for the proposed model, respectively:

2.0, +p.g9.-Hy)H 2.pq +p.g.(Hy —AH)|(Hy; — AH
ZFext+( P p-g-Hy) U—pAH—[ p p.g.(Hy )I(Hy )zzmv (16)

2 “ 2

.g.Hy + p.g.(Hy — AH)]AH
ZFext+p.g.le,—[pg ¢ pgz( ¢ )l —p.g.(HU—AH)Zzsz (17)

The results are summarized in the Table 2, in which is shown that both models produce the same results.
Unsteady Gravity waves modelling by potential flow theory

Considering negligible the turbulent motion and viscosity for surface waves due to involved length scales, is possible
to use the potential theory for analyze gravity waves. Calling @, the velocity potential, are analysed the equations derived
from the traditional buoyancy based model and the new proposed model with an elastic free surface. The potential function
is a harmonic function and is solution from the Laplace Equation (Pope A., 1951).

Being n = n(x,t) any aleatory function that describes the free surface elevation. There is no net flux across this
boundary. That means that the velocity field normal to the free surface curve is the same as the velocity of the free surface.
The other boundary condition considered at free surface is the conservation of energy, as used on the previous section.
Was proven that both models lead to the same result from Bernoulli’s Equation on the Free Surface. Since the alternative
model proposes an elastic wall without shear, the velocity tangential to the free surface is allowed, hence the normal
velocity must be the same as the wall. It produces the same boundary conditions for both models. Since the basic equation,
the Laplace’s Equation, is the same for both models, the result is the same. Therefore, the proposed model is sufficient to
calculate gravity waves. The non-linear equation for the free-surface is given below:

1020y, oDy,
- =————Vd,. -—— 18
g ot? 0z v WV[ g (18)

From a linear approach, the last term from hand side on the equation above is neglected. Is deduced the velocity
potential for a finite depth assuming no normal velocity on the flow bottom (Newman(b) & J.N., 1977). The dispersion
relation, which relates wave length and its frequency is given by:

w? = g.k.tanh(k.hy) (19)
The total energy density is calculated assuming the gravity potential energy from free surface and from velocity field

derived from velocity potential. Assuming that the total energy must remain constant, the kinetic energy by unit of surface
is given by:

1 2 2
Tw = Epg(A %) (20)
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2.2 Solid Material properties for free surface elastic body modelling

L

2 No Displacement

PUx L)
Figure 3 - Orthotropic solid for elastic surface modelling

In order to model correctly the elastic surface, a pressure applied on a point x = x, must only produces deformations
only in the point x = x, letting all points in the boundary with zero displacement. For modelling such behavior, is
necessary to resort to orthotropic materials, since any isotropic elastic solid have a shear modulus that is responsible for
accommodate the deformation in all directions. Any continuous media must satisfy the dynamic equilibrium equation,
given bellow (Capaldi, 2012):

Ouwi 0% 0T (21)
Pt " PGy, ~ PIT Gy,

Since the first approach is the steady state calculation, the velocity components of the previous equation are equal to
zero. Also considering that all body forces are produced from a conservative field, such as gravity, the body force term
could be substituted by the gradient of a potential function. Then, in a bi-dimensional stress field, the equilibrium equation
becomes:

o°c; 0ty 9V

ox?  Ox;0x;  Ox

(22)

Calling the Airy’s function from traditional isotropic elasticity model and using the relation of compatibility between
strain components (Timoshenko & Goodier, 2010), using generalized Hooke’s law for orthotropic materials, (Lekhnitskii,
1981) and neglecting the effects of body forces, is deduced the equation of compatibility for orthotropic materials with
plane state of strain

(1-vZ)o*e 1
E—Zyzm G_xz - (sz + ny.Vyz) (E_x + E_Z

4 12 4
1 1) at¢ (1 vxy)a_fpzo (23)
0x20z? E, 0z%

By hypothesis, all mechanical properties have the same value in all directions and shear modulus is negligible if
compared with elasticity modulus. The model used for calculation is shown in Figure 3, where is defined zero
displacement in all directions for the solid upper surface, no rotation in all vertical faces and pressure applied on the lower
surface. Therefore, the compatibility equation becomes:

1 9%
——T =0 (24)
Gy, 0x20z2
Considering a pressure field decomposed by a sin-series and assuming that a sin series is solution from ( 24), the
shear stress becomes zero for any load distribution. Comparing the pressure distribution with the normal stress in the
pressure direction is deduced that:

hs

_ 2 &
5,(x) = f g,(x,2).dz = %Z A,.sin (nl,ﬂ) = k,p(x) (25)
z =0

0

Since the pressure derivative in relation to free surface elevation is equal to p¢. g, which is the spring constant, is
calculated the necessary solid Elasticity model to produces the same results for the model with buoyancy. For simplicity,
is assumed that the elasticity model is the same for all directions and the shear modulus and Poisson coefficient are
sufficiently small in order to have no influence in the spring constant. The calculated properties are shown in Table 3.
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Table 3 - Orthotropic solid mechanical properties

Property Symbol Formula
Elasticity Modulus E,=E,=E,=E E =p.g.h
Shear Modulus Gey =Gy, =Gy, =G G=E x 1073
Poisson Coefficient Viy = Vyz = Vy, =V v=10"?
Solid Pre-Stress Pa pa=p-g-Hf

2.3 Transient Potential Flow Coupled with Elastic Solid

For the coupling between solid and fluid is necessary to calculate the inertial properties from the solid. However,
considering that even for biphasic flow, the dynamics are governed by water flow, the solid must not resonates and reflects
the free surface waves. For the analysis is used the extended Hamilton principle, which states the total energy of the
system added from the non-conservative works, integrated along the time is a stationary function (Lanczos, 1949).

t2

af(f—u+wnc).dt=0 (26)
tq

Considering a potential fluid flow and a closed system formed by the solid and fluid, there is no external non-
conservative work. Besides of that, the fluid is considered incompressible and no gravity effects are taken in account.
Therefore, the potential energy occurs only due to solid strain. The kinetic energy is due to solid motion and fluid particles
motion, according to the equation ( 20). Substituting this on equation ( 26):

2 L

hs
5ff ! (A* 2)+j ! (6W>2+1E<6W)2 dzp.dx.dt =0 (27)
2p.g. wy zps T > 7 .dzp.dx.dt =
ty 0 0

Applying the chain rule in the variational and with some algebra, is derived the final equation in the integral form:

t2 L

jj £ ow
p-g-wy "3,

ty O

Considering that this integral must be zero for every virtual displacement §w and dwy, the integrand must be zero in
every point of the domain. Mathematically, is deduced the following differential equation with its boundary condition:

hg

5 +J 0w _ W s dz| dx.ae = 0 (28)

- A Ps 502 57 ) Ow-dz|.dx.dt =
0

ps 0w 9w

Eocz T2 0 (29)
aw
P-g-Wo_E-E . (30)

The partial differential equation is known as wave equation and is classified as elliptic. Therefore, its solution allows
the separation of variables, in which the eigen solution is the product between two separated solutions, one for time and
other for the spatial coordinate. The general solution is written by:

oz z . z ¢ K,.t |E
wy(x, z,t) = |AZ. cos Knh + BZ.sin Knh— .1 A45.cos A p—+<pn(x) (31)
) N

S )

The condition of fixed boundary on the solid cancels the term AZ. Assuming that the solid face with interface with
fluid must be solidary to the fluid free surface movement and the boundary condition from ( 30) must be satisfied, from
a sinusoidal free surface with frequency Q,,,, wave number k,,, and amplitude B,,, the displacement becomes:

wy (x,2,t) = B, sin (Qm.z. J%) Jcos(Qp. t — kpx)]

(32)
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The boundary condition ( 30) states that this solution is valid if:

_ Ps
0 b, \P tg(Qm.hS.\[;) (33)

The tangent is close to the argument value for small angles, usually lower than 10°. According to (Rao, 2016), the
first natural mode of the structure, approached by a rod with free end since the shear could be neglected, is given by:

(Zn — 1)7‘[ 1 m |E (34)
(1) — —
" s’ 1T 2k ps

Therefore, the approach is valid if the exciting frequency is lower than 20% of the first natural frequency from the
structure. According to (Meirovitch, 2001), the final response is given by superposing the excitation of each natural mode,
which are orthogonal, proven by the expansion theorem. Mathematically, the condition of validity of the hypothesis is
given by the equation above, in which is shown that adjusting the density is possible to validate the approach, since
maximum exciting frequency is function from mesh size according to dispersion relation for waves.

T E
oy < — /_ 35
MAX = 10. hg. | ps (33)

3. COMPUTATIONAL METHODS

The computational methods include a biphasic simulation based on VOF and a coupled fluid-structure method in
which pressure is exported from the fluid domain to elastic domain and its deformation is returned to the fluid domain, to
recalculated the fluid. For both analysis, the k — w — SST method is used for turbulence modelling (Menter, 1992), and
for the structural calculation, the finite element method is used. Further information can be found on (ANSYS Inc., 2016)
and (ANSYS(b), 2016).

3.1 Steady State Biphasic Simulation

The biphasic flow is simulated through Volume of Fluid (VOF) method, in which the proportion between the two
fluid is calculated in each finite volume and then the flow properties are averaged (Ketabdari, 2016). It is computationally
expensive in despite of being the most popular method to calculate biphasic immiscible flow. The boundary conditions,
shown in Figure 4 are constant velocity on water inlet, opening on water outlet, with zero pressure and water proportion
as 1, opening on the upper surface, no-slip wall in the inferior boundary and in cylinder and no fluid proportion defined
in the mixed outlet, in the expected free surface region.

ERREREERERERRRRAREARARAN

Figure 4 - Boundary Conditions for Biphasic Simulation

3.2 Steady state free surface modelling employing a two-way fluid structure interaction

The boundary conditions for fluid-structure model are shown in Figure 5. The properties from solid model are
calculated according to Table 3. The properties are: E = 29,3 kPa, G = 0,03 kPa and v =0,01. The fluid domain is
deformable and the upper face has interface with the solid domain. The solid domain has the same boundary conditions
as the analytical model, shown in Figure 3.

e oo © StaticStructural
L& Time:1, s
30/09/201717:53
0750
[A] Upper Boundary
~0500 [B] symmetry
W [ Solid Pre-Stress: -4,8886¢-003 MPa z
-0.250 [D] Fluid Solid Interface I .
loooo Q 1e+004 (mm)
g ——

Figure 5 - Fluid-Structure Interaction Boundary Conditions
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3.3 Results

From Figure 8 and Figure 9 are shown the experimental data for drag coefficient in a cylinder and the effects of
blockage on drag coefficient and vortex shedding frequency. It is used to compare the results obtained from computational
methods. The comparison between the free surface shape with the deformation of the solid in the fluid-structure
interaction showed some differences and for higher Froude numbers, this effect is increased. However, the total difference
of height is almost the same in all tested cases.

The computational time was significantly different between the two models. The biphasic simulation took more time
and the needed mesh was higher in order to discretize the free surface correctly. The Fluid-Structure Interaction model
required refinement only near to the cylinder while the biphasic model required a reasonable refinement on the free surface
mesh, which could cause prohibitive computational costs for complex three-dimensional simulations.

The confinement produced by the free-surface model with an elastic wall was significantly higher near to cylinder
and overpredicted the drag in comparison with theoretical results from cylinders in an infinite domain, shown in Figure
8, with blockage correction shown in Figure 9, with theory according to (Glauert, 1933) while VOF method
underpredicted the drag. However, due to fluctuations of drag force in a transient model, these deviations are allowable
and validates the proposed model.

Transient analysis and the cylinder in another position and with higher blockage ratios are still required for the
complete validation of this model. However, since the propose of this work is to validate this model for blockage ration
in order of used in (Bahaj, W.M.J., & McCann, 2007), the main goal was achieved.

1.000e-015

Figure 6 - Air volume fraction for biphasic flow - U = 1m/s, Re= 45000, Fr = 0,23

s
L,
0 8e+003 (mm) X
[ ee—

de+003

Figure 7 - Results for structure and fluid Fluid-Structure Interaction Model - U = 1m/s, Re= 45000, Fr = 0,23
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Figure 8 — Results on Left and Experimental Circular Cylinder Drag Coefficient (Bell, 1983) on Right
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Figure 9 -Blockage Effects on vortex shedding (Naudascher & Rockwell, 1994) drag coefficient correction (Glauert, 1933)
4. CONCLUSION

The analytical approaches prove that free surface modelled by an orthotropic elastic wall gives a good approximation
for biphasic flows. This is confirmed by computational simulations However, transient simulations with coupling between
fluid structure are required to validate transient models.
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