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Abstract. In this work, the wave propagation in phononic crystal plates and cylindrical shells is analyzed. The main
purpose is to investigate the properties of the periodicity on the frequency band structure, and especially, the location and
width of band gaps. To analyze the phononic crystal systems, a numerical technique called wave finite element (WFE)
method is investigated. It uses the concept of transfer matrix methods to calculate the wave propagation behavior along
one-dimensional (1D) periodic systems. In this paper, the WFE method is used to calculate band gaps in elastic phononic
crystal plates and cylindrical shells with a periodic distribution of different elastic properties. Band gaps generated by
Bragg scattering effect are calculated with the WFE method through different test cases. Results are presented in the form
of dispersion diagrams and frequency response functions. The relevance of the WFE method is clearly demonstrated in
comparison with different analytical theories.
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1. INTRODUCTION

Various engineering applications such as marine, automobile, aircraft and civil engineering structures are approxi-
mated using plate and shell models. Phononic crystals (PCs) can be seen as composite materials, i.e., structures having
different elastic properties which are periodically distributed along their length (see Figure 1). Due to their periodic na-
ture, those structures may exhibit band gaps, i.e., stop bands or forbidden bands over which waves do not propagate. This
interesting feature enables one to propose efficient solutions for the vibration and sound insulation of structures.

In the 70’s, Mead started working on the propagation of waves along 1D periodic structures, i.e., structures made up
of identical substructures along a certain straight or curved direction (Mead, 1970). New methods have since emerged
which use periodicity modeling together with numerical modeling to analyze complex structures at a low computational
cost. Among these, the WFE method considers the finite element (FE) model of a substructure — i.e., a periodicity pat-
tern — to express a transfer matrix relation. Computing the eigenvalues and eigenvectors of the transfer matrix provides,
from Bloch’s theorem, the so-called wave modes which travel towards the right and left directions along a periodic struc-
ture (Mencik and Ichchou, 2005; Duhamel et al., 2006). The WFE method has been applied to various kinds of structures,
e.g., beams, thin plates, cylindrical shells, and also, periodic structures with complex periodicity patterns (Mencik, 2014).

There have been numerous researches in the field of PCs and metamaterials over the last decades. Analyzing and un-
derstanding these systems from the computational (modeling) and experimental points of view remains an open challenge
however, especially in the engineering field (Hussein ef al., 2014). One interesting characteristic of PCs is to produce
band gaps. These are mostly induced by Bragg scattering effect, i.e., when impedance mismatches — i.e., changes in
the elastic properties — periodically occur along a structure. In fact, band gaps generally appear around frequencies
governed by the Bragg condition, i.e., A = n”(A/2) (n” = 1,2, ...) with X the wavelength and A the space between two
consecutive impedance mismatches.

Most of the studies made on PCs have focused on investigating bulk waves. Recently, some studies have been con-
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ducted on elastic waves in plates. Most of these work by considering the plane wave expansion (PWE) method along with
the Kirchhoff-Love thin plate theory or the Reissner-Mindlin thick plate theory (Hsu and Wu, 2006; Wu ef al., 2011).
The main issue when using the PWE method is that the structures are assumed to be infinite, i.e., it cannot be applied to
analyze the dynamic behavior of systems such as plates of finite dimensions, finite cylindrical shells and so on... that is
to say, structures which are frequently encountered in the engineering industry. Another technique to evaluate band gaps
in plates and shells has been proposed by Sorokin and Ershova (2004). This provides a means to analyze the formation
of band gaps in plates and shells with or without fluid loading using the Floquet-Bloch theory and the boundary integral
equation methodology. Finally, Shen et al. (2013) have investigated band gaps in fluid-filled cylindrical shells with active
and passive control by FE analysis.

In this paper, the WFE method is applied to compute band gaps in simply-supported plates and cylindrical shells
whose elastic properties periodically vary as shown in Figure 1. The motivation behind this work is to demonstrate that
the WFE method is accurate and efficient for modeling and simulating these kinds of PCs. For this task, a comparative
study is proposed between the WFE method and the SE method. The SE method uses an exact analytical solution issued
from the Levy-plate theory, while the WFE method uses FE models. Hence, the WFE method is used to analyze the
wave propagation in PC structures, and further their forced response. The WFE method can be used to analyze complex
periodic structures with arbitrary-shaped periodicity patterns, and as such, it can be applied to systems which cannot be
handled with the SE method. This leads the way to interesting prospects for computing band gaps in periodic structures
whose shapes can be designed so as to magnify band gap effects.

The rest of the paper is organized as follows. The basics of the WFE method are recalled in Section 2. Here, the
so-called S + S~ transformation technique is considered to compute the waves in periodic structures with accurate
precision. Also, the WFE strategy to compute the forced response of periodic structures is recalled. In Section 3, the SE
method for homogeneous and PC Levy-plates is reviewed. Numerical experiments are brought in Section 4 which concern
a PC simply-supported plate and a PC cylindrical shell. The relevance of the proposed method to identify the location and
width of band gaps in the dispersion curves and frequency response functions is discussed. Comparisons are made with
the SE method for plates and the Fliigge theory for shells which highlight the accuracy of the numerical predictions.
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Figure 1: FE mesh of two periodic structures having different elastic properties periodically distributed along their length.
(Left) periodic plate; (Right) periodic cylindrical shell.
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2. WFE METHOD
2.1 Wave propagation along periodic structures

Consider a periodic structure composed of identical substructures which are made up of strips with different material
properties as shown in Figure 1. Within FE framework, it is assumed that the substructures are meshed in the same way
with the same number n of degrees of freedom (DOFs) on their left and right boundaries. Hence, the dynamic stiffness
matrix of a given substructure can be expressed by

D = —w’M + (1 + in)K, (1)

where M and K are the mass matrix and stiffness matrix of the substructure, respectively. Also, w and 7 are the angular
frequency and the loss factor, respectively. The WFE method consists in assessing the so-called wave modes (1;, ¢j) of
the periodic structure. These are the eigensolutions of the following 2n x 2n symplectic matrix S:

*—1 * *—1
_DLR DLL _DLR

S = * * TyF— 1T * e
DRL - DRRDLR. 1DLL 7DRRDLR !

2

The matrix S is to be understood as the transfer matrix of a substructure, which links the displacement/force vectors
between its right and left boundaries. In Eq. (2), D* is the dynamic stiffness matrix of the substructure condensed on its
left and right boundaries. It is expressed as D* = Dgp — DBID;IlDIB where subscripts B and I refer to the boundary
DOFs — i.e., those on the left and right boundaries — and the internal DOFs, respectively. It is worth noting that the
computation of D* can be cumbersome when the number of internal DOFs is high. However, this numerical task can
be considerably sped up by considering the Craig-Bampton (CB) method, in the framework of which a reduced sets of
fixed-interface modes are considered (see Mencik (2014)).

The wave modes are denoted as (f1;,¢;) where p; and ¢; refer to the eigenvalues and right eigenvectors of S,
respectively. The eigenvalues 1 are usually referred to as the wave parameters which are expressed by 11, = exp(—if;d)
where (3; are the wavenumbers, and d is the substructure length. Also, the eigenvectors ¢j are referred to as the wave
shapes which are partitioned into displacement and force vector components, as follows:

_ | %y

where ¢,; and ¢; are n X 1 vectors of displacement and force components, respectively. Also, due to the fact that the
matrix S is symplectic, its eigenvalues come in pairs as (15, 1/4;). As it turns out, there exist n right-going wave modes
(115, @;) for which |1;| < 1, and n left-going wave modes (i}, ) where p% = 1/p; and [p}| > 1.

2.2 Wave mode computation

The direct computation of the eigensolutions of the matrix S in Eq. (2) is usually prone to numerical ill-conditioning.
To solve this issue, an alternative well-conditioned generalized eigenproblem based on the so-called S + S~1 transforma-
tion technique can be considered (see Mencik and Duhamel (2015)). For the sake of clarity, the key steps of this procedure
are recalled hereafter.

Within the framework of the S +S~! transformation technique, the following generalized eigenproblem is considered
with double eigenvalues A; of the form \; = p; + 1/p;:

((N’JL'T L LINT) - AjL’JL’T) z; =0, 4)
where
0 I D 0 0 I
L = n N = RL , J= n , 5
|:DER 0:| ’ |:_(DEL + D;,R) _In:| |: _In O :| ( )
, , D* _ D* (D* + D* )
N/JL T _|_ L/JN T — |: Ri L}}k iL ER :l , (6)
_(DLL + DRR) DRL - DLR
and
/ T _ N/ T 0 _DEL
LILT - N'IN'T — [DER D] ™)
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The nice feature of the eigenproblem (4) is that it involves skew-symmetric matrices (N'J LT +L'J N/T) and L'JL'T.
In this sense, it can be shown that the symplectic nature of the eigenproblem is preserved, i.e., the computed eigenvalues
Aj = pj +1/p; and Ar=pr+1 / w; for the right-going and left-going wave modes will be identical. The eigenvalues
(15, uj*) can be found analytically by solving a quadratic equation of the form

22— Nz +1=0, 8)

whose solutions are

it /A2 —4
Jij. 9)

1 1} = 5

Finally, the wave shapes (¢;, ¢} ) can be retrieved as follows

- I, 0 / * I, 0 "%
¢f‘[D;;R In] Vi ¢’J“[D;:R In] i {10
where
wi=JL" =Nz wir=ILT - Nz, (an

where z; is the eigenvector (eigenproblem (4)) for the eigenvalue \; or )\;.

2.3 Forced response computation

Consider, for the sake of clarity, a periodic structure composed of N substructures (see Figure 1) whose left side is
subjected to a force vector Fg and whose right side is subjected to prescribed displacements (vector qg). Within the WFE
framework, the displacement vector and force vector on the left and right boundaries of a substructure k& (k = 1,..., N)
are expressed in terms of wave mode shapes, as follows (Mencik, 2014):

al’ = @t Q4 @ TIQ L g = QBN TRQY, k=1 N, (12)

—FP = ®eph1Q + BpN QY FY = ®pfQ+ @5V QY k=1,...,N, (13)
where @, <I>g, ®; and <I>§ are n X n matrices of wave shapes, expressed by

?q = [‘bql T ¢qn] ) 'I)q* = [% T ¢;n] ’ (14)

Pr = [ Ppa] P =[P PRl (15)

Also, in Eqs. (12) and (13), p is the n x n diagonal matrix of wave parameters ; for the right-going wave modes, i.e.,

p = diag{y;}j=1...n where |u;| < 1and ||u|2 < 1. Finally, Q = [Q1---Q,]T and Q* = [Q7---Q}]T are n x 1
vectors of wave amplitudes defined at the left and right sides of the whole periodic structure, respectively. By considering
Egs. (12) and (13) as well as the boundary conditions at the left and right sides of the whole structure, a well-conditioned
wave-based matrix equation can be expressed as follows:

L, e 'oiuN] (1 Q ~®;'Fy
x—1 N | = w1 - (16)
(I’q <I>q/1, I, Q (I’q do
The matrix formulation (16) is of the form AQ = F, were Q = [QT Q*T]T and F stands for the vector of excitations.

Solving the matrix equation yields the vectors of wave amplitudes as Q = A~ F. The displacement/force vectors at any
substructure boundary follow from Eqgs. (12) and Eq. (13).

3. SE METHOD FOR LEVY PLATES

The SE method for a Levy-type plate may be derived in analogy with the Kirchhoff-Love plate (Lee and Lee, 1999;
Doyle, 1997; Campos and Dos Santos, 2015). In the frequency domain, the governing equation of a Kirchhoff-Love plate
is given by (Arruda et al., 2004):

DVQVQw(x,y) —WQPhUJ(.Z‘,y) :F(xay)v a7
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where D = Eh3/12(1 — v?) is the bending rigidity, & is the thickness, v is the Poisson ratio, p is the density, w(z, y) is

the transverse displacement and F'(z, y) is the applied surface load. By considering the Levy-plate theory, the transverse

displacement of a flat plate which is simply supported along two parallel edges (x—direction) is expressed as follows:
U}(it, y) _ Z [Ane—iﬁmw + Bnei,@lnm + Cne—ﬁznw + Dneﬁznm] Sin(ﬂyny), (18)

n=1

where (31, and (5, are wavenumbers:

Bln = 6}% - gn 3 5271 = \/ B}% +B'3n7 (19)

where
nm
/Bp = (wzph/D)1/4 ) Byn = f (20)
Yy
The coefficients A,,, B,,, C,, and D,, in Eq. (18) are determined from the boundary conditions at the left and right ends
of the plate (Arruda et al., 2004). Consider for instance a simply-supported strip of length d°, it becomes possible to link
the shearing forces and bending moments on the sides * = 0 and z = d*° to the displacements and slopes on the same
sides. This yields the dynamic stiffness matrix of the strip (Arruda et al., 2004; Lee and Lee, 1999):

D% = [#] (/] ", @1
where
aq aq o1 aq
_ At 71 Y2 Y2
#=D —ape P ethidt e d gpef2d |0 (22)

_/yle*iﬁlds /yleiﬁlds _726*52615 ’erBQdS
1 1 1 1
—ip i —P2 B2
A= ipa Gl —Bd pd |- (23)

—ife Tt 3B el gy
Here, a1, s, 1 and 2 are four coefficients given by:
a1 =1if7 +iB(2-v)B1, a=-B3+Bl(2—v)Ba, M =B +VB, Yo=-B5+VvB. (24)
By considering the dynamic stiffness matrix DE (Eq. (21)), the transfer matrix S of the strip can be derived (Goldstein
etal., 2010):
—(DgR)'Dit (D) !

S = ul _ (25)
~Dif + DX(DE) ‘D DD

The transfer matrix of a substructure, e.g., which is made up of three strips with different material properties (Matl —
Mat2 — Mat1), follows as:
S = SMatlsMat2SMat1~ (26)

In the same way as for the WFE method, the eigensolutions of the transfer matrix S of the substructure (three strips) —
say, p$® — are calculated, which provides the wavenumbers 35°:

gE In(pf")
J id

where d = d§ + d5 + d5 is the substructure length.

27)

4. NUMERICAL RESULTS

Numerical simulations are carried out to illustrate the capability of the WFE method to calculate band gaps in PC
plates and PC cylindrical shells with 1D periodic elastic properties (Figure 1). The structures under concern are made
of strips with two different material properties. The dispersion curves issued from the WFE method are assessed and
compared with the SE method (Section 3). Also, the vibration attenuation in the frequency response functions (FRFs) of
the structures is analyzed.
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4.1 Periodic plate

Consider a simply-supported plate made up of identical substructures which are meshed by means of 2D rectangular
plate elements with four nodes and three DOFs per node (one displacement and two rotations). Two examples are proposed
here to compare the WFE method with the SE method. The first example involves a homogeneous plate made of stainless
steel; the second one concerns a plate with a periodic distribution of strips with two different material properties (see
Figure 1), i.e., stainless steel and polyacetal. The choice of these materials is based on the differences between their
elastic properties, which allows the formation of band gaps at low-and mid-frequencies. Those material properties are
listed in Table 1.

Table 1: Material properties.

Material Stainless Steel | Polyacetal
Young’s modulus (GPa) 193 33
Density (kg/m?) 8030 1418
Poisson ratio 0.27 0.35
Loss factor 0.001 0.001

The dispersion curves — i.e., the frequency evolution of the wavenumbers 3; — for the waves in the homogeneous
plate are shown in Figure 2. The geometrical properties of the related substructure are: length of d = 0.01 m; width of
L, = 0.2 m and thickness of h = 0.001 m . The WEFE solutions are plotted (solid lines) along with the SE solutions
(circles). The imaginary values of the wavenumbers are represented as negative values (Doyle, 1997). It can be seen
that the WFE solutions perfectly match the reference SE results, hence giving credit to the WFE method. To achieve the
WFE modeling, attention has been paid on discretizing the substructure with a sufficient number of elements to accurately
capture the analytical waves occurring in an equivalent infinite Kirchhoff-Love plate. This means eight elements per
wavelength (at least). In this sense, the WFE method can be proven highly accurate to compute the waves in homogeneous
plates, and more generally in periodic structures.

o~
o

]
o

o

Wavenumber 3 [m'1]

0 50 100 150 200 250 300

Frequency [Hz]
Figure 2: Dispersion curves for a Levy plate: WFE solutions (blue and green solid lines); SE solutions (black and red
circles).

Consider now a PC plate that consists of a periodic distribution of strips with different material properties (two materi-
als: stainless steel and polyacetal). The whole periodic structure is made up of N = 4 identical substructures with a length
of 3d = 3x 0.1 m as shown in Figure 3. The periodic structure is excited on its left side by means of a uniform distribution
of transverse forces (Figure 3). Also, the magnitude of the transverse displacement is analyzed at one measurement point
on the right side as shown (Figure 3). The FRF of the structure is computed over a frequency band of By = [0.2, 300]
Hz along with the dispersion curves of the bending mode (Figure 4). Regarding the dispersion curves, both WFE and SE
solutions are highlighted. Also, the Bragg limit is displayed which corresponds to the case 3; = m/d = 10.47 m™*.

Figure 4 clearly highlights the influence of the periodic distribution of two materials on the formation of Bragg-type
band gaps. These occur when the imaginary part of the wavenumber becomes negative (evanescent waves). These band
gaps are mostly induced by Bragg scattering effect, which is due to the impedance mismatches between the strips. Again,
the dispersion curves issued from the WFE method perfectly match the SE solutions over the whole frequency range.
Also, the WFE method can be used to obtain the FRF of the periodic structure (Figure 4). It is seen that the vibration
levels are well attenuated when band gaps occur, as expected.
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Figure 3: Periodic structure with N = 4 substructures (left), and FE mesh of a substructure (right).
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Figure 4: (Left) FRF of the PC plate (left); (Right) dispersion curves for the bending mode: real part (blue) and imaginary
part (red) of the SE solution; real part (magenta) and imaginary part (green) of the WFE solution; Bragg limit (black line).

4.2 Periodic cylindrical shell

Consider now a cylindrical shell composed of identical substructures which are meshed with 2D rectangular thin flat
shell elements with four nodes and six DOFs per node. First, a homogeneous cylindrical shell is analyzed which is made
of stainless steel. The geometrical properties of a substructure are: length of d = 0.05 m, radius of R = 0.05 m and
thickness of h = 0.0025 m. The dispersion curves of the structure are computed with the WFE method and compared
to the Fliigge shell theory (Liu et al., 2009) (see Figure 5). Here, the parameters 3; R are plotted as functions of the
non-dimensional frequency Q2 = wR/cy, where ¢y, is the longitudinal wave speed (Liu et al., 2009). In this case again, it
is seen that the WFE method is in perfect agreement with the analytical theory.

Consider now a PC cylindrical shell made up of N = 20 substructures as show in Figure 6. Each substructure is
composed of two layers of stainless steel of length 0.01 m (red material) which surround one layer of polyacetal of length
0.03 m (yellow material). The whole periodic structure is excited by means of two radial point forces acting in opposite
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15

R (4R)
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Non-dimensional frequency, 2

Figure 5: Dispersion curves for a homogeneous cylindrical shell: WFE solutions (red solid lines); analytical solutions
(black dots and black circles).

directions on the left cross-section, while it is clamped on the right cross-section (see Figure 6). The magnitude of the
vertical displacement (y- direction) is analyzed at one measurement point at the middle of the cylindrical shell as shown
in Figure 6. The FRF of the structure is computed with the WFE method over a frequency band of B; = [100, 20000] Hz
along with the dispersion curves of two significant modes (Figure 7). In this case, the Bragg limit gives 5; = 7 /d = 62.83
m~!. Here again, several bad gaps can be well predicted which agree with the frequency regions over which the vibration
levels of the structure are attenuated (Figure 7).

Measurement

Substructure

Figure 6: Periodic structure with 20 substructures (left), and FE mesh of a substructure (right).
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Figure 7: Frequency response of periodic PC cylindrical shell (left), and dispersion curves for two modes in the PC
cylindrical shell (right). Real part (blue) and imaginary part (red) of the WFE solution.

5. CONCLUSION

The WFE method has been applied to analyze the wave propagation in plates and cylindrical shells with a periodic
distribution of strips of different materials. The accuracy of the WFE method has been clearly demonstrated when com-
pared to the analytical theories. Numerical experiments have been carried out which clearly highlight the relevance of
the proposed approach for predicting band gaps in elastic PC structures. As it turns out, the WFE method appears to be
an efficient numerical tool for predicting band gaps in periodic structures with complex periodicity patterns (shapes and
material distributions). In particular, it could be applied to improve the design of periodic structures so as to magnify their
band gap mechanisms.
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