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Abstract. This work deals with the extend time delay feedback control of an SMA-pendulum system. The SMA elements 

are used to control the system’s dynamics been in two different ways: as ideal actuators and as constrained actuators. 

The energy equation is used to model the constrained actuator and the differences between the ideal control and 

constrained control are analyzed by the Floquet exponents of the stabilized UPO. The influence of the errors on the 

Floquet exponents themselves is performed by varying the convection coefficient on the SMA elements. Results show 

that the control of the period 1 and period 2 UPO are possible within a certain limit of restrictions.  
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1. INTRODUCTION 

 

Various non-linear system on engineering can be represented by a pendulum equation like electrical motors (Chen 

et al., 2014), torsional dampers (Monroe and Shaw, 2013), ankles (Suzuki et al., 2012) and cranes (Ju et al., 2006). A 

typical example of this systems is discussed by De Paula et al. (2006), where an experimental-numerical investigation is 

performed. Results show several complex responses that include bifurcations, chaos and transient chaos. Also, the study 

of nonlinear control on these systems are reported in several works (Bessa et al., 2009; de Paula and Savi, 2009; Pan et 

al., 2013). 

The pioneering work of Pyragas (1992) proposed the first chaos control technique letter extended by Socolar et al. 

(1994). These approaches are based on a time delayed feedback (TDF) of the output signal and take advantage of the 

embedded unstable periodic orbits on a chaotic attractor to reduce the control energy cost. This controller and its 

variations are applied in various electrical systems on the literature, but only a few works focus on mechanical 

applications and the robustness to actuation modeling or actuation errors of these controller (Bessa et al., 2009; de Paula 

and Savi, 2009, 2011; de Souza and Caldas, 2004a; Leiva and Briozzo, 2006). The use of this kind of control can be 

exploited in different mechanical systems including non-smooth systems (Battelli and Feckan, 2013; de Souza and 

Caldas, 2004b; Savi et al., 2007), smart material systems (Savi, 2015), machining (Litak et al., 2009a, 2009b), energy 

harvesting (Barbosa et al., 2015), among others. 

Shape memory alloys (SMAs) are known by their adaptability due to the thermomechanical coupling of their 

properties. This coupling is due to phase transformations on the material that imply the effects of shape memory and 

pseudoelasticity. The first is the ability to completely recover a residual strain by a proper thermomechanical loading 

process. The other is a complete strain recovery of the material with a large hysteresis in a loading-unloading cycle. 

These materials are already studied and used as actuators in a variety of studies (Bertolino et al., 2017; Bhattacharyya et 

al., 1995; Jayender et al., 2008; Kim et al., 2006), but none of them performs a deep analysis of the SMA thermal 

restrictions and the actuation frequency. Other uses of SMA can be found on vibration control (Bessa et al., 2013), 

origami structures (Kuribayashi et al., 2006), robotics (Kim et al., 2006) and energy harvesting (Lebedev et al., 2011), 

showing a broad use and potential for a variety of applications.  

This work tries to combine chaos control and the adaptive behaviour of SMA’s by investigating the nonlinear 

dynamics of an SMA-Pendulum system composed of a nonlinear pendulum coupled with SMA springs. The system 

presents a variety of responses ranging from periodic to chaotic depending on the temperature applied to the SMA 

springs. Dynamical analysis of the chaotic response is carried out and the extended time delay feedback method 
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(Socolar et al., 1994) is applied by a restricted SMA actuator. This restriction introduces errors on the actuation force 

which raises the Floquet exponents of the controlled UPO. Comparisons between the constrained actuator and an ideal 

one, and also, between the restrictions time scale and the UPO’s frequency are performed.  

 

2. PENDULUM SYSTEM 

 

The pendulum system (Fig. 1) is formed by a disc of diameter 𝐷(1), and a lumped mass 𝑚 (2). The excitation is 

provided by a DC motor (7) with an arm length 𝑏, connected to a string-spring system. The springs are made of SMA 

providing an adaptive behavior to the system. The two SMA springs (6) are connected by a string which is wrapped on 

a disc of diameter d  (pendulum coupling). In one end the first string is connected to the DC motor. The second spring is 

connected to an anchor (5). A magnetic device provides a controlled dissipation to the apparatus (3). A similar system is 

presented by De Paula e al. (2006). 

 

 
 

Figure 1. Nonlinear pendulum: a) physical model (1) metallic disc; (2) lumped mass; (3) magnetic damping device; (4) 

rotary motion sensor; (5) anchor or mechanical arm; (6) SMA springs; (7) electric motor; b) Parameters and 

forces on the metallic disc; c) Parameters for driving device (de Paula et al., 2006). 

 

By considering that 𝜙 is the angle of the pendulum and assuming that the dissipation is a combination of linear 

viscous and dry friction, the equation of motion is given by: 

 

𝜙′′ = −
𝜗

𝐽𝜔0
𝜙′ −

𝜉

𝑚𝑔𝐷
𝑠𝑖𝑔𝑛(𝜙′) −

𝑠𝑖𝑛(𝜙)

2
+

𝑑

2𝑚𝑔𝐷
(𝐹𝑚 − 𝑠𝑚)  

 
                                                                                      (1) 

 

where 𝐽 is the angular inertia of the pendulum, 𝑔 is the acceleration of gravity, 𝜗  is the viscous dissipation 

coefficient, 𝜉  is the dry friction coefficient and 𝜔0 is a reference frequency defined as follows,  

 

𝜔0 = √
𝑚𝑔𝑑

𝐼
                                                                                                                                                                                     (2) 
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Time derivative ( )′ is related to a dimensionless time defined by 𝑡∗ = 𝑡𝜔0. Moreover, 𝑠𝑚 is the force of the 

anchored spring and 𝐹𝑚 is the excitation force of the motor-string-spring system.  

The displacement (𝑢) due to the movement of the motor can be given as: 

 

𝑢 = √(𝑎2 + 𝑏2 − 2 ∙ [𝑎𝑏𝑐𝑜𝑠 (
𝜔𝑡∗

𝜔0
+ 𝜃)])  − (𝑎 − 𝑏) −

𝑑𝜙

2
 

                                                          

                                                                                              (3) 

 

where a is the distance between the center of the disc and the center of the rotor, 𝜃 is the initial phase of the motor, 

𝜔 is the excitation frequency and b is the motor arm length. 

Different models are proposed to describe the thermomechanical behavior of SMAs (Lagoudas, 2008; Paiva et al., 

2005), and specifically for springs (Aguiar et al., 2010; Enemark et al., 2016). For the sake of simplicity, a polynomial 

model is employed following the stress-strain (-) relation given by, 

 

𝜎 = 𝑎𝑚
∗ (𝑇 − 𝑇𝑀)𝜀 − 𝑏𝑚

∗ 𝜀3 +
𝑏𝑚
∗ 2

𝑎𝑚
∗ (𝑇𝐴 − 𝑇𝑀)

𝜀5                                                                                                                         (4) 

 

where am
∗  and bm

∗   are material parameters, TM is the temperature below which only martensitic phase is stable, TA is 

the temperature above which only austenitic phase is stable (at stress-free scenario), T is the temperature of the SMA. 

Based on that, and assuming that phase transformation is homogeneous for the spring cross-section, it is possible to 

write a force-displacement equation for each spring that is formally similar to this stress-strain expression (Aguiar et al., 

2010). Hence, for spring 1: 

 

𝐹𝑚 = 𝑎𝑚(𝑇1 − 𝑇𝑀)𝑢 − 𝑏𝑚𝑢
3 +

𝑏𝑚
2

𝑎𝑚(𝑇𝐴 − 𝑇𝑀)
𝑢5                                                                                                                     (5) 

 

where 𝑇1 is the temperature on spring 1. And for spring 2, where 𝑇2 is the temperature on the spring: 

 

𝑠𝑚(𝑇2, 𝜙) = 𝑎𝑚(𝑇2 − 𝑇𝑚)
𝜙𝑑

2
 − 𝑏𝑚 (

𝜙𝑑

2
)
3

 +
𝑏𝑚

2

𝑎𝑚(𝑇𝐴 − 𝑇𝑚)
(
𝜙𝑑

2
)
5

                                                                                  
                                                   

(6) 

 

We consider that the temperature of the SMA can be altered by a current I1 on the SMA springs trough Joule effect. 

Two possible controllers are considered. The first one is an ideal controller with no thermal restrictions which can 

provide any actuation force at any time. The second is a constrained controller where the current I1 is restrained to a 

certain limit and the temperature T1 at the SMA is given by the energy equation. 

By considering that the ambient functions as a thermal bath, that the SMA spring has a constant resistance, is 

homogeneous in its properties and temperature, and that all the heat is produced by the Joule effect the energy equation 

for the SMA springs is given by: 

 

𝑇̇1 = −
ℎ

𝑐𝑝
(𝑇1 − 𝑇∞) +

(𝐼1 + 𝐼𝑟𝑒𝑓)
2
𝑅𝜊ℎ𝑛

𝑐𝑝
                                                                                                                                   (7) 

 

where 𝑇∞ is the ambient temperature, 𝐼1 is the current on the spring, 𝐼𝑟𝑒𝑓  is a reference current which maintains the 

system on the reference temperature 𝑇𝑟𝑒𝑓 , 𝑅𝑜ℎ𝑛 is the spring resistance, 𝑐𝑝 is the spring thermal capacity and ℎ is the 

convection dissipation coefficient. It is important to notice that Eq. 7 restricts the accessible temperatures and actuation 

forces, also the factor 
ℎ

𝑐𝑝
 dictates the time scale of the cooling process restricting the actuation frequency.  

The actuation force is given by: 

 

𝐹𝑡ℎ𝑒𝑟𝑚𝑜 = 𝑎𝑚[(𝑇1 − 𝑇𝑟𝑒𝑓)𝑢]                                                                                                                                                         (8) 

 

The actuation force is introduced on the system as: 

  

𝜙′′ = 𝑓(𝜙, 𝜙′, 𝑡∗, 𝑟𝑒𝑓) +
1

𝑚𝑔𝐷
𝐹𝑡ℎ𝑒𝑟𝑚𝑜(𝑇1)                                                                                                                              (9) 
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The difference between the calculated control force and the applied forces by the constrained controller can be 

defined as an error percentage of the maximum applied force (𝑒𝑇), being expressed as: 

 

𝑒𝑇 =
𝐹𝑡ℎ𝑒𝑟𝑚𝑜(𝑙, 𝑇1) − 𝑧(𝑦, 𝑡)

𝑚𝑎𝑥(𝑧(𝑦, 𝑡))
                                                                                                                                                     (10) 

 

Where z is the actuation force and y the observable variable. The energy consumption of the actuation is given by: 

 

𝐸𝑇 = ∫ 𝐼1
2𝑅𝑜ℎ𝑛𝑑𝑡′

𝑡

0

                                                                                                                                                                        (11) 

 

3. ETDF CONTROL 

 

The goal of a chaos control method is to stabilize an unstable periodic orbit (OPI) that is embedded on a chaotic 

attractor. To do so the extended time delay feedback control uses the sum of delayed observables which can be 

expressed as: 

  

{
 
 

 
 

𝑥̇ = 𝑓(𝑥, 𝑡) + 𝑧(𝑦, 𝑦(𝑡 − 𝜏), 𝑦(𝑡 − 2𝜏), … )

𝑦(𝑡) = 𝐶(𝑥)𝑥

𝑧(𝑦, 𝑡) = 𝐾 [(1 − 𝑟)∑𝑟𝑛−1𝑦(𝑡 − 𝑛𝜏)

∞

𝑛=1

− 𝑦(𝑡)]

                                                                                                              (12) 

 

where 𝑥 ∈ ℝ𝑚 is the system state, 𝑓(𝑥, 𝑡) ∈ ℝ𝑚 defines the system dynamics and t is the time; 𝑧 ∈ ℝ𝑚 is the control 

signal; 𝑦 ∈ ℝ𝑛 is the system observation provided by the operator 𝐶(𝑥) ∈ ℝ𝑛⨂ℝ𝑚 applied to state variables; 𝐾 ∈
ℝ𝑚⨂ℝ𝑛 is an proportional gain and 𝑟 ∈ ℝ  a controller parameter, 𝜏 is the period of the target UPO to be controlled. 

Control parameters 𝐾 and 𝑟 can be estimated by various methods including the calculation of the UPO’s Lyapunov 

exponents (de Paula et al., 2014; de Paula and Savi, 2009; Pyragas and Tamaševičius, 1993) or Floquet theory (Just et 

al., 1997; Pyragas, 2006). 

On this work the Floquet approach will be applied as Floquet exponents (μ) calculation requires only one time 

period of integration. Also the parameter K is considered to be a scalar resulting in 𝑐(𝑥) ∈ ℝ𝑚 and  

𝑧 ∈ ℝ. After their determination the stability of the UPO can be analyzed as follows: if all exponents have a negative 

real part, the orbit is stable, while if any Floquet exponent has a positive real part, the orbit is unstable. 

To calculated the Floquet exponents one may follow the procedure used by Pyragas (2006). One first perform a 

linearization on the vicinities of the UPO’s path 𝑥0(𝑡) by assuming a displacement from the UPO of the form:  

 

𝛿𝑥 = 𝑥(𝑡) − 𝑥0(𝑡)                                                                                                                                                                        (13) 
 

With a time evolution given by: 

 

𝛿𝑥̇ = 𝐷𝑓(𝑡, 𝑥0) + 𝐾𝐵 [(1 − 𝑟)∑𝑟𝑛−1𝛿𝑥(𝑡 − 𝑛𝜏)

∞

𝑛=1

− 𝛿𝑥(𝑡)]                                                                                         (14) 

 

where Df is the Jacobian matrix, B is the gradient of the function c with respect to its variables.  

So to apply the Floquet theory it is assumed that the displacements from the UPO have an exponential envelope 

given by: 

 

𝛿𝑥(𝑡 − 𝑛𝜏) = 𝑒−𝜇𝑛𝜏𝛿𝑥(𝑡)                                                                                                                                                          (15) 
 

Considering that the observable variable y depends of only one state of the system 𝑥𝑗. This leads to: 

 

𝛿𝑥̇ = (𝐷𝑓(𝑡, 𝑥0) + 𝐾
1 − 𝑒−𝜇𝑗𝜏

1 + 𝑟𝑒−𝜇𝑗𝜏
𝐵) 𝛿𝑥                                                                                                                                 (16) 

 

Equation 15 correlates all de delayed states which reduces the dimension of equation 16 to just the dimension of 𝛿𝑥. 

The tradeoff here is that now Eq. 16 depends on the Floquet exponents themselves. Finally one can compute the 

fundamental matrix 𝜓 at time τ by integrating its time evolution equation given by: 



24th ABCM International Congress of Mechanical Engineering 
December 3-8, 2017, Curitiba, PR, Brazil 

 

𝜓′ = (𝐷𝑓(𝑡, 𝑥0) + 𝐾
1 − 𝑒−𝜇𝑗𝜏

1 + 𝑟𝑒−𝜇𝑗𝜏
𝐵)𝜓

𝜓(0) = 𝕀                                                      

                                                                                                                                   (17) 

 

And obtain the Floquet exponents by solving the following equation: 

 

𝜓(𝜏, 𝑥0, 𝜇) − 𝑒
𝜇𝜏𝕀 = 0                                                                                                                                                                 (18) 

 

Since matrix 𝜓(𝜏, 𝑥0, 𝜇) depends on the Floquet exponents themselves, it is necessary to perform an optimization 

procedure for their calculation. This procedure is based on a differential evolution algorithm (Storn and Price, 1997)  

and is presented in Fig. 2. Initially a first guess population of possible Floquet exponents is randomly generated (𝜇0), 

afterwards the time integration of the fundamental matrix 𝜓 is performed using Eq. 17, a fourth-order runge-kutta 

method and the first guess Floquet exponents. Afterwards a new set of exponents are calculated from 𝜓(𝜏, 𝑥0, 𝜇0) and 

compared with the first guess population. If the exponents do not satisfy the stop criterion the algorithm in (Storn and 

Price, 1997) is used to select the individuals of the population and create a new generation 𝜇𝑛+1 which becomes the new 

first guess. This process is repeated until the stopping criterion is achieved. 

 

 
 

Figure 2. Algorithm to calculate the Floquet exponents with ETDF control. 𝜇0 is the initial guess for the Floquet 

exponent, 𝜇𝑛 indicates the nth population, 𝜇𝑛+𝛥𝑡 is the calculated Floquet exponent population after time integration, 

𝐞𝐫𝐫 is the error tolerance, and 𝜇𝑏𝑒𝑠𝑡 is the best individual on the selected population. 

 

4. NUMERICAL RESULTS 

 

Numerical simulations are carried out by a Fourth-order Runge-Kutta method with the parameters presented in (de 

Paula et al., 2006): 𝑚 = 1.47 𝑘𝑔, 𝐷 = 9.5 𝑐𝑚, 𝑑 = 4.8 𝑐𝑚, 𝑏 = 1.5 𝑐𝑚, 𝑎 = 16 𝑐𝑚, 𝜉 = 1.272 10−4 𝑁𝑚, 𝜗 =

2.368 
𝑘𝑔𝑚2

𝑠
, 𝑔 = 9.81 𝑚/𝑠2. SMA parameters are adjusted with experimental data: 𝑇𝐴 = 289.35 𝐾, 𝑇𝑀 = 282.45 𝐾, 

𝑎𝑚 = 0.4375 𝑁/𝑚𝐾 and 𝑏𝑚 = 150 𝑃𝑎/𝑚. The thermal parameters are: 𝑇𝑟𝑒𝑓 = 283.15 𝐾, ℎ = 2 𝑊/𝐾, 𝑐𝑝 = 5 𝐽/𝐾 

and 𝑇∞ = 281.15 𝐾. It is important to highlight that all parameters used on this work can be related to real values on an 

experiment and can be used as bases to the construction of a physical apparatus. Time steps are chosen in such a way 

that errors are less than 10−8 estimated by a fifth-order method. 

For a forcing frequency ω = 8.5 rad/s and initial conditions of 𝑥0 = (−6 𝑟𝑎𝑑, 0 𝑟𝑎𝑑/𝑠) the system presents a 

chaotic response (Fig. 3) indicated by a positive Lyapunov exponent 𝜆 = 2.86 ± 0.01 𝑏𝑖𝑡/𝑠. All Lyapunov exponents 

are calculated using the algorithm proposed by Wolf et al. (Wolf et al., 1985) and Floquet exponents (𝜇) are calculated 

employing the procedure described at section 2 (Pyragas, 2006). The UPO’s of the system are identified by the 

algorithm proposed by Auerbach et al. (1987) with parameters 𝑟1 = 0.04 and of 𝑟2 = 0.15 and are presented on Fig. 4. 

To perform the control it is considered that the velocity of the pendulum is the observable variable and the force 

applied by the change in temperature by the SMA spring is the control signal. The control force infinite sum is assumed 

to be a rapid converging series and is calculated up to its 10th term. Simulations are performed after a time integration 

of 75 periods so all variables for the control signal calculation are known. The initial condition for all simulations is 

𝑥0 = (−6 𝑟𝑎𝑑, 0 𝑟𝑎𝑑/𝑠). 
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Figure 3. Phase space and Poincaré section of the chaotic response. 

 

 
 

Figure 4. Phase space and Poincaré sections: a) period-1 UPO, b) period-2 UPO, c) period-3 UPO, d) period-6 UPO. 

 

Initially the period 2 UPO is on focus. It is verified that for the ideal control and values of 𝑟 = 0.1 and 𝐾 = 0.2 the 

real part of the greater Floquet exponent is: −0.19 ± 0.03 𝑠−1. Figure 5 shows the ideal control with these parameters. 

The controller stabilizes the system in a time interval of 13 UPO’s periods. For comparison the constrained controller 

with same parameters is displayed in Fig. 6. It shows that the power consumption after stabilization is about the same in 

both cases. This occurs because the control signal tends to vanish after the stabilization and, therefore, it is easier for the 

constrained actuator to generate the force needed. On Fig. 6e the time evolution of the error can be seen. It starts with 

values of about 30% while the actuation force required by the controller is high but it decreases together with the 

actuation force needed until it stabilizes at below 0.2 % of error. It also displays that the constrained controller stabilizes 
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the targeted UPO faster than the ideal one, in about 9 UPO’s periods. This may be due to the system’s dynamics itself, 

as when the actuation force is not been fully applied to the system it may push the response to a faster converging path 

embedded on the systems dynamics, while the ideal control exponentially approaches the targeted UPO. The Floquet 

exponents for the constrained actuation is −0.18 ± 0.03 𝑠−1, which is lower them the ideal one due to the actuation 

constrains. 

 

 
 

Figure 5: Standard ETDF control with ideal actuation of period-2 UPO. a) Pendulum position. b) Controller energy 

consumption. c) Stabilized orbit. d) Control Signal. 

 

 
 

Figure 6: Constrained ETDF thermal control of period-2 UPO. a) Pendulum position. b) Controller energy 

consumption. c) Stabilized orbit. d) Control Signal. e) Actuation error, in detail the errors after stabilization. 
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To change the actuation errors amplitude and its influence on the system’s response the parameter h can be varied. 

Figure 7 displays how the Floquet exponents change with the parameter h for the period-1 UPO with control parameters 

of  𝐾 = 0.4 and 𝑟 = 0.3. With high values of h the Floquet exponents approach their value with an ideal actuation (blue 

dotted line), while for lower values of h the Floquet exponents grow until their real part becomes positive implying that 

the UPO can not be stabilized by that set of parameters. Also it is important to notice that the Floquet exponents only 

raise significantly their value when the cooling rate, given by ℎ/𝑐𝑝, is lower them the targeted UPO frequency (vertical 

green dashed). 

 

 
 

Figure 7: Floquet exponents against the cooling rate in non-dimensional units [a. u.] for the period-1 UPO constrained 

control. Blue dotted line: Floquet exponents with ideal control. Green dashed line: Frequency of period-1 UPO in a. u.. 

 

5. CONCLUSIONS 

 

This work applies the extended time delay feedback control to stabilize unstable periodic orbits of an SMA-

pendulum system. This control is provided by the SMA elements of the system in two different scenarios: one with an 

ideal actuation where it is assumed that all temperatures can be accessed by the SMA and another with a constrained 

thermal actuation with limits on the current applied and its time evolution dictated by the energy equation. One of the 

systems chaotic responses is characterized by its Lyapunov exponents and its UPOs are identified. The control 

parameters are set and its Floquet exponents are obtained to verify stabilization. Comparisons between the two 

scenarios are made showing that the ideal controller have lower Floquet exponents but can be slower to stabilize the 

UPOs due to the possibility of the second controller be helped by the systems dynamics. Results also show that after 

stabilization both controllers behave almost as equals as long as the Floquet exponents of the UPO are still negative. 

Analysis of the Floquet multipliers of the controlled UPOs shows that for low values of h the target UPO cannot be 

controlled due to the slow cooling rate of the actuator which lead to greater errors on the actuation signal. Besides, 

when convection tends to infinity, thermal controller tends to be similar to the ideal one. 

This work opens the discussion about chaos control robustness against actuation errors and other types of 

uncertainties. It also opens the possibility of the application of SMA actuators on chaos control experiments as all 

parameters used on the simulations correspond to real experimental values. 
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