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Abstract. The main goal of this paper is to present a rotor modeled as an asymmetric and undamped Laval model subjected
to residual unbalance which has uncertainties in the stiffness of its bearings, by using this model the backward whirling
condition is identified. The motion equations of the rotor were described by complex coordinates to give information
about the whirling direction according to the range of the spin speed in the rotor. The parametric stochastic model used
considers the bearings stiffness as random variables and a Monte Carlo method is used to propagate their uncertainties.
As results, it is possible to obtain the critical spin speed values, also called natural frequencies, and to identify the
backward and forward whirling range of speeds, e.g. by assuming the uncertainties and considering it as a random
variable. Some concerns about backward whirling are discussed and since it causes stress cycles of traction-compression
in the shaft, it should be avoided. The probabilistic model obtained here has shown more robustness than a deterministic
model in the backward whirling region.

Keywords: Undamped stochastic Laval rotor model. Jeffcott Model. Complex coordinates. Uncertainties. Monte Carlo
simulation.

1. INTRODUCTION

Rotors are widely used in machines and mechanisms in the industry to transfer energy from one point to another,
providing numerous advantages since they assure efficiency, durability, and soft adjustments (Muszynska, 2005). In
general, rotors can achieve high angular velocities and many important aspects of their dynamic behavior can imply
in large vibration, instabilities or fatigue. Even in a theoretically well-balanced rotor, there is some level of residual
unbalance that can affect the dynamics of the rotative system (Genta, 2007; Lalanne and Ferraris, 1998), for example
for asymmetric rotors without or with low values of damping, the residual unbalance can produce whirl motion in two
directions. The whirling direction is tightly associated with the state of stresses that arise in the shaft. Hull (1961)
established a relationship between the backward direction of whirling motion and the traction-compression stresses cycles
per shaft revolution. This increase of stress cycle is related to fatigue problems.

The whirling analysis has been commonly treated in terms of complex coordinates using a deterministic approach in
literature (Lee, 1993; Mesquita, 2004). Nevertheless, the rotating systems can be treated considering stochastic parameters
as can be seen in the recent works of Medina et al. (2007), Wang et al. (2009), Peradotto et al. (2015) and Ritto et al.
(2015). Thus, in this paper, the whirling direction analysis is performed in terms of the complex coordinates of the center
of mass, by modeling the stiffness of the bearings as random variables for a probabilistic and undamped asymmetric Laval
rotor. A stochastic Monte Carlo simulation is used as a solver to propagates the uncertainties. Often, this class of method
is appropriate for cases where there is only a small number of random variables inserted at the model (Schuéller, 1997).
The identification of the whirling direction is performed directly from the diagram, that shows the amplitude ratio between
forward and backward motion direction components, varying as a function of the spin speed of the rotative machine.

This paper is organized in six sections. First, the model of an undamped and asymmetric Laval rotor subjected to
residual unbalance is described and its motion equations are shown in Section 2. Then, a deterministic model in complex
coordinates is presented in Section 3 and the changing in the whirling direction is discussed in terms of forward and
backward components. The Section 4 describe the model with stochastic parameters assumptions and the obtaining of
the uncertain model. Section 5 shows the convergence analysis and simulation performed and some final remarks are



A. B. Jambersi, S. da Silva, J. A. Pereira, A. E. Turra
On the Whirling Direction of a Probabilistic, Undamped and Asymmetric Laval Rotor Model Subjected to Residual Unbalance

summarized in Section 6.
2. THE UNDAMPED ASYMMETRIC LAVAL ROTOR

The Laval rotor, also known as Jeffcott rotor (Genta, 2007), is considered one of the simplest model that can be used to
study rotating systems. The Laval rotor is represented at Figure 1. Although being an oversimplification of the real-world,
the Laval rotor contains some major characteristics of more complex systems in their response to unbalance (Ehrich,
1999). The modeling consists of assuming the disk as a concentrated-mass point attached to a massless flexible shaft and
constrained by a restoring force, induced by the shaft and bearings stiffness. The mathematical description of the Laval
rotor considering shaft flexibility is referred as a modified Jeffcott rotor model (Vance et al., 2010). If the equivalent
stiffness on x and y directions are identical, the rotor is said axially symmetrical; else, the system is asymmetrical, i.e.
anisotropic. Often, anisotropy origins are on the bearings, in a way that values of shaft stiffness are equal in both directions
2 and y. The isotropic stiffness shaft is & and the anisotropic bearings stiffness are K, and K. Thus, the equivalent
stiffness along = and y axes are given by:

2K, K 2K, K

kat:ia = 57 | -
2K, + K YU2K,+ K

(D

where £, and £, are the equivalent stiffness components (note the low-case characters that distinguish those from the
bearing stiffness).

In practical applications, a rotor presents some residual unbalance. Hence, the center of mass P of the disk is offset
from the elastic axis or geometric center C' of the shaft (which is coincident with the geometric center of the disk), by an
eccentricity (a radial distance) ¢, as can be seen in Fig. 2. It produces a static unbalance me that affect the behavior of the
whole system itself.

Figure 1. The undamped Laval rotor supported by two flexible bearings, with a bending shaft and a unbalance mass (the
figure is intentionally out of proportions).

To explain this effect, a rigid shaft is considered at standstill position (e.g. with spin speed {2 = 0). In this case, the
points O and C' are coincident, i.e., the shaft has no bending at all; likewise, in this condition the elastic and the rotation
axes are coincident. Nonetheless, if the shaft is flexible, static flexural appears and the rotating axis moves from point O
to C'. Since spin speed increases, the centrifugal force of the eccentric mass makes point C' to move outer and whirl about
the rotation axis with a whirl radius r¢(¢), developing a radial distance between the rotating axis position and the elastic
center of the shaft cross-section (Ehrich, 1999). Fig. 2 shows these coordinates represented in the z-y plane. Point P
corresponds to the disk center of mass.

For a flexible shaft-bearings and undamped rotor subjected to a residual unbalance force and represented in the stati-
cally equilibrium position, the motion equations in Cartesian coordinates (Jeffcott, 1919) are given by:

mic + kexo = meQ? sin(Qt) )
mijc + kyyc = meQ? cos(0t) (3)

where m is the mass of the rotor (considering a massless shaft), z¢ and yc are the position of the geometric center C
of the shaft into both x and y axis direction, the second-order derivative terms ¢ and Z¢ are the acceleration of C, € is
the eccentricity, €2 is the angular velocity. The detailed procedure to obtain these equations can be found in Lalanne and
Ferraris (1998) and Genta (2007).

By these expressions, it is possible to observe that the system has two independent natural frequencies that do not
depend on the spin speed of the rotor (Genta, 2007). Those frequencies are equal to the critical speeds, which are given
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Figure 2. x-y plane view of the rotor and its points of interest.

by:

chl = Wng = kia ch2 = Wny = @ “4)
m m

The Campbell diagram contains two horizontal straight lines (Genta, 2007), which is not true when damping is added
in the model. As long as the free motions occur at different frequencies, the two harmonic motions cannot combine to
generate circles or ellipses. In the first and second critical speeds, the motion reduces to a vibration along the x and y
axis, respectively.

There is a direct relationship between the values of the spin speed band, with the natural frequencies of the rotor and
the whirling of the unbalanced rotor. Lalanne and Ferraris (1998) identify those regimes of the whirl motion in terms of
forward and backward motions accordingly to these values explicitly. Since the rotor is considered to be in well-aligned
and the disk is in the center of the shaft, we do not take into account the gyroscopic effect or the gyroscopic whirling (the
distinction between forward/backward modes of whirl and gyroscopic whirl is made by Lee (1993)).

3. THE LAVAL ROTOR IN COMPLEX COORDINATES: THE DETERMINISTIC MODEL
A complex coordinate r(t) is defined by:
re(t) =ye(t) + jrc(t) 4)
where r¢(t) is the whirl radius (Lee, 1993), y<(¢) and z¢ (t) are the components along the axis y and z, respectively and

j is the imaginary unit.
Rewriting the motion equation in terms of r(t):

m (o + jic) thyyce + jkerc = meQ? (cos(Qt) + jsin(Q)) (6)
—_———
:'Fc :Bth

and, since the term k,yc + jk;xc can be manipulated in the form:

) ky +k A ky ks ky — ks (ky—k
kyye + jkeac = | =5 ) yo +J ro + yo +j | =) zc (M
2 2 2 2
By introducing the mean stiffness k,,, and the deviatoric stiffness k4 (Genta, 1999):

Ky, = <kﬂ”2+ky> and kg = (ky - k””) ®)

so, introducing these terms into eq. (7):

kyye + jkzxe = kmyc + kaye + jkmac — jkaxc

= km (Yo + jxc) +ka (yo — jzo) ©

=rc =Trc

= kmrc + katc
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where 7 is the conjugate of r¢. Then, the motion equation can be written as:
. — 2_jQt
mic + kmre + kqTo = meQ“e (10)

By assuming a proposed solution to the steady-state response due to unbalance forces:

ro(t) = Qe + Que 7 (11)
o(t) = jQQ e’ — jQQpe % (12)
Fo(t) = —Q2Qpe/™ + QQue ™% = 0% Qe + Que ) (13)

where the terms @)y and @)y are, respectively, the amplitudes of the forward and backward components of the response
rc(t) and their values are dependent on the spin speed 2. For simplification, this dependence will be omitted on the
notation until the final expressions are obtained. So, 7(¢) is given by:

To(t) = Qe 7 4+ Qe (14)

By substituting equations (11), (13) and (14) into eq. (10):

—m (Qrem® + Que ™) + ki (QpeP™ + Que ) + kg (Q eI + Qyei™) = meQ2ei (15)

by grouping the terms e/* and e~7**:
A [Qf (—m92 + k‘m) +@bk:d] = meQ?el? (16)
e [Qka+ Qu (—mQ + k)| =0 (17)

and applying the conjugate on eq. (17) and representing these equations in the matrix form, is possible to obtain the given
non-trivial solution:

(—sz + km) kg Qrl _ meQ)? (18)
as for the undamped case @, = Qy, this result can now be expressed in terms of Qy:
(777192 + km) kd Qf o meQQ (19)
kq (—m§22 + km) Qv 0

After solving this system of equations by applying the Cramer’s rule:

meQ? (km — mQ?)

0) = 20
Qf( ) (kmf’rnQQ)kag (20)
7771692]{}4
0) = 21
O = Ty — i @y
whereas wy,; = % and wy, = % we have:
(oﬂ +w? — 2(22) eN?
(W2 — w2 ) en?
Q) = - e~ ) 23)

T 2(22—w2,) (2 —w2)

ny

The equations (22) and (23) are identical of the equation of the circle. Evidently, the response of the rotor is composed
by the superposition of these two individual components, as functions of the spin speed 2, and can generate circular or
elliptical orbits. Considering &k, > k, as deterministic values, we can have five possible interesting scenarios:

1. When |Qy| # 0 and |Qp| = 0, case when k, = ky (symmetric rotor) the rotor has always circular orbit and forward
whirl (synchronous with 2);

2. When |Qs| = 0 and |Q;| # 0, the rotor has circular orbit and backward whirl (asynchronous with );
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Qs

3. When < wpy < wyy, then Oy

> |1| and the rotor has elliptical orbit with forward whirl;

4. When wp, < Q < wyy, then %

has a phase angle of 180° in relation to the shaft;

< |1] and the rotor has elliptical orbit with backward whirl. The unbalance mass

Qs
Qb

5. When wp, < wpy < €, then > |1| and the rotor has elliptical orbit with forward whirl.

From the point of view of Strength of Materials, backward whirling can be a problem since a single-frequency back-
ward whirl produces two stress cycles (traction-compression) per shaft revolution. This condition occurs in the fourth
scenario, when the spin speed value is between the two critical speeds (wne < 2 < wpy) (Lee, 1993).

In asymmetric rotors in cases when both shaft and bearings are anisotropic, another concerning case can exist, the
double-frequency backward whirl, where there are three stress cycles per revolution (Hull, 1961). The increase of stress
cycles causes the reduction of the life cycle of the shaft, propagating cracks and causing fatigue.

4. THE LAVAL ROTOR IN COMPLEX COORDINATES: THE STOCHASTIC MODEL

For the deterministic case, where the rotor parameters have well-known predefined value and perform the identification
of the operating regime of the rotor can be a quite simple scenario, those values are determined by well-delimited single
lines. There are some interesting papers that describe those results in the literature, as for instance Lee (1993), Lalanne
and Ferraris (1998), Mesquita (2004) and Genta (2007).

On the other side, in cases where there are uncertainties in some parameters of the rotor, those transition zones between
forward/backward whirl motion cannot be defined as a single number/line anymore, but, rather, as a range of values. The
same can be said about the natural frequencies, that will be no longer a value unique anymore.

Here the probabilistic approach is used and consists into randomize the bearings stiffness, due to the system high
sensibility expected for its variation, and adopt a simple stochastic model for these variables, assuming them to be in-
dependent with well-known distributions. Thus, the data uncertainties are assumed as well represented in a probabilistic
environment. This approach uses probability theory to model uncertainties as random mathematical objects (Cunha Jr,
2017).

In order to obtain a stochastic model, some random variables must be introduced into it. The probability space (0,.4,IP)
is defined, where © is the sample space, where each element of © is a combination of cause states affecting the state of
the system (Krée, 1986). A is a o-algebra (or Borel field) on O (i.e., the possible events) with a probability measure IP. It
is assumed that any random variable is a mapping X : © —¢€ R, in which the preimage of every real number is a relevant
event with probability distribution Px (z) on R and admits a probability density function (PDF) z — px, with respect to
dz, i.e., the random variable is a function from the set of sample points to the set of real values (Gallager, 2012).

For the Laval rotor model described in the last section, the bearings stiffness K, and K, are assumed to be uncertain.
Thereby, the equivalent, mean and deviatoric stiffness, k., ky, ky, and k4, as long as the natural frequencies wy,,, and wy,,
and the components () s and @, of the response, must be assumed as uncertain as well, since their values depends on K,
and K. So, modeling those values as random variables, we have, 8 € © — K, (0), K, (), k;(0), ky(8), ki (8), ka(0),
Wna(0), wny(6), Qs (6, 2), Qy(8, 2). Hereby, the stochastic equivalent of equations (22) and (23) are given by:

(w2, + w%y —20?) e0?
@f(ﬂ) 9 (Qg — w%w) (QZ — w%y) (24)
- (q‘)?u B “A)%y) 692
Qb(Q) - 9 (QZ — m%t) (Q2 w2 ) (25)

ny

where the random processes (6,t) € © x R — Qy(6,t), (0,t) € © x R — Q4(0,t) are the forward and backward
components of the response. This formulation is based on the hypothesis that the terms K, and K, are independent
random variables.

5. PARAMETERS OF THE ROTOR AND THE NUMERICAL SIMULATION RESULTS

As mentioned earlier, the assumed stochastic Laval model considers the stiffness parameters as random variables.
As a consequence, the response of the system will no longer be a number anymore, but also a random variable, that
is, the expected value of the output random variable (Aguirre, 2015). The stiffness of the bearings was assumed as
stochastic variables with a I" distribution and a confidence band of 99% of probability. Probability density function of the
I" distribution is given by:

1
T (k)6F

px(z) = x(k_l)e(_x/g)]l(o,Jroc)(x) (26)
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A Monte Carlo numerical method is used to solve the equations by performing the propagation of uncertainties. An
overview of stochastic modeling of uncertainties applied in structural dynamics can be found in Soize (2013), while most
general applications and the background of the Monte Carlo method are discussed in Kroese et al. (2013).

The mean values and the coefficients of variation of the stiffness of the bearings K, and K, as well as the deterministic
parameters of the rotor, are presented on Tab. 1 and were chosen based on Idehara (2003). The probabilistic density
function of the stiffness of the bearings was assumed as a -y distribution as suggested by Soize (2017). The variables
and p, are the mean values of K, and K, and also, 0k, and 6Ky are their coefficient of variation.

Table 1. Parameters of the rotor used in the simulations.
Parameter Value [unit]

m 1 [kg]

e 1 x 1073 [m]

K 0.5 x 103 [kN/m]
HK, 0.2 x 10% [kN/m]
LK, 1.6 x 103 [kN/m]
Sk, 0.05

oK 0.05

Y

The uncertainties on the bearing stiffness can be related to several issues that are difficult to take into account, as its
variation accordingly to angular position (Sunnersjo, 1978; While, 1979), linear assumption for the model (While, 1979),
bearings stiffness value variations in function of a vast number of parameters, e.g., preload, clearance, several dismantling
and reassembling, temperature, lubricant properties, and excitation force (Stone, 1982). Different methods can also be
used to identify and to update the stiffness values often producing dissimilar results (Kraus et al., 1987) and even in cases
where the parameters are theoretically well calculated, inaccuracies can be expected due to the numerical method used or
non-linear behavior (Medina et al., 2008).

The simulation was performed using N = 500 sample points for each K, and K,. This number of points gave
N, = 5002 = 250000 Monte Carlo realizations for the equivalent stiffness values k,, and k,, for the natural frequencies
Wrz and wy,, for the complexes variables Q¢ (€2) and Q,(€2) calculation for each value of (2.

Convergence analysis of the stochastic solution can be done using %5 norm of the difference between two successive
approximations as a metric. The PDFs (probability density functions) of the stiffness K, and K, were generated from the
histograms of the variables for the Ny number of points.

5.1 STOCHASTIC SOLUTION CONVERGENCE ANALYSIS

At first, it is analyzed the convergence of the Monte Carlo simulation for the parameters Q(£2), Q;(£2) and ’% Q).

This analysis is necessary in order to evaluate the convergence of the Monte Carlo simulation to a number of N realization
and can be done according to Eq. (27) (Soize, 2005). The Galerkin method is used, and it takes in consideration the
% norm of the difference between two successive approximations as a metric (Cunha Jr and Sampaio, 2014). The
convergence is defined as:

ns 1/2
conv(ns) { Z/Q @ 00| dQ} 27
€

Figure 3 shows the convergence of Q¢ and Q, for Ny = 500% = 250000 points. It is possible to notice that both
converges quickly. The convergence of the stochastic solution for %’ was also analyzed in terms of the mean-square,
as presented on eq. (27) and it is shown on Fig. 4. Hence, is possible to notice that steady state is cleared reached for

’% ’ as a function of €2 is reliable.

ns > 1.2 x 10° points and the results obtained for
Figure 5 shows the PDF’s of the stochastic variables K, and K.
Figure 6 shows ‘%’ as a function of the spin speed €). Here, the vertical solid lines represent the critical speeds, in
rpm. It is possible to observe that, instead having only one value, now there is a range of values limited by the dotted
red lines. The mean values of ‘%‘ for each value of () are given by the blue line inside the gray envelope, that is the

confidence band of 99% of probability.
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Figure 3. Convergence of Q and @, individually, using N, = 250000 Monte Carlo realizations.
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Figure 4. PDF of ‘%‘ using N, = 250000 Monte Carlo realizations.
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Figure 5. Histograms and PDFs of K, and K, using N, = 250000 Monte Carlo realizations.
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Figure 6. ’%’ (€2) as a function of 2 for Ny = 250000 Monte Carlo realizations.

Figure 7 shows the PDF’s of the natural frequencies wy; and w,,. The first critical speed w,, has a larger envelope
than the second one. So, in cases when ‘% ‘ < 1 for the forward-to-backward whirling direction determination, it should
be taken it into consideration.

Nominal Value [rad/s] Nominal Value [rad/s]
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Figure 7. Histograms and PDFs of w,,, and w,,, using N, = 250000 Monte Carlo realizations.

Next steps of this work include the development and analysis of a damped asymmetric Laval model and experimental
tests, to verify and calibrate the stochastic model suggested in the present work.

6. FINAL REMARKS

An undamped and asymmetric Laval model was proposed, in a way to verify some of the characteristics of a rotor
subjected to its residual unbalance, taking into account some uncertainties in its stiffness parameters. An uncertain
diagram obtained presents the forward and backward whirling direction in function of spin speed.

The deterministic model and its outputs vibration were already extensively treated by literature in several works
previously and, in those cases, the whirling direction can be well-defined and easily identifiable. Indeed, by using the
deterministic approach, the regions that boarded the forward and backward whirling are described in terms of simple lines
with well-delimited boundaries. However, the identification of the whirling direction can be a challenge in cases where
some of the parameters are uncertain. In those cases, instead of lines, there is a range of possible values where, a priori,
is not possible to determine exactly the whirling direction and it is required a stochastic model. Here, the stiffness of the
bearings was assumed as stochastic variables with I" distribution. The response of the rotor was obtained using Monte
Carlo simulations and was described in terms of complex coordinates, to give the forward and backward amplitudes by
varying as functions of the spin speed.

An uncertain diagram was identified for %‘ (Q) in a way to obtain information about the whirling direction. This
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diagram could be useful for preliminary decisions to predict which range of spin speed should be avoided. Additionally,
a procedure can be proposed to identify the PDF of the stiffness based in the vibration outputs.
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